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Abstract. In this article, we consider a Fourier-Jacobi expansion of Siegel modular
forms generated by the Ikeda lift. There are two purposes of this article: first, to give
an expression of L-function of certain Siegel modular forms of half-integral weight of
odd degree; and secondly, to give a relation among Fourier-Jacobi coefficients of Siegel
modular forms generated by the Ikeda lift.

0. Introduction

0.1. Preliminary. On 2001 T.Ikeda [Ik 01] constructed a lifting from elliptic modular
forms to Siegel modular forms of any even degree. The existence of such lifting has pre-
viously been conjectured by W. Duke-Ö. Imamoḡlu (cf. [B-K 00]) and by T. Ibukiyama,
independently (cf. [Ik 01, Introduction]). Since Ikeda lift is a generalization of the Saito-
Kurokawa lift for arbitrary even degree, it seems natural to investigate the Fourier-Jacobi
coefficients of Siegel modular forms generated by the Ikeda lift.

The present article has two purposes: first, to express the L-functions of certain Siegel
modular forms of half-integral weight of odd degree as products of Hecke L-functions of
elliptic modular forms (cf. Theorem 0.1); second, to give certain relations among Fourier-
Jacobi coefficients of Siegel modular forms obtained by the Ikeda lift (cf. Theorem 0.2).

0.2. Main Theorems. We explain our results more precisely. We put Γm := Spm(Z).
We denote by Sk(Γm) the space of Siegel cusp forms of weight k of degree m, and denote
by J cuspk,1 (ΓJm) the space of Jacobi cusp forms of weight k of index 1 of degree m (cf.

§3.1), and denote by S+
k−1/2(Γ

(m)
0 (4)) the space of Siegel cusp forms in the generalized

plus space of weight k − 1/2 of degree m (cf. §2.1).
Let k and n be positive integers such that k+n is even. We define the following map

Ψ(2n−1) from S2k(Γ1) to S+
k+n−1/2(Γ

(2n−1)
0 (4)) through the composition of three maps:

Ψ(2n−1) : S2k(Γ1)→ Sk+n(Γ2n)→ J cuspk+n,1(ΓJ2n−1)→ S+
k+n− 1

2

(Γ
(2n−1)
0 (4)).
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In the above composition the first map is the Ikeda lift, and the second map is the
map from Siegel modular forms to Fourier-Jacobi coefficients of index 1, and the last
map is given by the isomorphisms between the space of Jacobi forms of index 1 and the
generalized plus space.

We will give some symbols to explain main results. Let g ∈ S2k(SL2(Z)) be a nor-
malized Hecke eigenform of elliptic modular forms of weight 2k and g1 ∈ Sk+n(Γ2n) the
image of the Ikeda lift of g (cf. [Ik 01]). Let φr ∈ J cuspk+n,r(Γ

J
2n−1) be the r-th Fourier-Jacobi

coefficient of g1, i.e. φr is obtained through the Fourier-Jacobi expansion of g1:

g1(Z) =
∑
r>0

φr(τ, z)e(rτ ′),(0.1)

where Z = ( τ z
tz τ ′ ) ∈ H2n, τ ∈ H2n−1 and τ ′ ∈ H1. Then there exists a holomorphic func-

tion Ψ(2n−1)(g) ∈ S+
k+n−1/2(Γ

(2n−1)
0 (4)) which corresponds to φ1 ∈ J cuspk+n,1(ΓJ2n−1) through

the isomorphism between two spaces S+
k+n−1/2(Γ

(2n−1)
0 (4)) and J cuspk+n,1(ΓJ2n−1) (cf. [E-Z 85]

for n = 1, [Ib 92] for n > 1, see also Theorem 3.2).
The following theorem is the first result of this article.

Theorem 0.1. Let g ∈ S2k(SL2(Z)) be a normalized Hecke eigenform. For an even

integer k+n, let Ψ(2n−1)(g) ∈ S+
k+n−1/2(Γ

(2n−1)
0 (4)) be the Siegel modular form constructed

as above.
Then, the form Ψ(2n−1)(g) is an eigenform for all Hecke operators acting on the gen-

eralized plus space. Moreover the L-function of Ψ(2n−1)(g) satisfies the following identity
up to Euler 2-factor:

L(s,Ψ(2n−1)(g)) =
2n−1∏
i=1

L(s+ k + n− 1/2− i, g).

Here L(s,Ψ(2n−1)(g)) it the L-function of Ψ(2n−1)(g) introduced by V.G.Zhuravlev [Zh 84]
(see also §2.3), and L(s, g) is the Hecke L-function of g.

We now explain our second result in this paper. Let g and φr be the same symbols
stated before Theorem 0.1. For any prime p, we set parameters {α±p } of g through

αp + α−1
p = a(p)p−k+1/2,(0.2)

where a(p) is the p-th Fourier coefficient of g. In this article we call the sequence of
these parameters {α±p }p the Satake parameters of g.

Then our second result is as follows:

Theorem 0.2. For any positive integer r, we have the identity:

φr = φ1|k+nD2n−1(r, {αp}p).
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Here D2n−1(r, {αp}p) is defined through the formal Dirichlet-series∑
r>0

D2n−1(r, {αp}p)
rs

:=∏
p:prime

(1−Gp(αp)T
J(p)p

1
2

(n−1)(n+2)−s + T J0,2n−1(p2)p2n(2n−1)−1−2s)−1 ,

where we put a constant

Gp(αp) :=
∏

1≤i≤n−1

{(1 + αpp
1
2
−i)(1 + α−1

p p
1
2
−i)}−1

which depends on the Satake parameters {α±p }p of g. (When n = 1 we regard Gp(αp) as

1). Here T J(p) (resp. T J0,2n−1(p2)) is a Hecke operator which changes the index of Jacobi

forms times p (resp. p2). As for the definitions |k+n, T J(p) and T J0,2n−1(p2), see §3.2
and §5.

When n = 1, the operator D1(r, {αp}p) does not depend on the choice of g and co-
incides with Vr-operator in [E-Z 85, p. 41]. If we admit that g is the usual Eisenstein

series of weight 2k with respect to SL(2,Z), then {α±p }p equal {p±(k− 1
2

)}p and the op-

erator D2n−1(r, {pk− 1
2}p) coincides with the operator D2n−1(r) introduced in [Ya 86, p.

310].

0.3. Some remarks. The above two results are shown by the structure of Fourier
coefficients of Siegel modular forms obtained by the Ikeda lift. Namely, the Fourier
coefficients of such Siegel modular forms inherit some properties of Fourier coefficients
of Siegel-Eisenstein series. On the other hand, Fourier coefficients or Fourier-Jacobi
coefficients of Siegel-Eisenstein series have already been well studied.

Before we show Theorem 0.1, we will show that Jacobi-Eisenstein series of arbitrary
index are Hecke eigenforms except for some local Hecke operators (cf. Proposition 4.1).
Thus we obtain also the fact that Cohen-Eisenstein series of higher degree are eigenforms
for any Hecke operator (cf. Corollary 4.2). Theorem 0.1 follows from this fact and an
analogous theorem to Zharkovskaya’s theorem for half-integral weight.

We remark that the identity in Theorem 0.2 can be regarded as a generalization of
Maass relation, because it can be translated as a relation among Fourier coefficients
of Siegel modular forms. However, it is different from the relation given in [Ko 02].
In [Ko 02], Fourier-Jacobi coefficients of matrix index of size (2n − 1) × (2n − 1) were
treated, and in this paper we treat Fourier-Jacobi coefficients of integer index.

This article is organized as follows: in §1, we prepare some symbols and recall the
construction of the Ikeda lift. In §2, we recall the definition of Siegel modular forms
of half-integral weight and the L-function introduced by V.G.Zhuravlev. In §3, we
describe the definition of Jacobi forms, and we review Hecke operators which act on the
space of Jacobi forms. In §4, we describe the definition of Eisenstein series in spaces of
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Siegel modular forms and of Jacobi forms. Furthermore, we show the fact that Jacobi-
Eisenstein series is an eigenform for some Hecke operators. In §5, we describe a formula
given by T.Yamazaki for Fourier-Jacobi coefficients of Siegel-Eisenstein series. In the
final section, we give proofs of Theorem 0.1 and 0.2.
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Notation:
Throughout the present article, we use the following notation. For matrix A ∈ Mn(R),

we set e(A) := exp(2πi tr(A)), where tr(A) is the trace of A. We denote by tA the
transpose of a matrix A. We denote by Nn (resp. N+

n ) the set of positive semi-definite
(resp. positive definite) half-integral symmetric matrices of size n. We denote by Hn the
Siegel upper half space of size n, and denote by Spn(K) the symplectic group of matrix
size 2n whose entries are in a commutative ring K. In particular, we put Γn := Spn(Z).
We denote by Mk(Γn) (resp. Sk(Γn)) the space of Siegel modular forms (resp. Siegel
cusp forms) of weight k and of degree n with respect to Γn. Notations |k and M · τ are
slash operator and the action of M ∈ GSp+

n (R) on τ ∈ Hn in usual sense.
We denote by S[T ] := tTST the Siegel’s symbol for matrices S, T . We put

GSp+
n (R) := {M ∈ GL(2n,R) | Jn[M ] = ν(M)Jn for some real number ν(M) > 0} ,

where Jn :=

(
0n −1n
1n 0n

)
, and where 0n (resp. 1n) is the zero matrix (resp. the identity

matrix) of size n, and where ν(M) is called the similitude of M . For positive integer r,
we set

N2n−1,r :=
{(

N R
tR r

)
| N ∈ N2n−1 , R ∈ Z2n−1 , 4N − r−1RtR ≥ 0

}
⊂ N2n,

N+
2n−1,r :=

{(
N R
tR r

)
| N ∈ N+

2n−1 , R ∈ Z2n−1 , 4N − r−1RtR > 0
}
⊂ N+

2n.

1. The Ikeda lift

For a prime p and a positive definite half-integral symmetric matrix B, we denote by
F̃p(B;X) a certain (reciprocal) Laurent polynomial which is related to a Siegel series. As

for the explicit expression of F̃p(B;X) see [Ik 01, p. 645]. It is known that this Laurent

polynomial F̃p(B;X) is reciprocal, namely F̃p(B;X) satisfies the identity F̃p(B;X) =

F̃p(B;X−1).



FOURIER-JACOBI EXPANSION AND THE IKEDA LIFT 5

Let k and n be positive integers which satisfy k+n ≡ 0 (mod 2). Let g ∈ S2k(SL2(Z))
be a normalized Hecke eigenform. For prime p, we denote by {α±p }p the Satake param-

eters of g (cf. the identity (0.2) in the previous section). Let Γ
(1)
0 (4) be the congruence

subgroup of SL2(Z) consisting of the matrices whose left-lower part is divisible by 4. We

denote by h(z) =
∑
m>0

c(m) e(mz) ∈ S+
k+ 1

2

(Γ
(1)
0 (4)) the elliptic modular form of weight

k+ 1
2

in Kohnen plus space which corresponds to g by means of the Shimura correspon-
dence (cf. [Sh 73], [Ko 80]).

For each positive-definite half-integral symmetric matrix B of size 2n, we set DB :=

(−1)n det(2B), and fB :=
√
|DB|δ−1

B , where δB is the absolute value of the discriminant

of the quadratic field Q(
√
DB)/Q.

The following theorem is first conjectured by W. Duke-Ö. Imamoḡlu (cf. [B-K 00])
and solved by T. Ikeda [Ik 01].

Theorem 1.1 ( [Ik 01]). Let the notations be as above. We set

A(B) := c(δB) f
k− 1

2
B

∏
p|fB

F̃p(B;αp)

and F (Z) :=
∑
B>0

A(B) e(BZ) for Z ∈ H2n.

Then F belongs to Sk+n(Γ2n(Z)). Moreover F is a Hecke eigenform whose standard
L-function satisfies the following identity:

L(s, F ) = ζ(s)
2n∏
i=1

L(s+ k + n− i, g) .

where L(s, g) is the usual Hecke L-function of g.

2. Siegel modular forms of half-integral weight

In this section, we recall the definition of the Siegel modular forms of half-integral
weight, and shortly review Hecke theory of Siegel modular forms of half-integral weight
introduced by V. G. Zhuravlev [Zh 83], [Zh 84].

2.1. Double covering group and Siegel modular forms of half-integral weight.

Let m be a positive integer. The double covering group G̃ for GSp+
m(R) consists of pairs

(M,ϕ), where M = ( A B
C D ) is in GSp+

m(R), and where ϕ is a holomorphic function on Hm

which satisfies |ϕ(τ)|2 = detM−1/2|det(Cτ +D)|. The group G̃ has the group operation

(M,ϕ(τ)) · (L, ψ(τ)) := (ML,ϕ(L · τ)ψ(τ)), for (M,ϕ(τ)), (L, ψ(τ)) ∈ G̃.
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Let θ(m)(τ) :=
∑
p∈Zm

e(τ [p]) (τ ∈ Hm) be the theta series. we put

Γ̂
(m)
0 (4) :=

{(
M,

θ(m)(M · τ)

θ(m)(τ)

)
∈ G̃ | M ∈ Γ

(m)
0 (4)

}
,

where Γ
(m)
0 (4) :=

{(
A B
4C D

)
∈ Γm

∣∣∣∣A,B,C,D ∈ Mm(Z)

}
.

Let k be an integer. For any function F on Hm and for ξ = (M,ϕ) ∈ G̃, we set
(F |k−1/2ξ)(τ) := ϕ(τ)−2k+1F (M · τ).

A holomorphic function F on Hm is said to be a Siegel modular form of weight k−1/2

of degree m, if F satisfies F |k−1/2ξ = F for any ξ ∈ Γ̂
(m)
0 (4), moreover, when m = 1

we require the condition that the function F is holomorphic at all cusps of Γ
(1)
0 (4). We

denote by Mk−1/2(Γ
(m)
0 (4)) the C-vector space of Siegel modular forms of weight k− 1/2

of degree m. We say F is a cusp form if F 2 is a cusp form of Siegel modular form of

integral weight. We denote by Sk−1/2(Γ
(m)
0 (4)) the space of cusp forms of Siegel modular

forms of weight k − 1/2 of degree m.

2.2. Hecke operators on Siegel modular forms of half-integral weight. For odd

prime p, let L̂mp be the Hecke ring generated by double cosets Γ̂
(m)
0 (4)k̂s,pΓ̂

(m)
0 (4) (s =

0, ...,m− 1) and Γ̂
(m)
0 (4)k̂±m,pΓ̂

(m)
0 (4), where k̂s,p := (k′s,p, p

(m−s)/2) ∈ G̃ and where we put

k′s,p := diag (1m−s, p1s, p
21m−s, p1s) for s = 0, ...,m.

For F ∈ Mk−1/2(Γ
(m)
0 (4)) and for H =

∑
v

avΓ̂
(m)
0 (4)M̂v ∈ L̂mp with av ∈ C, we define

F |k−1/2H :=
∑

v avF |k−1/2M̂v. We denote by T̂s(p
2) the Hecke operator which corre-

sponds to Γ̂
(m)
0 (4)k̂s,pΓ̂

(m)
0 (4). As for more explicit explanation about the Hecke ring,

see [Zh 83], [Zh 84].

2.3. Zeta functions and an analogous of Zharkovskaya’s theorem. Let F ∈
Mk− 1

2
(Γ

(n)
0 (4)) be a Hecke eigenform, namely F is an eigenform for all operators T ∈ L̂mp

and for all odd prime p. Then there exist so called p-parameters α±i,p (i = 1, 2, ..., n) of
F (cf. [Zh 84]). For sufficiently large Re(s), we define the L-function of F by

L(s, F ) :=
∏
p
p6=2

n∏
i=0

{
(1− αi,pp−s)(1− α−1

i,p p
−s)
}−1

.

Let Φ be the Siegel-phi operator. Then the following theorem is known.

Theorem 2.1 ( [O-K-K 89], [Ha 03]). We assume Φ(F ) 6= 0. Then we have

(1) Φ(F ) ∈Mk− 1
2
(Γ

(n−1)
0 (4)) is a Hecke eigenform of weight k− 1/2 of degree n− 1,
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(2) the L-function of F has the following decomposition,

L(s, F ) = L1(s+ k − n− 1/2, E
(1)
2k−2n)L(s,Φ(F )),

where L1(s, E
(1)
2k−2n) :=

∏
p 6=2

(1− p−s)−1(1− p2k−2n−1−s)−1.

The claim (1) of the above theorem is a special case of [O-K-K 89, Theorem 5.1, 5.2],
and the claim (2) is a special case of [Ha 03, Theorem 2].

3. Jacobi forms of higher degree

In this section, we review the Hecke operators acting on the space of Jacobi forms and
review the isomorphism between the space of Jacobi forms of index 1 and a generalized
plus space.

3.1. The Jacobi group and Jacobi forms. For positive integer m, we define

GJ
m :=

{(
A 0 B ∗
∗ a ∗ ∗
C 0 D ∗
0 0 0 d

)
∈ GSp+

m+1(R)

∣∣∣∣ (A B
C D

)
∈ GSp+

m(R), a, d ∈ R×
}
.

For ( A B
C D ) ∈ GSp+

m(R), λ, µ ∈ Rm, d ∈ R×, u ∈ R, we write

((
A B
C D

)
, d

)
:=


A 0 B 0
0 νd−1 0 0
C 0 D 0
0 0 0 d

 and ([λ, µ, κ]) :=


1 0 0 µ
tλ 1 tµ κ
0 0 1 −λ
0 0 0 1

 ,

where ν is the similitude of ( A B
C D ), and where λ and µ are column vectors. We note that

every element M ∈ GJ
m has an expression M =

((
A B
C D

)
, d

)
([λ, µ, κ]).

By direct calculation we have((
A B
C D

)
, d

)−1

([λ, µ, κ])

((
A B
C D

)
, d

)
=

([
d

ν
λ′,

d

ν
µ′,

d2

ν
κ

])
,(3.1)

where

(
λ′

µ′

)
= t

(
A B
C D

)(
λ
µ

)
, and where ν is the similitude of

(
A B
C D

)
.

We define an action of the group GJ
m on Hm × Cm by

M · (τ, z) :=
(

(Aτ +B)(Cτ +D)−1,
ν

d
t(Cτ +D)−1(z + τλ+ µ)

)
,

for M = (( A B
C D ) , d) ([λ, µ, u]) ∈ GJ

m, (τ, z) ∈ Hm × Cm, and where ν is the similitude of
( A B
C D ).
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For a positive integer r, we regard e(rτ ′) as a function on Hm+1, where ( τ z
tz τ ′ ) ∈ Hm+1,

τ ∈ Hm and τ ′ ∈ H1. For an integer k we define a factor of automorphy

Jk,r(M, (τ, z)) := (e(rτ ′)|kM)−1e(rνd−2τ ′)

= dk det (Cτ +D)k e(rνd−2(((Cτ +D)−1C)[(z + τλ+ µ)]))

× e(−r(tλτλ+ 2 tzλ+ tµλ+ u)) ,

where (τ, z) ∈ Hm × Cm, τ ′ ∈ H1 and M = (( A B
C D ) , d) ([λ, µ, u]) ∈ GJ

m. We note that
the above Jk,r(M, (τ, z)) does not depend on the choice of τ ′. Moreover, for a function
φ(τ, z) on the space Hm × Cm, we define the slash operator |k,r by

(φ|k,rM)(τ, z) := Jk,r(M, (τ, z))−1φ(M · (τ, z)) for any M ∈ GJ
m .

We define a discrete subgroup ΓJm of GJ
m by ΓJm :=

{
M ∈ GJ

m ∩ Γm+1

}
.

Let m > 1 be an integer. A holomorphic function φ on Hm × Cm is said to be a
Jacobi form of index r of weight k of degree m, if φ satisfies the identity φ|k,rM = φ for
any M ∈ ΓJm. We note that a holomorphic function φ on Hm × Cm is a Jacobi form, if

and only if the holomorphic function φ̂(( τ z
tz τ ′ )) := φ(τ, z)e(rτ ′) (( τ z

tz τ ′ ) ∈ Hm+r) satisfies

φ̂|kM = φ̂ for any M ∈ ΓJm.
Each Jacobi form φ(τ, z) of degree m has the Fourier expansion:

φ(τ, z) =
∑

N∈Nm,R∈Zm

4N−r−1RtR≥0

A(N,R) e(Nτ) e(tRz).

In the above expansion, if each Fourier coefficient A(N,R) of φ vanishes unless 4N −
r−1RtR > 0, then we say φ is a Jacobi cusp form. In this article, we call A(N,R) the
(N,R)-th Fourier coefficient of φ.

We denote by Jk,r(Γ
J
m) (resp. J cuspk,r (ΓJm) ) the C-vector space consisting of all Jacobi

forms (resp. Jacobi cusp forms) of weight k, of index r and of degree m.

3.2. Hecke operators acting on the space of Jacobi forms. In this subsection,
we introduce Hecke operators for Jacobi forms. (cf. [E-Z 85], [S-Z 89] for m = 1,
and [Ya 86], [Gr 84], [Mu 89], [Ar 94] for m > 1.)

Let α be an element of GJ
m ∩GSp+

m+1(Q). For the double coset ΓJmαΓJm, we define

φ|ΓJmαΓJm := ν(α)
m+1

2
k−m(m+1)

2

h∑
v=1

φ|k,rMv,

where ΓJmαΓJm =
h⋃
v=1

ΓJmMv, φ ∈ Jk,r(ΓJm), and where ν(α) is the similitude of α. Since

ΓJm is written as a semi-direct product of Spn(Z) and certain Heisenberg group, it is not
difficult to show that h <∞ (see also the proof of [S-Z 89, Proposition 1.1].)

Let α = ((( A B
C D ) , d) , (λ, µ, u)) ∈ GJ

m with similitude ν. For φ ∈ Jk,r(ΓJm) we obtain
φ|ΓJmαΓJm ∈ Jk,νd−2r(Γ

J
m). Moreover, if φ is a Jacobi cusp form, then φ|ΓJmαΓJm is also
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a Jacobi cusp form. We note that if νd−2r /∈ N then φ|ΓJmαΓJm = 0, since φ|ΓJmαΓJm =
(φ|ΓJmαΓJm)|k,νd−2r([0, 0, u]) = e(−νd−2ru)φ|ΓJmαΓJm.

We put ks,p:=diag (1m−s, p1s, p, p
21m−s, p1s, p) ∈ GJ

m. We recall that k′s,p was defined

in § 2.2 as k′s,p = diag (1m−s, p1s, p
21m−s, p1s). We have the following lemma.

Lemma 3.1. The double coset ΓJmks,pΓ
J
m is written as a union:

ΓJmks,pΓ
J
m =

⋃
λ,µ∈(Z/pZ)m

M∈Γm\Γm k′s,p Γm

ΓJm (( A B
0 D ) , p)

([
λ, µ, tλµ

])
,(3.2)

where M = ( A B
0 D ) runs over a complete set of representatives of Γm\Γm k′s,p Γm. More-

over, on the right hand side the same ΓJm-right cosets appear pm+s times.

Proof. It is not difficult to see that the both side of (3.2) coincides as sets.
The following action of γ ∈ ΓJm on the cosets of the right hand side in (3.2) is transitive:

ΓJm (( A B
0 D ) , p)

([
λ, µ, tλµ

])
→ ΓJm (( A B

0 D ) , p)
([
λ, µ, tλµ

])
γ.

Hence each ΓJm-right coset appears equally many times in the right hand side of the
identity (3.2). In particular, the coset ΓJmks,p appears pm+s times. This fact follows from
a straightforward calculation by using the identity (3.1). Hence the same ΓJm-right cosets
appear pm+s times. ut
3.3. Isomorphism between the space of Jacobi forms of index 1 and a gen-
eralized plus space. A generalized plus space is a certain subspace of the space of
Siegel modular forms of half-integral weight. The plus space was first given in the case
of degree m = 1 by W. Kohnen [Ko 80], and was generalized for general degree m by
T. Ibukiyama [Ib 92]. Let k be an integer. We put a generalized plus space

M+
k− 1

2

(Γ
(m)
0 (4)) :=

{
f ∈Mk− 1

2
(Γ

(m)
0 (4))

∣∣∣ C(N) = 0 unless N ∈ Lm,k
}
,

where C(N) denotes the N -th Fourier coefficient of f , and Lm,k is defined by

Lm,k :=
{
N ∈ Nm | N + (−1)kλtλ ∈ 4Nm for some λ ∈ Zm

}
.

The following theorem has been known.

Theorem 3.2 ( [E-Z 85], [Ib 92]). For even integer k, the space of Jacobi forms of
weight k of index 1 is linearly isomorphic to the generalized plus space of weight k− 1/2
of degree m. Namely we have the linear isomorphism

σ : Jk,1(ΓJm) ∼= M+
k−1/2(Γ

(m)
0 (4)).

Here the map σ is given as follows: let φ(τ, z) =
∑
N,R

A(N,R)e(Nτ)e(tRz) ∈ Jk,1(ΓJm),

then the isomorphism σ is given by σ(φ)(τ) =
∑

M∈Lm,0

A(N,R)e(Mτ), where M = 4N −

RtR, N ∈ Nm, and R ∈ Zm.
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In particular, the isomorphism σ preserves the both spaces of cusp forms. Moreover,
these are isomorphisms as Hecke algebra module, i.e. for φ ∈ Jk,1(ΓJm) we have

φ|ΓJmks,pΓJm = p−m
2− 1

2
m− 1

2
s σ(φ)|T̂s(p2) .

4. The Jacobi-Eisenstein series and the Cohen-Eisenstein series of
general degree

Let k > m+ 2 be an even integer and E
(m+1)
k (Z) the Siegel-Eisenstein series of weight

k and of degree m+ 1, i.e. we define

E
(m+1)
k (Z) :=

∑
(A B
C D )∈Γ0,m+1\Γm+1

det(CZ +D)−k,

where

Γ0,m+1 := {M ∈ Γm+1 | 1|kM = 1}
=

{(
A B
0 tA−1

)
∈ Γm+1 | A ∈ GLm+1(Z) , B ∈Mm+1(Z) , AtB = BtA

}
.

The Jacobi-Eisenstein series of degree 1 is introduced in [E-Z 85], and it is generalized
for higher degree in [Zi 89].

To describe the definition of the Jacobi-Eisenstein series, we set a subgroup of ΓJm:

ΓJ0,m :=
{
M ∈ ΓJm | 1|k,1M = 1

}
=

{((
A B
0 tA

−1

)
, 1
)

([0, µ, κ]) ∈ ΓJm
∣∣ ( A B

0 tA−1

)
∈ Γ0,m, µ ∈ Zm, κ ∈ Z

}
.

We denote by E
(m)
k,r the Jacobi-Eisenstein series of index r which is defined by

E
(m)
k,r (τ, z) :=

∑
γ∈ΓJ

0,m\ΓJ
m

(1|k,rγ)(τ, z) , for (τ, z) ∈ Hm × Cm.(4.1)

It is known by [Zi 89, Theorem 2.1] that if k > m + 2, then the above sum converges

and the form E
(m)
k,r belongs to Jk,r(Γ

J
m).

We denote by E
(m)
k−1/2 ∈ M+

k−1/2(Γ
(m)
0 (4)) the form which corresponds to E

(m)
k,1 ∈

Jk,1(ΓJm) by the isomorphism σ in Theorem 3.2.

In this article we call E
(m)
k−1/2 the generalized Cohen-Eisenstein series. Indeed, when

m = 1, E
(1)
k−1/2 coincides with the Cohen-Eisenstein series introduced in [Co 75].

The following proposition is shown when r = 1 in an adelic setting in Kawamura [Ka 08].
For more general r, we have the following.

Proposition 4.1. Let k > m+ 2 be an even integer, r a positive integer and p a prime.

We assume p2 does not divide r, then the Jacobi-Eisenstein series E
(m)
k,r of index r is an

eigenform with respect to Hecke operators ΓJmks,pΓ
J
m (0 ≤ s ≤ m).
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Proof. The assertion can be proved in the same manner as in Mizumoto [Mi 97, Prop.
6.3]. However, in our case, we need a modification for the Jacobi groups.

We have

E
(m)
k,r |Γ

J
mks,pΓ

J
m = p(m+1)(k−m)

∑
γ1∈ΓJ

m\ΓJ
mks,pΓJ

m

∑
γ2∈ΓJ

0,m\ΓJ
m

1|k,rγ2γ1

= p(m+1)(k−m)
∑

γ∈ΓJ
0,m\ΓJ

mks,pΓJ
m

1|k,rγ.

To describe a complete set of representatives of ΓJ0,m\ΓJmks,pΓJm we introduce the following
two sets:

M0 :=

{(
A B

0 p2tA
−1

) ∣∣∣∣((A B

0 p2tA
−1

)
, p

)
∈ ΓJmks,pΓ

J
m

}
,

and

T0 :=

{
([λ, 0, 0])

((
A B

0 p2tA
−1

)
, p

)
([0, µ, 0])

∣∣∣∣ (A B

0 p2tA
−1

)
, λ, µ

}
,

where in the definition of the set T0, matrix

(
A B

0 p2tA
−1

)
runs over a complete set of

representatives of Γ0,m\M0, and λ (resp. µ) runs over a complete set of representatives

of Zm/(ptA−1Zm ∩ Zm) (resp. Zm/(pA−1Zm ∩ Zm)). Then

T := {MM ′ |M ∈ T0, M
′}

is a complete set of representatives of ΓJ0,m\ΓJmks,pΓJm, where M ′ runs over a complete

set of representatives of ΓJ0,m\ΓJm. This fact follows from a straightforward calculation.
Now we shall describe a complete set of representatives of Γ0,m\M0 which appears in

the definition of T0. We put

A :=

{
A ∈ GLm(Q) ∩Mm(Z)

∣∣∣∣ (A ∗
0 p2tA

−1

)
∈M0

}
.

For A ∈ A, we set BA := Symm(Z)tA
−1 ∩Mm(Z), where Symm(Z) denotes the set of all

symmetric matrices of size m×m of entries in Z. We put

M′
0 :=

{(
A B

0 p2tA
−1

)
∈ GSp+

m(Z)

∣∣∣∣ A, B} ,
where A runs over a complete set of representatives of GLm(Z)\A, and B runs over a
complete set of representatives of BA/p

2BA.
Then M′

0 is a complete set of representatives of Γ0,m\M0. We remark that M′
0 is a

finite set, hence T0 is also a finite set.
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Thus we have

E
(m)
k,r |Γ

J
mks,pΓ

J
m = p(m+1)(k−m)

∑
M ′∈ΓJ

0,m\ΓJ
m

(∑
M∈T0

1|k,rM

)
|k,rM ′.

Here we get∑
M∈T0

1|k,rM =
∑
A,λ,µ′

∑
B∈BA/p2BA

1|k,r([λ, 0, 0])

((
A B

0 p2tA
−1

)
, p

)
([0, µ, 0]),

where in the above first summation, A, λ and µ run over all representatives of GLm(Z)\A,

of Zm/(ptA−1Zm ∩Zm) and of Zm/(pA−1Zm ∩Zm), respectively. Now, by the definition
of the slash operator, we have∑

B∈BA/p2BA

1|k,r([λ, 0, 0])

((
A B

0 p2tA
−1

)
, p

)
([0, µ, 0])

= c′ e

(
r

p2
tλAτ tAλ+

2r

p
tλAz +

2r

p
tλAµ

) ∑
B∈BA/p2BA

e

(
r

p2
tλBtAλ

)
,

where c′ is a certain constant which depends only on the choice of A and of k. Since r is

not divisible by p2, we obtain
∑

B∈BA/p2BA

e

(
r

p2
tλBtAλ

)
= 0 if Atλ 6∈ pZm. Thus we get

∑
M∈T0

1|k,rM =
∑
A

c′′ e

(
r

p2
tλAτ tAλ+

2r

p
tλAz

)
=
∑
A

c′′ 1|k,r([tAλ/p, 0, 0]),

where in the summations c′′ is a suitable constant, and matrices A runs over a complete
set of representatives of GLm(Z)\A, and the element λ ∈ ptA

−1Zm ∩ Zm is uniquely
determined by the choice of A. Thus

E
(m)
k,r |Γ

J
mks,pΓ

J
m = p(m+1)(k−m)

∑
M ′∈ΓJ

0,m\ΓJ
m

∑
A

c′′ 1|k,r([tAλ/p, 0, 0])M ′

= p(m+1)(k−m)
∑
A

c′′
∑

M ′′∈ΓJ
0,m\ΓJ

m

1|k,rM ′′.

Since
∑

M ′′∈ΓJ
0,m\ΓJ

m

1|k,rM ′′ = E
(m)
k,r , we conclude the proposition. ut

Corollary 4.2. The generalized Cohen-Eisenstein series E
(m)
k−1/2 is a Hecke eigenform

for the action of any Hecke operators T̂s(p
2) defined in § 2.2.

Proof. It follows from Theorem 3.2 and Proposition 4.1. ut
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The Eisenstein series E
(m+1)
k (Z) has the Fourier-Jacobi expansion:

E
(m+1)
k (Z) =

∑
r≥0

e
(m)
k,r (τ1, z)e(rτ

′)(4.2)

where Z =

(
τ1 z
tz τ ′

)
∈ Hm+1, τ1 ∈ Hm, τ ′ ∈ H1, and e

(m)
k,r (τ1, z) ∈ Jk,r(ΓJm).

We use the following lemma to show Theorem 0.1. This lemma is a special case of a
theorem obtained by S. Boecherer [Bo 83].

Lemma 4.3 ( [Bo 83]). For any even integer k > m+ 2 we have

e
(m)
k,1 (τ, z) = E

(m)
k,1 (τ, z).

Proof. See [Bo 83, Satz 7] (see also [Ya 86, Theorem 5.5]). ut

5. Yamazaki’s formula

In this section we introduce a formula shown by Yamazaki [Ya 86]. This is a formula
of a relation among Fourier-Jacobi coefficients of Siegel-Eisenstein series. This section
owe to [Ya 86], [Ya 89].

We define the map ρ : GSp+
2n−1(Z)→ GSp+

2n(Z) by

ρ(M) :=

(
A 0 B 0
0 ν(M) 0 0
C 0 D 0
0 0 0 1

)
for M = ( A B

C D ) ∈ GSp+
2n(Z),

where ν(M) is the similitude of M .
For M ∈ GSp+

2n−1(Z) and for φ ∈ Jk,r(Γ
J
2n−1,1) we recall the action of double coset

ΓJ2n−1ρ(M)ΓJ2n−1 (cf. § 3.2):

φ|ΓJ2n−1ρ(M)ΓJ2n−1 = ν(M)nk−(2n−1)n
∑

Mi∈Γ2n−1\Γ2n−1MΓ2n−1

φ|k,rρ(Mi),

where we use the disjoint decomposition

ΓJmρ(M)ΓJm =
⋃

Mi∈Γ2n−1\Γ2n−1MΓ2n−1

ΓJm ρ(Mi).

The form φ|ΓJ2n−1ρ(M)ΓJ2n−1 belongs to Jk,ν(M)r(Γ
J
2n−1,1).

We put two Hecke operators T J(p) and T J0,2n(p2) which are defined by the action of

double cosets ΓJ2n−1ρ
(( 12n−1 0

0 p·12n−1

))
ΓJ2n−1 and ΓJ2n−1ρ((p · 14n−2))ΓJ2n−1, respectively.

For Siegel-Eisenstein series, the following relation is shown by Yamazaki.

Theorem 5.1 ( [Ya 86] ). Let k′ > m + 2, and let e
(m)
k′,r be the r-th Fourier-Jacobi

coefficient of Siegel-Eisenstein series E
(m+1)
k′ (see (4.2)). Then we have

e
(m)
k′,r = e

(m)
k′,1|k′,1Dm(r),
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where the Hecke operator Dm(r) is defined through the formal Dirichlet series:∑
r>0

Dm(r)

rs
:=

∏
p:prime

(
1−

( ∏
1<i≤m

(1 + pk
′−i)−1

)
T J(p)p

1
2

(m−1)k′−s + T J0,m(p2)pm(m+1)−1−2s

)−1

.

It is remarked in [Ya 86] that if m = 1 then the above relation coincides so-called
Maass relation.

For odd degree m = 2n − 1, we have the following corollary by using the operator
D2n−1(r, {αp}p) defined in Theorem 0.2.

Corollary 5.2. Let k′ > n+ 1 be an positive integer which satisfies k′ + n ∈ 2Z. Then
we have

e
(2n−1)
k′+n,r = e

(2n−1)
k′+n,1 |k′+n,1D2n−1(r, {pk′−

1
2}p) .

Proof. The Satake parameter of Eisenstein series E
(1)
2k′ is {α±p }p = {p±(k′−1/2)}p. This

corollary follows directly from the identity∏
1<i≤2n−1

(1 + pk
′+n−i)−1

= p(1−n)k′− 1
2

(n−1)(n−2)
∏

1≤i≤n−1

(1 + p(k′−1/2)+1/2−i)−1(1 + p−(k′−1/2)+1/2−i)−1.

ut

6. Proof of Theorems

In this section we shall show Theorem 0.1 and 0.2 stated in § 0.2. We use the same
notation in § 0.2.

The following Lemma shown in [Ik 01, Lemma 10.1] plays an important rule in this
section.

Lemma 6.1 ([Ik 01]). Let F ({Xp}p) ∈ C[X2 + X−1
2 , X3 + X−1

3 , X5 + X−1
5 , ...]. If F

satisfies F (
{
pk−1/2

}
p
) = 0 for sufficiently many k ∈ Z, then F ≡ 0

Proof. We write F ({Xp}p) =
∑
n

anXn, whereXn =
∏
p

Xordp(n)
p . Because F (

{
pk−1/2

}
p
) =∑

n

ann
k−1/2 = 0 for sufficiently many k ∈ Z, we obtain an = 0 for all n. ut

We shall show Theorem 0.1
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Proof of Theorem 0.1. We proceed as in [Ik 01, p.664-665]. First, we shall show that the
form Ψ(2n−1)(g) is a Hecke eigenform.

Let L2n−1,0 be the set defined in §3.3. Let M ∈ L2n−1,0 be a positive-definite symmetric
matrix. There exist N ∈ N+

2n−1 and R ∈ Z2n−1 which satisfy M = 4N − RtR. We put

M1 =
(

N 1
2
R

1
2
tR 1

)
∈ N+

2n,1. Then, by virtue of Theorem 3.2, M-th Fourier coefficient of

Ψ(2n−1)(g) is

c(δM1)f
k− 1

2
M1

∏
q|fM1

F̃q [M1, αq] .(6.1)

Let T̂s(p
2) be a Hecke operator introduced in §2.2 and {M ′

v}v a complete set of

representatives of Γ
(2n−1)
0 (4)\Γ(2n−1)

0 (4)k′s,pΓ
(2n−1)
0 (4). In particular we can take M ′

v as

an upper triangle matrix M ′
v =

(
∗ ∗

02n−1 Dv

)
, where Dv ∈ M2n−1(Z) ∩ GL2n−1(Q).

Then, by straightforward calculation, it is shown that the M-th Fourier coefficient of
Ψ(2n−1)(g)|T̂s(p2) is

c(δM1)f
k− 1

2
M1

∑
v

βv
∏

q|fM1,v

F̃q [M1,v, αq] ,(6.2)

where, in the above sum, βv are certain numbers that are independent of the choice of
Ψ(2n−1)(g) and of k, and we set the matrix M1,v := p−2M1

[(
Dv

p

)]
, and where Dv is

the right lower part of M ′
v. In the above product q runs over all primes which satisfy

q|fM1,v . In the case of M1,v /∈ N+
2n, we regard

∏
F̃q [M1,v, αq] as 0. To deduce the above

identity (6.2), we used the identities fM1,v = p−2n+1 det(Dv)fM1 and δM1,v = δM1 .
Let k′ > n + 1 be an integer such that k′ + n ≡ 0 (mod 2). By using the lemma 4.3

and (6.1), we know that the M -th Fourier coefficient of E
(2n−1)
k′+n−1/2 is

hk′+1/2(δM1)f
k′− 1

2
M1

∏
q|fM1

F̃q

[
M1, q

k′−1/2
]
,

where hk′+1/2(δM1) is the δM1-th Fourier coefficient of Cohen-Eisenstein series E
(1)
k′+1/2 of

weight k′ + 1/2. Moreover, the M -th Fourier coefficient of E
(2n−1)
k′+n−1/2|T̂s(p2) is

hk′+1/2(δM1)f
k′− 1

2
M1

∑
M ′v

βv
∏

q|fM1,v

F̃q

[
M1,v, q

k′−1/2
]
,(6.3)

where M ′
v, βv and M1,v are the same symbols in (6.2). Since E

(2n−1)
k′+n−1/2(τ) is a Hecke

eigenform (see Corollary 4.2) and since hk′+1/2(δM1) 6= 0, we have∑
M ′v

βv
∏

q|fM1,v

F̃q

[
M1,v, q

k′−1/2
]

= ηk′,p,s
∏
q|fM1

F̃q

[
M1, q

k′−1/2
]
,



16 S. HAYASHIDA

where ηk′,p,s is a certain constant which depends only on the choice of three numbers k′,

p and s. In particular, if we replace M1 with B0 ∈ N+
2n−1,1 which satisfies F̃p(B0, Xp) =

1, then we know that there exists a Laurent-Polynomial Φ(T̃s(p
2), Xp) which satisfies

ηk′,p,s = Φ(T̃s(p
2), pk

′−1/2) for sufficiently many k′. Hence, by using Lemma 6.1, we have∑
M ′v

βv
∏

q|fM1,v

F̃q [M1,v, Xq] = Φ(T̃s(p
2), Xp)

∏
q|fM1

F̃q [M1, Xq] .(6.4)

Thus we have the following identity

c(δM1)f
k− 1

2
M1

∑
M ′v

βv
∏

q|fM1,v

F̃q [M1,v, αq] = Φ(T̃s(p
2), αp) c(δM1)f

k− 1
2

M1

∏
q|fM1

F̃q [M1, αq] .

Hence the form Ψ(2n−1)(g) is a Hecke eigenform.
Next we shall show the expression of L(s,Ψ(2n−1)(g)) stated in Theorem 0.1. By

using Zharkovskaya’s theorem for Siegel modular forms of half-integral weight (cf. The-
orem 2.1) we obtain

L(s, E
(2n−1)

k′+n− 1
2

) =
2n−2∏
i=0

L(s+ k′ − n+ 1/2 + i, E
(1)
2(k′−n+1+i))

=
2n−2∏
i=0

ζ(s+ k′ − n+ 1/2 + i)ζ(s− k′ + n− 1/2− i)

=
2n−2∏
i=0

ζ(s+ k′ + n− 3/2− i)ζ(s− k′ + n− 1/2− i)

=
2n−1∏
i=1

L(s+ k′ + n− 1/2− i, E(1)
2k′),

where L(s, E
(1)
2k′) :=

∏
p
p 6=2

{
(1− p−s)(1− p2k′−1−s)

}−1

is the Hecke L-function of Eisen-

stein series of weight 2k′ excluding the Euler 2-factor. In particular, the Euler p-factor

of L(s, E
(2n−1)

k′+n− 1
2

) and the Euler p-factor of
2n−1∏
i=1

L(s+ k′ + n− 1/2− i, E(1)
2k′) coincides for

any odd prime p.

Now, we define a polynomial γj = γj(x1, ..., x2n−1) by
2n−1∏
i=1

(1− xit)(x−1
i t) =

4n−2∑
j=0

γjt
j,

and we fix an odd prime p. Then there exists a Hecke operator Tj ∈ L̂2n−1
p which

corresponds to γj by the Satake isomorphism (cf. [Zh 84, Proposition 4.1].) For the
Hecke operator Tj we define the Laurent-Polynomial Φ(Tj, Xp) in the same manner as
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in the identity (6.4). Namely the eigenvalue of E
(2n−1)
k′+n−1/2 for Tj is Φ(Tj, p

k′−1/2). Hence,

by using Lemma 6.1, the above expression of L(s, E
(2n−1)

k′+n− 1
2

) gives an explicit structure of

Φ(Tj, Xp). On the other hand, the eigenvalue of Ψ(2n−1)(g) for Tj is Φ(Tj, αp). Therefore

we have the identity L(s,Ψ(2n−1)(g)) =
2n−1∏
i=1

L(s+ k + n− 1/2− i, g). Thus we conclude

Theorem 0.1. ut

Next we shall show Theorem 0.2.

Proof of Theorem 0.2. Let e
(2n−1)
k′+n,r be the r-th Fourier-Jacobi coefficient of the Eisenstein

series E
(2n)
k′+n defined in (4.2). Let Mr =

(
N R
tR r

)
∈ N+

2n−1,r. We denote by Ak′+n(Mr) the

(N,R)-th Fourier coefficient of e
(2n−1)
k′+n,r . Then we have

Ak′+n(Mr) = hk′+1/2(δMr)f
k′−1/2
Mr

∏
p|fMr

F̃p

[
Mr, p

k′−1/2
]
.

On the other hand, by virtue of Corollary 5.2, Ak′+n(Mr) is equal to the (N,R)-th

Fourier coefficient of (e
(2n−1)
k′+n,1 |k′+n,1D2n−1(r, {pk′− 1

2})). Thus there exist constants {γv}v
and matrices {Mr,v}v which satisfy

Ak′+n(Mr) = hk′+1/2(δMr)f
k′−1/2
Mr

∑
v

γv
∏

p|fMr,v

F̃p

[
Mr,v, p

k′−1/2
]
,

By straightforward calculation, we know that constants {γv}v and matrices {Mr,v}v are
independent of the choice of k′.

Hence, by using Lemma 6.1, we have∑
v

γv
∏

p|fMr,v

F̃p [Mr,v, Xp] =
∏
p|fMr

F̃p [Mr, Xp] .

Therefore, putting Xp = αp in the above identity and multiplying both sides by

c(δMr)f
k−1/2
Mr

, we conclude φr = φ1|k+n,1D2n−1(r, {αp}p). ut
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