ON KOHNEN PLUS-SPACE OF JACOBI FORMS OF HALF
INTEGRAL WEIGHT OF MATRIX INDEX

SHUICHI HAYASHIDA

ABSTRACT. We introduce a plus-space of Jacobi forms, which is a certain subspace
of Jacobi forms of half-integral weight of matrix index. This is an analogue to the
Kohnen plus-space in the framework of Jacobi forms. We shall show a linear isomor-
phism between the plus-space of Jacobi forms and the space of Jacobi forms of integral
weight of certain matrix index. Moreover, we shall show that this linear isomorphism
is compatible with the action of Hecke operators of both spaces. This result is a kind
of generalization of Eichler-Zagier-Ibukiyama correspondence, which is an isomorphism
between the generalized plus-space of Siegel modular forms of general degree and Jacobi
forms of index 1 of general degree.

1. INTRODUCTION

The Kohnen plus-space plays an important role in the theory of modular forms of
half-integral weight. In the present article we will introduce an analogue of Kohnen
plus-space for Jacobi forms of half-integral weight of certain matrix indices.

Let My € L be a half-integral symmetric matrix of size r and L € M, (Z) be a
column vector of size r such that the matrix

My 3L .
M = <%t£ 21) S Lr-i—l

is positive-definite. We put
M :=4M, — L'L € L.

Remark that 991 is positive-definite.
Let £ and n be non-negative integers. Let .J (i)fm be the plus-space of Jacobi forms

29

(see §3 for the definitinon) which is a certain subspace of J]S'i) where J™, _ denotes

1 1
Lo k—1.m

the space of Jacobi forms of weight k& — 3 and index 9 on (" (4), and where T (4)

consists of matrix (4 B) € I, := Sp(n,Z) such that C = 0,, mod 4. Let J,Enjz/l be the
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2 S. HAYASHIDA

space of Jacobi forms of weight k£ and index M on I',,. We denote by Jl:isf E(;H (resp.
29

et (n)) the subspace of Jacobi cusp forms in J,ii);m (resp. J,in/z/l) The main result is

Theorem 1.1. Let k be an even integer. We obtain linear isomorphisms

W+ g
Temtm = e

and

cusp (n)+ ~ gcusp(n)
Jk—%,zm = Jhm

as Hecke algebra modules.

Remark that we can regard Jacobi forms as vector valued modular forms with cer-
tain (projective) representations of I',, := Sp(n, Z). Therefore, the above isomorphisms
are certain isomorphisms between certain vector valued modular forms with respect to
Mp(n, Z), which is the metaplectic cover of T',,.

In this paper we shall also give a necessary and sufficient condition of Jacobi cusp
forms with a bound of the absolute value of the Jacobi forms (Lemma 2.1). The half of
the statement of Lemma 2.1 has already been shown by Murase [4, Lemma 1.4].

We also remark that Theorem 1.1 gives a generalization of the result given by Ibukiyama
[3, Theorem 1] (it is the case r = 0). The most part of the proof of Theorem 1.1 is an
analogue to the one of [3, Theorem 1]. However, the calculations are more complicate,
because we have to treat the Jacobi group instead of the Siegel modular group.

The importance of the plus space of Jacobi forms will be recognized, when one consid-
ers the Fourier-Jacobi expansion of Siegel modular forms of half-integral weight which
belong to the plus space of Siegel modular forms. In particular, a weak version of
Theorem 1.1 has been used in [2] to prove a certain lifting from pairs of two elliptic
modular forms to Siegel modular forms of half-integral weight of even degrees. Here a

weak version means that we have treated in [2] a certain subspace of .J t(z)gm (M e L3,
27

r = 1), which is obtained through the Fourier-Jacobi expansion of Siegel modular forms
belonging to the plus space of Siegel modular forms (see [2, Lemma 4.2] for the detail).

The paper is organized as follows. In Section 2 we give a notation and definitions
what we need later to state our result precisely, and we shall show a lemma which states
a necessary and sufficient condition of Jacobi cusp forms (Lemma 2.1). In Section 3
we shall introduce the plus-space of Jacobi forms. In Section 4 we shall prove the
bijection of the linear map appeared in Theorem 1.1, while in Section 5 we shall prove
the compatibility between this linear map and the action of Hecke operators of both
spaces.
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2. NOTATION

We denote by R* the set of all positive real numbers. The symbol M, ,,(R) denotes
the set of n x m matrices with entries in a ring R, and we put M, (R) := M, .(R).
The letter Sym,,(R) denotes the set of symmetric matrices of size n with entries in a
ring R. We denote by L; the set of all semi positive-definite, half-integral symmetric
matrices of size n, and we denote by L} all positive definite matrices in L?. We write
!B for the transpose of a matrix B. For two matrices A € M,(R) and B € M, ,(R)
we write A[B] := 'BAB. The identity matrix (resp. zero matrix) of size n is denoted
by 1, (resp. 0,). The symbol tr(S) denotes the trace of a square matrix S and we put

e(S) = e2mV=II(S) for 5 square matrix S. For square matrices aq, ..., a,, we write the
al

diagonal matrix ) as diag(ay, ..., a,). For any odd prime p the symbol <§>
denotes the Legendre syr?fbol.
The symbol $),, denotes the Siegel upper half space of degree n, and Sp(n,R) de-

notes the real symplectic group of size 2n. We put I',, := Sp(n,Z). We denote by
M1 (F(()n) (4)) the vector space of Siegel modular forms of weight k — £ of degree n. The

plus-space of M;_1 (T{™(4)) is denoted by M, (P{™(4)), which is a certain subspace
2
of M, _ 1 (F(()") (4)) and it is a generalization of Kohnen plus-space for general degree (cf.
Ibukiyama [3]). The symbol S, , (Fén) (4)) denotes the vector space of all Siegel cusp
2
forms in MJ_%(F(()TL) (4)).

2.1. Jacobi group. We put
GSp*(n,R) = {MeGL2n,R)|M (5 )M =~(_0 %) with some v € R*}.

The number v in the above set depends on the choice of M and is called the similitude
of M. For any M = (A 5B) € GSp*(n,R) and for any 7 € §,, the linear fractional
transformation is defined by M - 7 := (A7 + B)(C7 + D)%

We set

G, = {(L( ). w)) | M € GSp™(n.R). A € M, ,(R), 5 € Sym, ()}

By the embedding
1, 0 O I
X1t PApts
001, —A |
r 000 1,
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we can regard G, as a subgroup of GSp™ (n +r,R), where 7 is the similitude of (4 2).
In particular, Gn is viewed as a semi direct product: G, = GSp*(n,R) x H,,(R),
where

T

ne(R) = {[(A 1), ] [ A, € My, (R), k€ Sym,(R)} .

For any M € GSp™ ( R), h = [\, p), k], B = [(N,),r] € Hp,(R) the composition
rule is given by

W' = (AN g+ ), w1 =N p =",
M™M= (N ),y (s 4 ) = AT,

where <2*) =~1M (2) and where v is the similitude of M. We call Gi}r the Jacobi

group. By abuse of language, for g = ((& 8), (A, 1), k]) € G; . we call y the similitude
of g, if v is the similitude of (4 B). For the sake of snnphmty, if there is no confusion,
we write M for (M,[(0,0),0]) € G; . and write [(A, u), &] for (1oq, [(A, 1), K]) € Gy ..

We set H,,,(Z) == {[(\, p), k] |\, pp € My (Z), k € Sym,(Z)}.

We define the action of G|, on $, x M, ,(C): for any g = ((2 8),[(\, ), k]) € Gy,
and for any (7, 2) € 9, x M, ,.(C), we define

g-(r2) = ((&B) 77 (CT+ D) (z+TA+n),

where v € R™ is the similitude of (4 B).
Let S € Sym,(R) and let [ € R. For any g = ((£5),[(\, n), K]) € G},
(1,2) € Hn X M, .(C) we set

Jl,S(Q? (7_7 Z))
= det(C7 4+ D)'e(yS((CT + D)7'O) [z + 7A + p])e(—yS(T[\] + 2° Az + 2\ i + k),

and for any

where we take the principal branch —7 < arg(det(CT + D)) < 7, and where 7 is the
similitude of g.
If | € Z, the factor J; g(x, %) satisfies the cocycle condition:

Jl75(91927 (7—7 Z)) = Jl,S(glu go - (7—7 Z))Jlﬁfls(g?? (T7 Z)),
where g1, g2 € Gir and where v; € R* is the similitude of g;. We define

<¢‘Z,Sg)<7_> Z) = JZ,S(ga (7—5 Z))_l¢<g : <T7 Z))
for a function ¢ on ), x M, ,(C) and for g € G;Lr

2.2. Covering group. The group & consists of (M, ), such that M = (A45) €
GSp*(n,R) and ¢ is a holomorphic function on §,, which satisfy the relation |<,0(7')|2
det M 2| det(C7 + D)|. The group action of & is defined by (M, p1(7)) - (Ma, (7)) :
(MlMg,gﬁl(Ml . T)QOQ(T)) for (Mz, 301) ced (Z = 1,2)
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We put (1) = 0,(7) = > e 1 2) e(3'prp) for 7 € H,. We denote by Fén)(él)* the

subgroup of ® which consists of (M,0(M - 7)0(7)~1) with M € T{"(4), where T'{"(4)
consists of matrix (4 5) € I',, such that C' =0,, mod 4.

2.3. Jacobi forms of half-integral weight. For the definition of Jacobi forms of
integral weight, the reader is referred to Ziegler [6]. In this subsection we review a
definition of Jacobi forms of half-integral weight.

Let n, r € Zso and k € Z. A holomorphic function ¢ : 9, x M, ,(C) — C is called
a Jacobi form of weight k& — % and index S € L, on F(()") (4), if ¢ satisfies the following
three conditions:

(i) For any M* € an)(él)*,
¢‘k7%,sM* = ¢.
Here we defined
(Ble-15(M9)) (7.2) = @(r) 2+ e(=S"2(Cr + D) 'C2)o(M - (7, 2))

for (M, ) € & (M = (£ 7).
(ii) For any A\, u € M, (Z),

e(AS AT + 205 2)p(T, 2 + TA+ ) = o(T,2).
(iii) For any M € T, the form ¢?|ax_125M has the Fourier expansion:

(0%|2k—126M)(T,2) = ;% Cu(N, R) 6(%]\]7' + th)

with a positive number h. Here, in the summation, N € L} and R € M, ,.(Z)
run over all matrices such that 4h='N — R(2S)""R > 0.

For n > 2, it is known that the condition (iii) follows from the other conditions by the
Koecher principle (cf. [6]). For a semi positive-definite matrix S € L*, the Jacobi forms
of index S is defined likely as in the case of integral weight (cf. [6, Def. 1.3.]).

For any half-integer k — % and for any S € L} we denote by Jlii)l ¢ the vector space
3

of Jacobi forms of weight & — 3 and index S on Fé") (4). For any integer [ and for any

S € L we denote by Jl(:;) the vector space of Jacobi forms of weight [ and index S on
I,
Let ¢ € Jl(g) be a Jacobi form for [ € %Z. We call ¢ a Jacobi cusp form, if ¢ satisfies the
condition that for any M € T, the Fourier coefficients Cy;(N, R) satisfy Cp;(N, R) =0
unless 4h !N — R(2S)""R > 0.

Lemma 2.1. Letl € %Z be an integer or a half-integer. Let ¢ be a Jacobi form of weight
[ of index S € L} of degree n. Then ¢ is a Jacobi cusp form, if and only if

| det yU/2p—2mtr(Y S[t6]) o(1,2)|
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is bounded on the domain $, x M, .(C). Here (1,2) € 9, x M,,.(C), Y = Im(7) and
B = Im(z).

Proof. We shall show only the case S € L, since the proof for S € L is similar.

We put g(7, z) := det Y227 tr(V'SIBD (7 2). When [ € Z it is shown in [4, Lemma
1.4] that if |g(7, z)| is bounded on $),, x M, ,(C), then ¢ is a Jacobi cusp form. When
| € 37, ¢* has weight 2] € Z and index 2S. Thus, if |g(, z)| is bounded, then |g(T, z)[?
is bounded and ¢ is a Jacobi cusp form due to the definition. Hence, we only need to
show the opposite direction.

We assume that ¢ is a Jacobi cusp form. We write Z, := (i1,,0) € $,, x M, ,(C).
We remark that there exists a & € G, such that & - Zy = (7,2) for a fixed (7,2) €
$n X M, -(C). With this £ we have

g(1.2) = |Jis (& Zo) | o€ Zo).

For any M € I',, we put gy (7,2) := g(M - (1,2)) = g(ME{ - Zy). For any (A, u) €
M, (Z) x M, (Z), we have

lgu (T, 2+ 7A+ )| = [g((M[(A, p),0]E) - Zo)]
(2.1) = [g(([(N, i), K']ME) - Zo)]
= ’gM(T’ 2)‘7

where [(N, 1), k'] = M[(A\, n),0]M " € H,,(Z). Here we used the condition (ii) in the
definition of Jacobi forms. Let

(%125 M)(T,2) = %CM(N,R)e(%NT—i—th)

be the Fourier expansion of ¢?|y95M. Then we have

lgu (7, 2)12 = |g(M - (7,2)) = [9(ME - Z)|?
= |Juos(ME, Zo) " p(ME - Zo)?|
= |Juas(M, € Zo)  uas(€, Zo) " O(ME - Zy)?|
= |Ju2s(& Zo) " (07|25 M) (7, 2)]

_ 1
det Yle 2rtr(Y 71 25)(8) Z Cu(N,R)e (ENT + th)

N,R
Thus,
(2.2) |93 (T + hB, 2)| = |gm (T, 2))|
for any B € Sym,,(Z). For Y = Im(7) we put
1
P(Y) = {Y)\ € M,,(R) | A= (\ij) € M, (R), |\ ] < 3 } :
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For a positive number ¢, we set
1 1
D, := {(7, 2) € 0 X My (C) |ijl < 5hy laig| < 5, Y > cly, f € P(Y) }7

where z; ; is the (4, j)-th component of X = Re(7) and «; ; is the (4, j)-th component of
a = Re(z).

To show that |g(7, z)| is bounded on $),, x M, .(C), it is enough to show that for any
M €T, we have |gn (T, 2)| = 0 for tr(Y) — 400 or for |5; ;| — +oo with a (7, 7). Here
f;,; denotes the (7, 7)-th component of 3. In particular, due to the identities (2.1) and
(2.2), we can take such limit in the domain D.. We have the fact that if (7,2) € D.
and if |f5; ;| = +oo with a (7, 7), then tr(Y) — 4o00. Therefore we only need to show
lgnr (7, 2)| — 0 for tr(Y) — +oo.

As for the Fourier expansion of ¢?|y25M we remark that Cy (N, R) = 0 unless + N —
TR(2S)7"R > 0. Thus, we assume the condition + N — 1 R(25)™""R > 0.

We write T' = 2S. We now have

1 1 1
~Y'T[B] — ﬁNY — 53% — §Y‘1ﬁtRY

1 1 1
= —(=N—--RT"R)Y-Y'T|"(B+=YRT)]|.
h 4 2
Hence
ga (2P = |3 Cu(N, R) det Yle 2 W{GN=GRT T RY Y T (53 YRT DI
N.R

If tr(Y') — +oo, then tr {(+ N — 1RTMR) Y} — +o0 and

dot Ve T {(AN LRI RY Y TR Y RTY

To show that gy (7, 2) converges uniformly on the domain D,., we write § = Y\ €
P(Y) with A € M,,.(R). Remark that the absolute value of any component of X is less
than or equals to % We have

1 1 -1 -1 1 -1
(EN—ZRT tR)Y+Y T{t(6+§YRT )}
_ l _1 -1t t 1 -1
= (hN T [R]+T{ <A+2RT )DY

and

‘gM(Ta 2)’2 =

3" Cu(N, R) det y'le2n H{ N AT BT (v 3R] )v)
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In particular, any

1 1 1

N — _T—l t T t - T—l

- 1 ['R] + [ (A +5R )]
is positive definite. Since the set {A = (A\;;) € M, (R) ||\ ;| < 3} is compact, there
exists a (1Y, 1YoAo) € 9, X M, ,(C) and a constant ¢’ such that

det Vie 2 I{(N=3T ' ['RI+T[*(\+3RT )] )Y}

< ¢ det Yo LN 2T )Tt e o)

for any (7,2) € D, and for any (N, R). Since gp(iYp,1YpAo) converges absolutely, we
conclude that gy (7, z) converges uniformaly on the domain D.,

Thus, if tr(Y) — +oo, then |gn(7,2)] — 0. Hence we conclude that |g(7,2)| is
bounded on $,, x M, .(C). a

3. PLUS-SPACE OF JACOBI FORMS
For k, r € N we put
PF o= {Me L M= (-)*'L'L mod 4Sym,(Z) with some L € M, (Z)} .

We remark that P* depends only on the choice of r and of the parity of k.
n)+

hich i b £ g
—%ﬂm’ wnicn 1S a su space O k—l

We shall define the plus-space of Jacobi forms J ( -

We take the

Definition 1 (Plus-space of Jacobi forms). Let M € P*. Let ¢ € J]ECL) o

Fourier expansion
o(1,2) = Z C(M,S)e(Mr+ 5'z).

MeL},,S€Mn,r(Z)
AM—SM—1t5>0

[NIES

The subspace Jlii)fam c J™, _ consists of all ¢ which satisfies the condition that C(M,S) =
27 )

k—1am
M 1is k
0 unless (%fs §R> e by,
In this article we call J(n)Jr

k-l the plus-space of Jacobi forms of weight k — % and index
M on an) (4).

Remark:

(1) The plus-space of Jacobi forms is defined not for all matrix indices, but for matrix
indices in P¥. For example, if » = 1, then the index 9 € N has to satisfy the
condition M = 0, (—1)**! mod 4.

(2) If r = 0, we regard J]ii); o &S the generalized plus-space M, ;_%(Fé") (4)) which is

introduced in [3].
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(3) If ¢(1,2) € Jiii)fzm’ then it is not difficult to check that ¢(7,0) belongs to

MI:_%(F(()”) (4)) as a function of 7 € ,,.

In this article we consider the case k € 2Z.
By the Fourier-Jacobi expansion we have the map

(3.1) ML @) - DS

1 .
3.
Me Pk

On the other hand, by the Fourier-Jacobi expansion we have the map

(3.2) I = @ I
MEL?
where we put

M %L
1t
5L 1

L, = {M L, | M= ( ) with M, € L*, L € MM(Z)} .

Here the Fourier-Jacobi expansion of ¢(7, z) € J, ,ETT) means that if we take the expansion

S 2)e(w) = Y om(™, 2 )e(Mw)

MEeL?,

for (L5)=(72), 7 € Hngr, w € N1, 2 € My (C), 7/ € Hp, W € H,41 and 2’ €

M, +1(C), then ¢\ € J,i% It means that ¢ is the M-th Fourier-Jacobi coefficient

of ¢.
If k € 27, due to the results given by Eichler-Zagier [1] (for n = 1) and by Ibukiyama [3]

(for n > 1) it is known that M, (T8 (4)) and JU") are isomorphic as Hecke algebra
2 ’

modules. Therefore we can expect that J’gi)f o and J,g% are isomorphic. However we do

not know that the maps (3.1), (3.2) of Fourier-Jacobi expansions are surjective, hence
the isomorphism between Jliri)f o and J,g% is not obvious.
2, ki

4. ISOMORPHISM MAP

Let M; € L be a half-integral symmetric matrix and L € M, 1(Z) be a column vector

such that the matrix
M, iL N
M = <%t£ 21 ) S Lr+17

is positive-definite. We recall 9 := 4M; — L'L € L*. In the following sections we use
these symbols M, M, L and 91. We assume k € 27Z.
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4.1. Definition of the map. Let ¢ € J,E"jz/l We take the Fourier expansion

b(r2) = > AN R)e(NT+R'z).
NeEL:, REM,, r11(Z)
4N—RM~ 1 R>0

For Ry € M,,1(Z) and for (7,2') € $,, x M, 1(C), we define
1
Yoy (T,2") = Z G(thTp + tpz’) .

pEMn,l(Z)
p=R> mod 2M,, 1(Z)

For 7 € $,, and for z = (21, 22) € M,,,11(C) (21 € M,,.(C), 29 € M,,1(C)), we define

1
192,R27L(7'7 21, Zz) = 192,1%2 (7’, §Z1L + 22> .

The following lemma plays an important role in this article.

Lemma 4.1 (Theta decomposition). For 7 € §,, z = (21,22) € M,,+1(C) (21 €
Mn,r((c)a Z2 € Mn,l(c)); we have

U(r,2) = Z fro (T, 21) 00,y 1.(T 21, 22),
Ro€Z™/(2Z2)"
where
fR2(7—7 21) = Z A(N7 (RlaRQ))

NeLj ,RieMy (Z)
1 1
Xe (Z (4N — RQtRQ) T + Z(4R1 — QRQtL)t,Zl) .
Here in the above summation N and Ry run over all matrices which satisfy
4N — Ry'Ry — 93?71["/(2]%1 — RQtL)] > 0.
Proof. For A € M,,1(Z) we put

N IR\ (N iR\[(/L. O
R M) \G'R M) [\IN L)

Here ' = (0 )\) € M, ,+1(Z) (0 € M, ,(Z)). Due to the definition of Jacobi forms we
have A(N', R') = A(N, R). We write R = (Ry, Rs) € M, ,.(Z) x M,,1(Z). Since

1 1
A<N+§R2t)\+iAthnL)\t/\,RvL/\(tL 2)) = AN R) = AN, R),
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we obtain

P(r,z) = Z A(N,R)e(NT+ R'z)
NeL} ,ReMy »+1(Z)
4AN—RM~1tR>0

— Y Y Y ANG(RLRY)

Ry mod 2Mp, 1(Z) NEL}, R1€EM,, (Z)

1 1
X 6(1 (4N — Rgth) T+ Z (4R1 — 2R2tL) tzl)

1 1
X Z (& (Z (RQ + 2>\)t (R2 + 2)\) T+ (Rg -+ 2)\)t (521[; + ZQ)) .
AEMy 1 (Z)
The condition 4N — Ry!Ry — M [{(2R; — Ry'L)] > 0 follows from 4N — RM~MR >0
and M= (7o) (1 o3E )] 0

0 1

We now define the map 1 : J\", — J]in)frm. Let ¢ € J{™,. We use the same symbols
) _57 k)
A(N, R) and fg,(7, z1) which are obtained by 1 as before. We define ¢ = 1(¢)) by
(4.1) P(7,21) = Z [ry (47, 421)

Ro€Mp,1(Z)/(2Mn,1(Z))
for (7, 21) € 9, x M,,,(C). We have the Fourier expansion
O(1,21) = > C(M, S)e(Mt + S'z),

MeL} ,SeEM, - (Z)
AM—SM—1t5>0

where C(4N — Ry'Ry,4R; — 2Ry'L) = A(N,R) for N € L¥ and for R = (R, Ry) €
M, ,+1(Z) (R € My (Z), Ry € M, 1(Z)).

In §4.2 we shall show that the above ¢ belongs to J]Si);_gm‘ In §4.3 we shall show that
27

the linear map ¢, is bijective.

4.2. Half-integral weight. Let ¢ € J,En/z/l and ¢ = tp(10) be the form constructed by
(4.1) in §4.1. In this subsection we shall show that the form ¢ belongs to J]Si)fim.
27

4.2.1. Heisenberg group part.
Lemma 4.2. Let ¢ = 1y(¢) be as above. For any Ay, py € M, .(Z) we have
AT, 21 +7A + 1) = e(=MIMNT — 20 M 21)p(T, 21).
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Proof. We recall M = (/;2 %L). For Ay, 1 € M,,,(Z) and for z = (21, 22) € My, ,4+1(C)
(21 € Mn,T(C)7 Zy € Mn,l (C))a we have

w(T,Z‘i‘T()\l,O) + (,ulu())) = e(_()\hO)Mt()\l’O)T - 2()\170>Mt(21722))¢(7'> ’Z)
(4.2) = 6(—)\1M1t)\17' — 2/\1M1t21 — AlLtZQ)Q/J(T, Z),
where (A1,0), (111,0) € M, ,4+1(Z) (0 € M, 1(Z)). On the other hand

(7, 24 7(A1, 0) + (1, 0))

= Z TR (T, 21 + TAL + p11)09 Ry L(T, 21 + TAL + fi1, 22)
R2€M,,,1(Z)/(2Mn 1 (Z))
(4.3) = Z TR (T, 21 + TAL + p11)02 Ry yay 1,17, 21, 22)

Ro€My,1(Z)/(2Mn 1(Z))

1 1 1

Due to (4.2), (4.3) and because of the linear independence of {¥s g, 1.} r,, Wwe obtain

fR2+)\1L<T> Zl)

4.4 1 1 1
@4 = [r(T, 21 + TAL + 1) 6(1)\1937t/\17' + 5/\1th1 + §M1LtR2) )
Hence

¢(7-7 z1 + 7')\1 + Ml) = Z fRQ (47‘, 421 + 47')\1 + 4#1)

Ry€Mpn,1(2)/(2Mn,1(Z))

= > frota (47, 421)

Ry €M, 1(Z)/(2Mn 1 (Z))
1 t 1 t 1 t
Xe —Z)\lm /\1(47’) — 5)\1%(4 21) — 5(4/L1)L R2
= 6(—)\1mt)\17 - 2)\1th1) ¢(T, Zl>.
O
4.2.2. Symplectic group part. Let Fén) (4)* be the subgroup of & which is denoted in §2.2.

Lemma 4.3. Let ¢ = tp(0) be as before. For any M € F(()n)(él)* we have ¢|k—%gmM = o.

Proof. Due to the transformation formula of ¢ € J, ,ﬁ”}w we have

(4.5) W=7 7712) = e(Mler72) det(T) (T, 2).
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On the other hand

1/}(_77177—712> = Z fRQ( T 21)7.92 Ro, L( 177-712177-7122)

Ro€M, 1(Z)/(2Mn,1(Z))
for z = (21, 22) € M, ,+1(C) (21 € M, ,(C), 20 € M,,1(C)). It is known the identity

V2 Ry (—T_l, T_lz)

N 1 1
(A7) 2 9% qet(—ir)? e(for2) 6(—§tR2T2) Vo1,(7; 2)-
To€Mn,1(2)/(2Mp,1(Z))

Hence from (4.5), (4.6) and (4.7), we have

e(Mzr™ z) det(1)* (T, 2)

1
(4.8) = 27 ”/2det 1/2 ( (—21L+22> - (521L+z2)>

1
X Z {Z fRz —T 1, 7'_121) 6(—§tR2T2) } 02’T27L(7_, 21, 22).
Ts

Here R, and T run over a complete set of representatives of M, 1(Z)/(2M,,1(Z)). By
comparing the term of 5 1 in (4.8) we have

1
e (thleIZi) det(T)ka(Ta Zl)

(4.9)
9—"n/2 det(—i7)1/2 g fRz(—T_l,T_lzl).
Ro

Since (1, —z) = (7, 2), we have A(N,—R) = A(N, R). Hence fo(7,—21) = fo(7, 21).
By replacing (7, 21) by (—(47)7%,7712;) in the identity (4.9), we obtain

o(r,z1) = 2% det(—(47)7")F det((4)74) 2e(—M a1 z) fo—(47) 7 T 2)
(4.10) - 2%(_1)% det((47)_1i)k_%€(—mt217_121)fo(—(47)_1, 7_121).

We calculate ¢|k_%mv(4s)* for symmetric matrix s € Sym,(Z), where v(4s) =

(12 1)) and otas)® = (o049, 60(45)7)/8(7).
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1, s (0 -1,
We put t(s) := (O 1, and J, = L0
using the transformation formula of ¥ in (4.7) we have
0(Jnt(—4s)J, " - 7)
= Voo(Jnt(—4s)J; " - 7,0)
— 273 det(—i (H(—4s)J; " - 7)) S Do,z (H(—48) ;- 7,0)
Ty €M1 (2)/(2Mn,1(Z))

Z 192,T2 (Jn_l - T, 0)

To€Mn,1(Z2)/(2Mn,1(Z))

) . 1
= 27"det(i (77" +4s))? det(—iT)é Z )6(—§tT2V2) 2,1 (7, 0)

TQ,VQEMn,l(Z)/(QMnJ(Z)

. Then, v(4s) = J,t(—4s)J 1. By

[NIES

= 272 det(i (7'_1 + 43))

= det(i (771 + 45)) det(—ir)? 0(7).
Thus, we have
O(v(4s) - 7)
0()
Since v(4s) - (1, 21) = (7(4sT + 1,) ", !(4s7 4+ 1,,) ' 21), we obtain
(Dlk—1 om0 (45))(7, 21)
= —Q(U(4S) : T) _%He — M2y (4sT ~1(4s)z
= (M) e s 4 1) )2

X o(T(4sT + 1n)_1, t(4s7’ + 1n)_121)
—2k41

= (det (i (7' + 48))% det (—iT)%> e(—=IM'z (4s7 + 1,,) 1 (48)21)

N[

det (i (7~ + 45)) det (—i)? .

%25 (—1)'% det((4r(dsT + 1,) ") 1) 2e(— Mz r M (dsT + 1,,) " 2)
X fo(—(47(4sT 4+ 1)), (dsT + 1)1 H(4sT + 1n)7lzl).

By using the identities 7(4s7 + 1,)"' = *(4s7 + 1,,) "' and fo(7 — s, 21) = fo(T, 21) and
due to the identity (4.10) we have

(B av(4))(7, 1)
= 25(=1)"% det (—4ir)"*
= ¢(T7 Zl)'

The transformation formulas ¢]k7%m(t(s), 1) = ¢ and qﬁ\kféym(d(A), 1) = ¢ are obvious,

A 0_1) for A € GL,(Z). Tt is known that Fé") (4) is generated

ol

6(-9]?217’7121)]00(—(47')71, ’7'7121)

where we put d(A) := (0 ”
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by three types of elements v(4s), t(s) and d(A) (cf. [3, Lemma 2.1]). Therefore F(()n)(él)* is
generated by three types of elements v(4s)*, (¢(s), 1) and (d(A), 1). Hence ¢|k—%,zmM =¢
for any M € F(()n)(él)*. O
Proposition 4.4. Let k be an even integer and ) € J,gnjz,l Let ¢ = tpq(¥) be as in §4.1.

Then ¢ belongs to Jlii)fmt' Moreover, if 1 is a Jacobi cusp form, then ¢ is also a Jacob:
29

cusp form.

Proof. It ¢ € J,g%, then due to Lemma 4.2 and 4.3, we conclude that ¢ belongs to

J]Si)% o Because of the construction of ¢ it is not difficult to see that ¢ belongs to the
plus-space of Jacobi forms J;Si); -
We now assume that ¢ € J,gnjz/t is a Jacobi cusp form. We shall show that ¢ = 1p4(¢) €
J]gi); o 1S @ Jacobi cusp form. We take the theta decomposition
Y(r,2) = > falr 2)02m (7 21, 22),
Ro€Zm /(2Z)"

where z = (21, 22) € My,+1(C) (21 € M, .(C), 20 € M, 1(C)). Since v is a Jacobi form
and due to the transformation formula of U5 g, 1., we have the fact that for any M € T',,
the form

Jk*%»i‘)ﬁ(M> (7_7 Zl)>71fRz<M ’ (7-7 Zl))
is a linear combination of { fr,(7, z1)}r,. Here the definition of Jk‘—%,iim(M? (7,21)) has

been given in the section 2.1. We write Y = Im(7) and f; = Im(z;). Since

1 1
fr, (7,21 + 27 A +211) = fr (7, zl)e(—ifm[t@)\l)]r — 593?'5(2)\1)2’1)
for any A, 1 € M, ,(Z) (cf. the identity (4.4) ), we have

|det Y 5 e 2mtrGY TIBD £ (7 21)] 5 0

for tr(Y) — oo (cf. the proof of Lemma 2.1). We take a & € G2, such that - Zy = (7, 21),
where Zy = (il,,0) € 9, x M,,.(C). Then

s 1an(ME, Zo) ™ (M - (7, 21))]
= Jdet Y T e 2@ TIMAD (M (7, 20) T iy (M- (7, 21))] = 0

11
~301
for tr(Y) — oo. Therefore, the form

[det Y e 2 @YTIAD (72 )|
is bounded on $,, x M,,,(C). Thus,

|det Y5 e 2 r (YT RB ) g
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is bounded on $,, x M, .(C). Due to Lemma 2.1, we conclude that ¢ is a Jacobi cusp
form. O

4.3. Inverse map. In this subsection we will show that the map ¢, : Jé% — Jlgn)fr -
b} _57

defined in §4.1 is bijective. Let ¢ € Jlii)f o We take the Fourier expansion of ¢:
29

o(1,21) = Z C(M,S)e(Mt + S'z).
MeL} ,SeEM, - (Z)
4M—SM—1t8>0

If C(M,S) # 0, then there exist N € Lf , Ry € M, .(Z) and Ry € M, 1(Z), which
satisfy M = 4N — Ry'Ry and S = 4R, — 2R,'L. This R» is uniquely determined up to
modulo 2M,, 1(Z), because if 4N — Ry'Ry = 4N' — RL'R), then Ry'Rs = Ry'R, mod 4.
Therefore there exists {fr, } r, which satisfies

o(r,21) = Z fr,(47,421),

Ro€My, 1(Z)/(2Mn 1 (Z))

where

1 1
ng (7—7 21) = Z C(4N - RQtR274R1 - 2R2tL) 6(1 (4N - RZtR2> T+ Z<4R1 - 2R2tL>t21) .

N,R;
N Ry R,
Here (N, R;) runs over all elements in L X M,,(Z), such that | 'Ry M; iL| €
'Ry 'L 1
L:;—H“—i—l
By using these fg, the inverse image 1) = 1,1 (¢) of ¢ is given by
(4.11) (7, (21, 22)) = Z fro (T, 21)02.R, (7, (21, 22)),

Ro€Mn,1(Z2)/(2Mn,1(Z))
where 7 € 9,,, 21 € M, .(C) and 2z, € M, ;(C).
In this subsection we shall show that this ¥ belongs to J,i%

4.3.1. Heisenberg group part.

Lemma 4.5. Let ¢ and v be as above in §4.3. For any A\ = (A, \2) € M, ,11(Z)
<)\1 S M”,T(Z)7 A2 € Mn,l(Z>) and fOT any b = (:ulnuﬂ) S Mn,v‘—l—l(z) (/1’1 S Mn,T(Z)7M2 €
M,1(Z)), we have

O(T z4+71A+p) = e(=M("ATA+2A2)) ¢(7, 2).
Proof. For (1,2) € 9, x M, ,(C) we have

1 1 1 1
(412) fR2 (T, Zl) = 27" Zs: €<§tR28R2) Qﬁ(zT + 58, 121) s
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where s runs over all diagonal matrices of size n with entries in {0, 1}.
FOI' (7', Z) € fjn X Mn7r+1(C) (Z = (Zl,Zg) € Mn7r+1(C),Zl € Mmr((C),ZQ € Mn,l<C))7
due to the definition of ¥ g, ., we obtain

Vo, ry (T, 21 + TAL + fl1, 22 + TAo + pi2)

1 1
— > e<ZT[p+A1L+2AQ] +Hp+ ML+ 2)) (521L+z2>)

PEMn,1(Z)
p=R2 mod 2M, 1(Z)

1 1 1
Xe(_ZT[)\lL] — 7'[)\2] — it)\QT)\lL — 5%)\1[/)7’)\2)

2

LtL ir 1
= €<_ ( ltL 21 ) (t)\7'>\—|—2t)\2)> e(§tR2u1L) 192,R2+)\1L,L(7-7 21,22).

1 1
xe (——t()\lL)ZlL — Nz L — t()\lL)ZZ — 2 X2 + _tpﬂlL)

On the other hand, by using the transformation formula

O(7, 21 + TAL + p1) = e(=IM(T[Mi] + 2\1"21)) (7, 21),

we have
1 1 1
¢(— +§ Z(Zl+7/\1+’u1))
1
< (Z —S) + /\1(21 — 25\ + Ml)})
1 1
X¢<ZT + 58, 1 (21 — 28\ + ,u1)) .
We obtain

1 1 1
¢(ZLT+2 4(21—25)\1‘1‘#1)) = ;sz(T+257Z1_25>‘1+“1)

1 1
= Z e <_§T2tT28) € (—§T2tLt,u1) fT2 (7', Zl).

Ty
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Therefore, by using the identity (4.12) we get

fro(Ty 21 + TN + 1)

= 27" Z €<%R2thS) qb(}lT +

S

X ;e(—EthTzs) e(—%TQtLtu ) fr (7, 21)
— 2—”26<_—T2 Lm1> e(—fm{i A1) + ="Ai(21 +u1)}) fr,(7,21)

Thus, we obtain

(T, z+ TN+ p)

_ Z Fro (T, 21 + TN 4+ 111)02, 1y (T, 21 + TAL + 11, 22 + TAo + p2)
Ra€My, 1(2)/(2Mn 1(Z))

= (=M (AT +2°A2)) ¥(T, 2).

4.3.2. Symplectic group part.

Lemma 4.6. Let ¢ and ¢ be as in the beginning of §4.3. Then ¢ satisfies
det(CT + D) *e(=M'2(Ct + D) 'C)Y(M - (1,2)) = %(r,2)

forany M = (AB)eTl,.

Proof. 1t is enough to show the transformation formula of v for three types of matrices
v(s) = (7)), t(s) = (5 ) and d(A) = (gtA_l)’ where s € Sym,(Z) and A €
GL(n,Z).

The transformation formula of ¢ for ¢(s) and for d(A) are obvious. Thus, we shall
show the transformation formula of i for v(s).
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We recall J, = ({ o). Since v(s) = Jot(—s)J,*, we have
Vo.r,,(0(s) - (7, 21, 22))

1
= Vo, (Jnt(—s)ng . (7’, 5,21[/ + Zg))

= 273 det (i(r " + )2 (=7 —8) =27 AL + )
X Z — 27U RyTY) Do, (H(—5) (7,27 20 L + 25))

N[

_ ﬁ'det(( L4 9) 2 e((— 1 — s7) )27 s L+ 2))
xz —27Y Ry Ty) e(—47 [ To)) oy (771, =7 (27 s L+ 29)))

N|—=

_ ﬁdet(( L4 9))2e(((—1, — s7) ' )27 L+ 2))
XZ —27 MRy Ty) e(—47 s[T3]) 27 % det(—iT)2 e(r 727 21 L + 20])

XZ =27 V) Do vy (1, — (271 21 L + 22)).

Here, in the above summations, 75, and V5 run over a complete set of the representatives
of My 1(Z)/(2M,1(Z)). Since Vo v, (T, —21, —22) = V2,15,L(7, 21, 22), we have

Vo, ro,n.(v(8) - (T, 21, 22))
= 27" det (i(r7' + ))ﬁdet(—' Yee(((s7+ 1) '8)[27 21 L + 25])
x> e(—27RyTy) e(—47"S[T]) e(—27 M ToVa) Vo (7, 21, 22).

T5,V>

On the other hand, from (4.12) we have fi,(7,21) = 27" > e(27's1[Va]) ¢(57 + 51, 721)
where s; runs over all diagonal matrices of size n with entries in {0, 1}. Similarly to the
1, +2s1s —s1881

4s 1, — 2ss1

F(()")(Zl). Then v,(s1) - (37 + 251, 121) = (Fv(s)7 + 351, 3(s7 + 1,,)21). Due to the trans-
formation formula of ¢ for vs(s;), we have

Sua (T, Zl)
= 2 Z 471tz (ST—i-ln)_lSZl)

—2k+1
1 1 11\ 1 11, O
) (9(1”@7 ' 551) o(ire3n) ) o(pore g ta).

case of Siegel modular forms (cf. [3, p.119]), we put v,(s1) := (
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Since
Va4(v(s)T,0)
= Vg u(Jut(=5)J, 1 7,0)
= 275 det(—i(t(—s)J '7))2 > e(=27 )y, (H(—5)J 7, 0)
VEM,, 1(Z)/(2Mn 1 (Z))
= 275 det(i(t7 ! + s))% Z e(—=27M"vq) e(—=471s[v]) Vg, (=771, 0)
VEM, 1(Z)/(2Mn 1 (Z))
= 27"det(i(77 + s))% det(—z'T)% Z e(=27"vq) e(—471sv])
VEM, 1(Z)/(2Mn 1 (Z))
X Z e(—27"vp)dy (1, 0),
HEMyn,1(Z)/(2Mn 1 (Z))
we have

0 (;lv(s)T + %51>
= Z e(—2_131[q])1927q(v(s)7, 0)

q€Mn,1(Z2)/(2Mn,1(Z))
=2y > >
q€EMn 1(2)/(2Mn,1(Z)) vEMn 1 (Z)/(2Mn 1 (Z)) p€Mn 1(Z)/(2Mn,1(Z))
xe(—27s1[q)) e(—27Mvq) e(—41s[v]) e(—2 )
x det(i(77" + )% det(—iT) 20, (7, 0)
— 9 Z Z e(—4ts[v]) e(—2 7 wpu)

vEMn1(2)/(2Mn,1(Z)) pEMn 1 (Z)/(2Mn 1(Z))

x det(i(77 + 3))% det(—iT)%ﬁg#(T, 0) Z e(—27 (s1[q] + 'vq))
q€Mn,1(Z)/(2Mn,1(Z))
= det(i(t + s))% det(—iT)%e(—él_ls[sl]) Z e(=27 s 1) Vg, (7, 0)

WEMp 1(Z)/(2My 1 (Z)

= det(i(t + s))% det(—iT)% e(—4's[s1]) 0 (}17 + %sl) :

Therefore
fV2 (Tv Zl)
= 27"det(s7 + 1,) " det(i(r7 + s))% det(—iT)%e(—Zl_lDﬁtth(ST +1,) sz
X 26(2_181[‘/2])6(—4_18[81]) Z fr, <’U($)T+2$1,t(87+ 1n)_1z1>

RoeMp1(Z)/(2Mn,1(Z))
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= 27"det(s7 + 1,) Fdet(i(r7 + s))% det(—iT)%e(—Zl_lf)ﬁtth(ST +1,) sz

X Z e(27 51 [Va]) e(—471s[s1]) e(—27 151 [Ry))
51 Ro€Mp1(Z)/(2My,1(Z))

X fr, (’U(S)T, HsT+ 1n)_1z1>
= 27" det(sT + 1,,) " det(i(77" + 5))2 det(—iT)Ze(—47 M 2, (57 + 1,) 's21)

X > e(—271Ty V) e(—47 s Ty)) e(—2 M Ry T) fry (v(s) - (T, 21)) .
T2,Ro€Mp 1(Z)/(2Mn,1(Z))

By using the above identities we obtain

Y(v(s) - (7,2))
= ZfRz(U(S) (7,21)) Vo, L(v(s) - (T, 21, 22))

= 27"det (i(r7" + s))% det (—ir)% e(((s7+1n)7"'s) 27" 2L + 22])
X Z Z e(—27"RyTy) e(—47 s[To]) e(—27"T5V5) fry(v(s) - (7, 21))
XQ?;VQ’LQ’(’:, 21, 22)

= det(s7 + 1) e(d7"M("(s7 + 1) 's)[1] + ((s7 4+ 1) 7's) [27 2L + 29])
X Z T (7, 21) 02,5, 0(T, 21, 22)

= det(sT + 1,) e(M'z(sT + 1,) " ts2) (T, 2).

Thus, we obtain the transformation formula of ¢ for v(s). O

Proposition 4.7. The linear map vy : J,g% — J;Si)fzm 15 bijective. Moreover, the linear

map ta induces the bijection between the Jacobi cusp forms of both spaces.

Proof. By the virtue of Proposition 4.4, Lemma 4.5 and Lemma 4.6, the linear map
L is bijective. Moreover, it is shown in Proposition 4.4 that if ¢ € J,Enfz/l is a Jacobi
cusp form, then ¢p(¢)) € J,@;m is a Jacobi cusp form. It is not difficult to see that if
¢ € Jé@;m is a Jacobi cusp form, then ¢ = 1 {(¢) € J,E”XA is a Jacobi cusp form. (For
the inverse image ¢ of ¢, see (4.11) in §4.3). Thus, we conclude the proposition. O

5. COMPATIBILITY OF THE LINEAR MAP WITH THE ACTION OF HECKE OPERATORS

In this section we shall show the compatibility between the map ¢, and Hecke oper-
ators acting on both spaces.
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5.1. Hecke operators. Let p be an odd prime. We set
Ka = diag(lompln—oup21aap1n—o¢)-

Let S € L +1 We shall review the Hecke operators acting on J,E"S) For 0 < a<n
and for ¢ € kas, we define,

QMTozn oc Z Z 7vb|kS |kS[)‘ M]
(A R)

and where A and p run over a complete set of representatives of M,, ,11(Z)/(pMy, ,+1(Z)),
and (4 B) runs over a complete set of representatives of I',\I',K,I',, and where we
defined

(Vs (ABN(1,2) = p "% det(CT + D) *e(S'2(CT + D)'C%)
x¢((Ar + B)(Ct + D)1 p'(CT + D) '2).
One can check ¢|T,,,—o(p*) € J,g”s)
We shall review the Hecke operators acting on J,Ei); ¢ For the definition of F(()n) (4)* C
27

&, see §2.2, and for the definition of |k_%75, see §2.3. For ¢ € ‘]ifi)l ¢ we define

27

¢|Tan a ZZ¢’I€ 1SM |k: 15’[)‘ :u]

Ap M

where A and g run over a complete set of representatives of M, ,(Z)/(pM, (Z)), and
M* runs over a complete set of representatives of

F[()n)(4)*\1—x(()n)(4)* (Kompa/2) F(()n) (4)*

One can check @|Th,—a(p?) € Jlii)l ¢ for any a, such that 0 < a <n.
2’

To describe a complete set of representatives of I (4)"\I'{" (4)* (Ka, p®/?) (M (4)*
we prepare the following symbols. We put d, ; := diag(1;, pl;, p*1,—;—;) and put

0O 0 O t i
B B a; ="'ay € M;(p), rank,(ay) =7 —n+ «
By = {b= 8 tcéll pbb; € M,(Z) b1 € Mjpij(p), by € My_i_;(p?) ’

and where M, (p°) is a complete set of representatives of M;,,(Z) modulo p°, and we
set M;(p°) := M;,;(p?), and rank,(a;) is the rank of a;, over the finite field Z/pZ.
The symbol Uy denotes a complete set of representatives of

(SL(n,Z) N d; }SL(n, Z)d; ;)\SL(n, Z).
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0 0 O

For b € By and for u € Uy, we put k(bu) :=e(a1), whereb= | 0 a1 pby |, a1 € M;(p),
0 by by

and where £(a;) = M(de;%'ll) with a} € M,_,+(Z) which satisfies a; = v (“0'1 8) !

mod p with some v € SL(j,Z).
We quote the following lemma from Zhuravlev [5, p.173].

Lemma 5.1. A complete set of representatives of T (4)*\[" (4)* (Ka,p®/?) i (4)
18 given by

_ —1
{ ((pQgi,jl dl-) ) (tuo 2) ,/ﬁ(bu)p(n%j)ﬂ)
i,

Mi %L

Let M = (ltL |
beginning of §4.

i+j§n,beB0,ueU0}.

) € L, and M := 4M; — L'L € L} be the same symbols in the

Proposition 5.2. Let i) € J,ﬁ"A)A and ¢ = 1pmq(V) € J,E")frm. For any odd prime p and
) R

for any 0 < a < n, we have

i (V| Tona(p?)) = p OGO GIT, ().

Proof. Similarly to the proof of [3, Theorem 2|, we will conclude this proposition by
comparing the Fourier coefficients of trq (¥|Tw.n—a(p?)) and of ¢|Ty n_a(p?).
We write the Fourier expansions:

(. 2) = > A1(N,R)e(NT + R'Z),
NeL},,REMy 2(7)
AN—RM~1t'R>0

(¢|Ta,n—a(p2))(7_v z) = Z As(N, R) e(NT—I—RtZ),

NeL} ,REMy 2(Z)
AN—RM~t*R>0

O(r,2) = > Cy(M,S)e(Mr + 5'2),
MeL?,SeMy1(Z)
AM—SM—1t5>0

| Toma@))(1,21) = > Co(M,S) e(MT + 5'Z).

MeLy,SeMy, 1 (Z)
AM—SM—1tS>0

Since ¢ = 1pm(¢0), we have C1(4N — Ro'Ry, 4Ry — 2Ry'L) = A;(N,R) for (N,R) €
L; X Mn,r+1<Z) (R = (Rl, RQ) - Mn,r—i—l(Z); Rl & Mn,r(Z); RQ & Mn,l( ))
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We now calculate Ay(N, R). We have

(
e(NT +'R2)| M( pHD™ >|kM[/\aN]
= p VR det DRe(N(p* D~ r + B)D ™' + p'R'D ™" 2) M, ]
= p et DTR(M(TA] + 2°A2))e(N (9 D T+B)D + P R'D (24 T+ )
= p VR det D *e(NT + 'Rz + NBD ™' + p'R'D ™' 1),

where

(5.1)

N = p*N[ID7'+ ipXR'D' + LpD RN + M['N],
R = pD7 'R+ 2\M.

A

If R € M,,.1(Z), then pD™'R = R — 2AM € M, ,1(Z). Therefore, for (N, R) €
L: x My, 11(Z) we have
A(N,R) = p 5N "det D Y A(N,R)e(NBD™' +p'R'D ™' pn)
A HEM 11 (Z)

_ p—<T+1><k—n>Zdet DF Z Ay(N,R)e(NBD™Y),

AEMn,r41(Z)

. . . 2t y—1
where, in the above summations, we take matrices D and B such that <P g) g) runs

over a complete set of representatives of I',\I', K,,I',,, and where

- N = 5D ((N=iaMR) +im |1 (R-20Mm)]) D
52 {R = 1DR-2DM.

Here the condition (5.1) is equivalent to (5.2). We write R = (Ry, Ry), R = (R, Ry),
A= (A, \2) € My i (Z) (By, Mt € My (Z), Ry € M, »(Q), Ry, \a € Mp1(Z), Ry €
M, 1(Q)), and we assume the condition (5.2). If (N, R) & L} x M, ,(Z), then A;(N, R) =
0. Hence, we assume (N, R) € L x M, ,(Z). In particular, we assume R; € M, ,.(Z)
and Ry € M, 1(Z). By a straightforward calculation we have

1 1A,
AN — Ry'Ry = —2D(N — —thRg)tD
p 4
1 1 R . 1 4 R
+Z¥D {—iAlt(élRl — 2R2tL) — 5(4R1 — 2R2tL)t/\1 + sm[%]} ‘D,

1 2
AR, — 2R,'L = D(Ak 2R,'L) — _ DA,

We remark that A;(N, R) depends on the choice of (N, R), D and Ay, and A;(N, R) is
independent of the choice of \y. Since Ry = %D(RQ — ML —2X\) and Ry € M, 1(Z), we
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have
(5.3) Ry — ML —2)\, € pD™ M, 1(Z).

Let d; j, By and Uy be symbols defined in Lemma 5.1. We put D = d; ju and B = bu

00 0
with u € Uy and with b = (8 o %b1> € By. Then the condition (5.3) is equivalent to
1 02

Taking into account the condition (5.4) on Ay € M, 1(Z) we have
Lo aeya t
Se( MR- 22M)] DB
A 4p?
1 17t -1 1 ~
— Mi—LLtL 0 L i\t p_ t
_ ze(@{( Jre) () QM]} DB)

A2

= < 493?1[tR——LtR21+9)?[)\] 2R< T>t)\1—2)\1(1T

N =

ltL

L) tR} tDB)
L) tfz} tDB)

1 N A

N |

= e< {4932 l{tR ——LtRQ}Jrsm[A] R(ltL)t)\l—Q/\l(

D M oY)
vernazy NP
= g 1o [ guth] o2k (i) - 2n 1 40y} )

Xpn er(nfjfoz)/Qg(al)7

where €(ay) is the symbol defined before Lemma 5.1. We recall A;(N,R) = C;(4N —
Ry'Ry, 4Ry — 2Ry'L). Therefore,

AQ(Nv R)
= p HUET N et D > Ai(N,R)e(NBD™)

i7j7b7u )\:(A17A2)€Mn,r+1(z)

= p HUET N det D > Ai(N, R)

,7,b,u )\:(A17A2)€Mn,r+1(z)

Xe(]%D ((N - %RM—”R) + iM‘l (k- 2AM>]> tDBD—l)
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o ) ) 1 ~ 1~ ~
_ p—(r—i-l)(k—n) Z p—k(2n—22—j)+n—z+(n—]—a)/2€(al)6 (2? (N . ZRM—MR) tDB)
1,7,b,u
1 . 1 .4
xe(—2 {zm—l [tRl - §LtR2] } tDB) > Ci(4N — Ry'Ry 4Ry — 2R,'L)
p AleMn,r(Z)
1,

1 . .
X€(4—p2 {m[t)\ﬂ — 2R (%tL> t)\l — 2)\1 (]-r %L) tR} tDB) ,

where, in the above summations, 7, j run over i + 5 < n, j > n — «, and u runs over U,
and b runs over By, and where D = d, ju and B = bu, and (N, R) is determined by the
identities (5.2). Remark that if (N, R) & M, ,+1(Z), then Cy (4N —Ro' Ry, 4R1—2R5'L) =
Ai(N,R) =0.

Thus, we conclude

e —(r -n —k(2n—2i—j)+n—i+(n—j—«a 1 \; 1~ A
Ap(R, By = pr(e0hmn) § pokCen-2iziyin-it(n-y )/2€(a1)e(1§ (N—ZthRl)tDB)

i’j’b7u

x Y Ci(4N — Ry'Ry, 4Ry — 2R,'L)

MEM, (Z)

1 ~ (1, .
X6(4_])2 {m[t/\l] — 2R (ltL) t/\l — 2)\1 (17‘ %L) tR} tDB) s

2

where the summations are the same as the above. o R
We now calculate Cy (4N —Ry' Ry, 4R1—2R5' L) and will show that Co(4N—Ry' Ry, 4Ry —
2Ry"L) coincides with Ay(N, R) up to constant as functions of (N, R).
For M € L%, S € M, (Z), ((p”g* g) ,k(B) det Da) € T (4)* (K p/?) TSV (47,
we have

e(M7 + 820) iy on (707 8) k(B) det D} |,y i, pu]
= K(B) **det(D) M 2e(M(p* D77 + B)D ™ + pS's1 DY) |1 gulAa, ]
= K(B)det(D) *ze(M (r[\] + 2)\'2))

xe(M(p** D't + B)D™' + pS*(21 + 7A1 + 1) D)
— k(B)det(D) *ze(Mr+ 5" + MBD™" + pStu, DY),

where we put

(55) {M = pPM['D 7] + M[Ay] + pD 15Ny,

S =2\M+pDLS,
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and where x(B) is the symbol defined before Lemma 5.1. We assume (M, S) € L¥ x
M, .(Z). Then, we have pD~'S = S — 2\ € M,,(Z). Since
1

MBD™' = p—D{ - —/\1tS— —SU\ + ot Al]}tDBD‘l,

and due to Lemma 5.1, we have

Co(M,8) = Y w(B)det(D)™ =2 > (M, S)e(MBD™)

D,B )\1€Mn’,«(Z)
= Y w(B)det(D)™*z Y Oy(M,8)
D,B MEMp - (Z)
L= Iaes— tan, o Vo
xe ]? T MR T 5o + M\ 5

where D and B runs over matrices such that
{(D,B)|i+j<n,j>n—a,D=dju B=bube By,ue U},

and where (M, 5) € Lj, x M, ,(Z) is determined by (M, S), D and ), through the identity
(5.5). We choose a (N, R) € L, x My, ,11(Z) (R = (Ry, Ry), Ry € M, (Z), Ry € My(Z))
which satisfies M = 4N — Ry'Ry and S = 4Ry — 2R,'L. Then (M, S) in the above
summations is

|
M = ED{ _ —AltS . —St>\1 +OEA ]}tD — AN — Ry'R,,
1 Q t
S — =D (5 _ 2/\19ﬁ) — 4R, — 2R,'L,
p

where (N,R) € L* X M,,41(Z) is determined by (N, R) through the identity (5.2).
Therefore

Cy(4N — Ry' Ry, ARy — 2R,'L)
= Y K(B)det(D)™*z 3" Ci(AN — Ry'Ry, ARy — 2Ry'L)

D,B A\ EM, - (Z)
><<pi (AN = Rty — Mt (20— ') — (2R — R'L) Ay + ]} tDB>

= Z e(al)p(_H%m"—%_j) Z 01(4N — RQtRQ, 4ﬁ1 — QRQtL)

,7,b,u MEMy, +(Z)
1 . L

xe( {4N RotRy — At (231 _ RJL) _ (231 _ RJL) A + im[%]} tDB>
P

= p(r+1)(kfn)f(nfa)/2A2(N7 jg)j
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where, in the above summation, 7, 7 run over i + 7 <n, j > n — «, and u runs over U,
and b runs over By, We conclude

Cblfa,n—oa(pQ) = p(r+1)(k—n)—(n—a)/2 LM (¢|Ta,n—a(p2)) .

Theorem 1.1 follows from Proposition 4.7 and Proposition 5.2.
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