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ABSTRACT. In this article, we consider a Fourier-Jacobi expansion of Siegel modular
forms generated by the Ikeda lift. There are two purposes of this article: first, to give
an expression of L-function of certain Siegel modular forms of half-integral weight of
odd degree; and secondly, to give a relation among Fourier-Jacobi coefficients of Siegel
modular forms generated by the Ikeda lift.

0. INTRODUCTION

0.1. Preliminary. On 2001 T.Ikeda [Ik 01] constructed a lifting from elliptic modular
forms to Siegel modular forms of any even degree. The existence of such lifting has pre-
viously been conjectured by W. Duke-O. Imamoglu (cf. [B-K 00]) and by T. Ibukiyama,
independently (cf. [Ik 01, Introduction]). Since Ikeda lift is a generalization of the Saito-
Kurokawa lift for arbitrary even degree, it seems natural to investigate the Fourier-Jacobi
coefficients of Siegel modular forms generated by the Ikeda lift.

The present article has two purposes: first, to express the L-functions of certain Siegel
modular forms of half-integral weight of odd degree as products of Hecke L-functions of
elliptic modular forms (cf. Theorem 0.1); second, to give certain relations among Fourier-
Jacobi coefficients of Siegel modular forms obtained by the Ikeda lift (cf. Theorem 0.2).

0.2. Main Theorems. We explain our results more precisely. We put I';,, := Sp,,,(Z).
We denote by Si(T',,,) the space of Siegel cusp forms of weight k of degree m, and denote
by Jii"(Ty,) the space of Jacobi cusp forms of weight & of index 1 of degree m (cf.

§3.1), and denote by S, , /Q(Fém) (4)) the space of Siegel cusp forms in the generalized

plus space of weight & — 1/2 of degree m (cf. §2.1).
Let k and n be positive integers such that k +n is even. We define the following map

W=D from Sy (I'y) to S]j+n_1/2(l“g2"71)(4)) through the composition of three maps:

Pt Sok(l'1) = Skyn(l2n) — Jgiﬁl(rgnfl) — S’L”*%

(2n—1)

(Cg™ 7(4)).
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In the above composition the first map is the Ikeda lift, and the second map is the
map from Siegel modular forms to Fourier-Jacobi coefficients of index 1, and the last
map is given by the isomorphisms between the space of Jacobi forms of index 1 and the
generalized plus space.

We will give some symbols to explain main results. Let g € S9r(SL2(Z)) be a nor-
malized Hecke eigenform of elliptic modular forms of weight 2k and ¢; € Sk, (I'2,) the
image of the Tkeda lift of g (cf. [Ik 01]). Let ¢, € Ji (T'9, ;) be the r-th Fourier-Jacobi
coefficient of g1, i.e. ¢, is obtained through the Fourier-Jacobi expansion of ¢;:

(0.1) 91(2) =Y (7, 2)e(rr),

r>0

where Z = ({, %) € 9o, T € Ho,—1 and 7’ € H;. Then there exists a holomorphic func-

tion W1 (g) € S:Jrnfl/z(f‘((f"*l)(él)) which corresponds to ¢1 € Ji{w (T'y, ;) through

(TE(4)) and JP (T4 ) (cf. [E-Z 85]

. . +
the isomorphism between two spaces S kb1

k+n—1/2
for n = 1, [Ib 92] for n > 1, see also Theorem 3.2).

The following theorem is the first result of this article.

Theorem 0.1. Let g € Sax(SLa(Z)) be a normalized Hecke eigenform. For an even
integer k+n, let W=V (g) € SLH_I/Q(FE)M_D(ZL)) be the Siegel modular form constructed
as above.

Then, the form W=V (g) is an eigenform for all Hecke operators acting on the gen-
eralized plus space. Moreover the L-function of WY (g) satisfies the following identity

up to Fuler 2-factor:

2n—1
L(s, ¥ V(g)) = [] L(s+k+n—1/2—4,g).

i=1

Here L(s, V2"~V (g)) it the L-function of W= (g) introduced by V.G.Zhuravlev [Zh 84]
(see also §2.8), and L(s, g) is the Hecke L-function of g.

We now explain our second result in this paper. Let g and ¢, be the same symbols
stated before Theorem 0.1. For any prime p, we set parameters {a;,t} of g through

(0.2) ap+ oyt =a(p)ptH2,

where a(p) is the p-th Fourier coefficient of ¢g. In this article we call the sequence of
these parameters {a;t}p the Satake parameters of g.
Then our second result is as follows:

Theorem 0.2. For any positive integer r, we have the identity:

Or = O1lkrnDon—1(r, {ap}y).
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Here Dsy,,—1(r,{cy},) is defined through the formal Dirichlet-series

Z Day1(r,{ap}y) —

r
r>0
lin—1)(n —S n(2n—1)—1—2s\—
[1 (1= Gylap) T (o) D27 4 T,y ()02
p:prime

where we put a constant

Gplay) == ] {0 +ap> )1 +a,'p2 )}

1<i<n—1

which depends on the Satake parameters {oz}, of g. (When n =1 we regard Gp(oy,) as
1). Here T (p) (resp. Tylyn_1(p?)) is a Hecke operator which changes the index of Jacobi
forms times p (resp. p?). As for the definitions |xyn, T?(p) and T(;{Qn_l(pQ), see §3.2
and §5.

When n = 1, the operator Dy(r,{a,},) does not depend on the choice of g and co-
incides with V,.-operator in [E-Z 85, p. 41]. If we admit that g is the usual Eisenstein
series of weight 2k with respect to SL(2,Z), then {a;}, equal {pi(k_%)}p and the op-

erator Do, _1(r, {pk_%}p) coincides with the operator Da,_1(r) introduced in [Ya 86, p.
310].

0.3. Some remarks. The above two results are shown by the structure of Fourier
coefficients of Siegel modular forms obtained by the Ikeda lift. Namely, the Fourier
coefficients of such Siegel modular forms inherit some properties of Fourier coefficients
of Siegel-Eisenstein series. On the other hand, Fourier coefficients or Fourier-Jacobi
coefficients of Siegel-Eisenstein series have already been well studied.

Before we show Theorem 0.1, we will show that Jacobi-Eisenstein series of arbitrary
index are Hecke eigenforms except for some local Hecke operators (cf. Proposition 4.1).
Thus we obtain also the fact that Cohen-Fisenstein series of higher degree are eigenforms
for any Hecke operator (cf. Corollary 4.2). Theorem 0.1 follows from this fact and an
analogous theorem to Zharkovskaya’s theorem for half-integral weight.

We remark that the identity in Theorem 0.2 can be regarded as a generalization of
Maass relation, because it can be translated as a relation among Fourier coefficients
of Siegel modular forms. However, it is different from the relation given in [Ko 02].
In [Ko 02], Fourier-Jacobi coefficients of matriz indez of size (2n — 1) x (2n — 1) were
treated, and in this paper we treat Fourier-Jacobi coefficients of integer index.

This article is organized as follows: in §1, we prepare some symbols and recall the
construction of the Ikeda lift. In §2, we recall the definition of Siegel modular forms
of half-integral weight and the L-function introduced by V.G.Zhuravlev. In §3, we
describe the definition of Jacobi forms, and we review Hecke operators which act on the
space of Jacobi forms. In §4, we describe the definition of Eisenstein series in spaces of
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Siegel modular forms and of Jacobi forms. Furthermore, we show the fact that Jacobi-
Eisenstein series is an eigenform for some Hecke operators. In §5, we describe a formula
given by T.Yamazaki for Fourier-Jacobi coefficients of Siegel-Eisenstein series. In the
final section, we give proofs of Theorem 0.1 and 0.2.
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Notation:

Throughout the present article, we use the following notation. For matrix A € M,,(R),
we set e(A) := exp(2mi tr(A)), where tr(A) is the trace of A. We denote by ‘A the
transpose of a matrix A. We denote by DM, (resp. DN}) the set of positive semi-definite
(resp. positive definite) half-integral symmetric matrices of size n. We denote by §,, the
Siegel upper half space of size n, and denote by Sp,,(K) the symplectic group of matrix
size 2n whose entries are in a commutative ring K. In particular, we put I, := Sp,,(Z).
We denote by M (I',) (resp. Sk(I'n)) the space of Siegel modular forms (resp. Siegel
cusp forms) of weight k& and of degree n with respect to I';,. Notations |, and M - 7 are
slash operator and the action of M € GSp,(R) on 7 € §,, in usual sense.

We denote by S[T] :='T'ST the Siegel’s symbol for matrices S, T. We put

GSp, (R) := {M € GL(2n,R) | J,[M] = v(M)J, for some real number v(M) > 0},

On _1n
Ly On
matrix) of size n, and where v(M) is called the similitude of M. For positive integer r,
we set

Non—1, = { (L) | NE€MNpp1, REZ™ ' AN —r 'R'R > 0} C My,
{(E)Y | NeNj, ,,ReZ* " AN —r'R'R>0} C 03,

where J, := , and where 0,, (resp. 1,,) is the zero matrix (resp. the identity

1. THE IKEDA LIFT

For a prime p and a positive definite half-integral symmetric matrix B, we denote by
E,(B; X) a certain (reciprocal) Laurent polynomial which is related to a Siegel series. As
for the explicit expression of F,(B; X) see [Tk 01, p. 645]. It is known that this Laurent
polynomial F,(B; X) is reciprocal, namely F,(B; X) satisfies the identity £,(B; X) =

F,(B; X7).
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Let k and n be positive integers which satisfy k+n =0 (mod 2). Let g € Sox(SL2(Z))
be a normalized Hecke eigenform. For prime p, we denote by {a;f}p the Satake param-
eters of g (cf. the identity (0.2) in the previous section). Let Fél)(ll) be the congruence
subgroup of SLy(Z) consisting of the matrices whose left-lower part is divisible by 4. We
denote by h(z) = Z c(m)e(mz) € S];rl(T(()l)(él)) the elliptic modular form of weight

2
m>0
k + % in Kohnen plus space which corresponds to g by means of the Shimura correspon-
dence (cf. [Sh 73], [Ko 80]).

For each positive-definite half-integral symmetric matrix B of size 2n, we set Dp :=
(=1)"det(2B), and fp := 1/|Dp|é5", where &5 is the absolute value of the discriminant

of the quadratic field Q(v/Dp)/Q. )
The following theorem is first conjectured by W. Duke-O. Imamoglu (cf. [B-K 00])
and solved by T. Ikeda [Ik 01].

Theorem 1.1 ( [Ik 01]). Let the notations be as above. We set

AB) = c(6p) i * [ Fp(Bi o)

plfB

and F(Z) = ZA(B) e(BZ) for Z € $Hap.
B>0
Then F belongs to Skin(Tan(Z)). Moreover F' is a Hecke eigenform whose standard

L-function satisfies the following identity:

2n

L(s,F):C(S)HL(s+k+n—z’,g).

i=1

where L(s, g) is the usual Hecke L-function of g.

2. SIEGEL MODULAR FORMS OF HALF-INTEGRAL WEIGHT

In this section, we recall the definition of the Siegel modular forms of half-integral
weight, and shortly review Hecke theory of Siegel modular forms of half-integral weight
introduced by V. G. Zhuravlev [Zh 83], [Zh 84].

2.1. Double covering group and Siegel modular forms of half-integral weight.
Let m be a positive integer. The double covering group G for GSp; (R) consists of pairs
(M, ), where M = (4 B) is in GSp;/, (R), and where ¢ is a holomorphic function on ),
which satisfies |o(7)|2 = det M~Y/2|det(C7 + D)|. The group G has the group operation

(M, p(7)) - (L (7)) = (ML, (L - 7)¢(7)), for (M. (7)), (L, 9(7)) € G.
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Let 00 (1) := Z e(7[p]) (T € H,,) be the theta series. we put

pEL™

i) = {(Z\/[ w) €eG|Me rgm><4)} :

60m) (1)
where F(()m)(él) = { (:é IB;) €

Let k be an integer. For any function F' on ), and for £ = (M,p) € G, we set

(Flp=1728)(7) := (1) 2FE(M - 7).
A holomorphic function F' on $),, is said to be a Siegel modular form of weight k—1/2

T,.| A, B,C,D ¢ Mm(Z)}.

of degree m, if F satisfies F|p_1/0§ = F for any £ € f‘(()m)(él), moreover, when m = 1
we require the condition that the function F' is holomorphic at all cusps of Fél)(él). We

denote by Mj._4 /Q(F(()m) (4)) the C-vector space of Siegel modular forms of weight k£ —1/2
of degree m. We say F is a cusp form if F? is a cusp form of Siegel modular form of

integral weight. We denote by Si_1 /2 (Fém) (4)) the space of cusp forms of Siegel modular

forms of weight k — 1/2 of degree m.

2.2. Hecke operators on Siegel modular forms of half-integral weight. For odd
prime p, let L' be the Hecke ring generated by double cosets F(m (4)1{;3 pI‘(m 4) (s =
0,..,m—1) and f (4)l€i r m)(4) where k,, == (k' 2P € G and where we put
k., = diag (1,,—s, pls, p 1m s, plg) for s =0, ..., m.

For F € Mk_l/g(F( (4)) and for H = Zav ™) (4)M, € L with a, € C, we define

Fle—ipH =), avF]k,l/QMv. We denote by TS( %) the Hecke operator which corre-

sponds to fém) (4)I%S,pfém) (4). As for more explicit explanation about the Hecke ring,
see [Zh 83|, [Zh 84].

2.3. Zeta functions and an analogous of Zharkovskaya’s theorem. Let F' €
M, (Fén) (4)) be a Hecke eigenform, namely F' is an eigenform for all operators T' € L

and for all odd prime p. Then there exist so called p-parameters afp (1=1,2,...,n) of
F (cf. [Zh 84]). For sufficiently large Re(s), we define the L-function of F' by

= [TITHC — o) —app)}
P =0
p#2
Let ® be the Siegel-phi operator. Then the following theorem is known.
Theorem 2.1 ( [O-K-K 89], [Ha 03]). We assume ®(F) # 0. Then we have

(1) ®(F) € Mk_l( ( )) is a Hecke eigenform of weight k —1/2 of degree n — 1,
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(2) the L-function of F has the following decomposition,
L(s,F) = Li(s+k—n—1/2E), )L(s, ®(F)),

where Ly (s, Eéllﬁ)f%) = H(l — p) (1 — pnlosy L
P#2

The claim (1) of the above theorem is a special case of [O-K-K 89, Theorem 5.1, 5.2],
and the claim (2) is a special case of [Ha 03, Theorem 2.

3. JACOBI FORMS OF HIGHER DEGREE

In this section, we review the Hecke operators acting on the space of Jacobi forms and
review the isomorphism between the space of Jacobi forms of index 1 and a generalized
plus space.

3.1. The Jacobi group and Jacobi forms. For positive integer m, we define

¢/ = d(eat ) caspt. @) | (A B easpt(R), a,de R
m %’86)2 pm+1 C D Pm , a, .

For (4 B) € GSp,} (R), \,u € R™, d € R*, u € R, we write

A 0 B O 100 u
A B 10 vd 0 0 I 2N TR
(<O D)’d) =lc o p o™ ms)=14y¢ 1 5|
0 0 0 00 1

where v is the similitude of (4 B), and where A and u are column vectors. We note that

every element M € G7 has an expression M = ((é ZB;) ,d) ([, i, K]).

By direct calculation we have

o0 (2 5)) (¢ 8)9)- (b5

NY (A B\ [\ . Ca A B
where (M’) = ( o D) <M>’ and where v is the similitude of ( C )

We define an action of the group G, on $,, x C™ by
M- (1,z2):= ((AT + B)(CTt+ D)™, gt(CT + D)y Mz +TA+ u)) ,

for M = ((48),d) ([N p,u]) € GL, (1,2) € H x C™, and where v is the similitude of
(&5)
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For a positive integer r, we regard e(r7’) as a function on 9,1, where (¢, %) € $,,11,
T E N, and 7' € $H;. For an integer k we define a factor of automorphy

Jor(M, (7,2)) = (e(r7)| M) e(rvd27")
= d*det (C1 + D)F e(rvd 2(((C1 + D) 'O)[(z + TA + 1))
X e(=r("ATA + 272X + Tud +u))
where (7,2) € 9,, x C™, 7/ € §; and M = ((48),d) ([, p,u]) € GJ,. We note that

the above Ji, (M, (7, 2)) does not depend on the choice of 7/. Moreover, for a function
¢(7, z) on the space $,, x C™, we define the slash operator |5, by

(Blur M) (7, 2) = Ty (M, (7, 2)) (M - (7,2)) for amy M € G, .

We define a discrete subgroup I'/, of G, by '), .= {M € G} N T 11}.

Let m > 1 be an integer. A holomorphic function ¢ on §,, x C™ is said to be a
Jacobi form of index r of weight k of degree m, if ¢ satisfies the identity ¢|,,M = ¢ for
any M € T'Y. We note that a holomorphic function ¢ on §,, x C™ is a Jacobi form, if
and only if the holomorphic function ¢((7, 7)) := ¢(7, 2)e(r’) (7, Z) € Hmyr) satisfies
¢|eM = ¢ for any M e T'Y .

Each Jacobi form ¢(7, z) of degree m has the Fourier expansion:

é(r,2)= Y A(N,R)e(N7)e('Rz).

N€Ny,REZ™

AN—r~1R'R>0
In the above expansion, if each Fourier coefficient A(N, R) of ¢ vanishes unless 4N —
r~'R'R > 0, then we say ¢ is a Jacobi cusp form. In this article, we call A(N, R) the
(N, R)-th Fourier coefficient of ¢.

We denote by Ji..(T';,) (vesp. J.2F(I;,) ) the C-vector space consisting of all Jacobi

forms (resp. Jacobi cusp forms) of weight k, of index r and of degree m.

3.2. Hecke operators acting on the space of Jacobi forms. In this subsection,
we introduce Hecke operators for Jacobi forms. (cf. [E-Z 85|, [S-Z 89] for m = 1,
and [Ya 86], [Gr 84|, [Mu 89|, [Ar 94] for m > 1.)

Let a be an element of G, N GSp;,_,(Q). For the double coset I';) oI}, we define

h
m+1,  m(m+1)
oIt ol = v(a) T g, M,
v=1

h
where I'/ al') = UF#MU, ¢ € Jpr (L), and where v(«) is the similitude of a. Since
v=1
['7 is written as a semi-direct product of Sp,,(Z) and certain Heisenberg group, it is not
difficult to show that h < oo (see also the proof of [S-Z 89, Proposition 1.1].)
Let @ = (A 8),d),(\ p,u)) € G, with similitude v. For ¢ € J;.,.(T'7,) we obtain
OI02all € Jya-2-(T). Moreover, if ¢ is a Jacobi cusp form, then @|I'J,al'/ is also
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a Jacobi cusp form. We note that if vd~%r ¢ N then ¢|I'],al’J, = 0, since ¢|T') al’), =
(@[Tl |kpa-2r([0,0,u]) = e(—vd *ru)g|T; ol

We put k; ,:=diag (1,,—s, pls, p, P*lm—s, Pls, p) € G7,. We recall that k; , was defined
in § 2.2 as &, , = diag (1, pls, p*1,,_s, pls). We have the following lemma.

Lemma 3.1. The double coset T}k, , T is written as a union:

(3.2 Dhkols = U TR E) ) (o).
A HE(Z/pZ)™
METy\I'm k% , T

where M = (4 B) runs over a complete set of representatives of Ty \I'p, k., L. More-
over, on the right hand side the same T} -right cosets appear p™* times.

Proof. 1t is not difficult to see that the both side of (3.2) coincides as sets.
The following action of v € '/, on the cosets of the right hand side in (3.2) is transitive:

Lo (8 8) ) ([X s An]) = Ty (5 8)50) ([ 1 e ) v
Hence each I'/ -right coset appears equally many times in the right hand side of the
identity (3.2). In particular, the coset I'/ k,,, appears p™** times. This fact follows from
a straightforward calculation by using the identity (3.1). Hence the same I'/ -right cosets
appear p™** times. O

3.3. Isomorphism between the space of Jacobi forms of index 1 and a gen-
eralized plus space. A generalized plus space is a certain subspace of the space of
Siegel modular forms of half-integral weight. The plus space was first given in the case
of degree m = 1 by W. Kohnen [Ko 80], and was generalized for general degree m by
T. Ibukiyama [Ib 92]. Let k be an integer. We put a generalized plus space

ML (0G0 (@) = { f € My (T (@) | C(N) = 0 unless N € L}
where C'(N) denotes the N-th Fourier coefficient of f, and L,, ;. is defined by
Ly = {N €N, | N+ (—1)*XA € 40, for some A € Z™} .
The following theorem has been known.

Theorem 3.2 ( [E-Z 85|, [Ib 92]). For even integer k, the space of Jacobi forms of
weight k of index 1 is linearly isomorphic to the generalized plus space of weight k —1/2
of degree m. Namely we have the linear isomorphism

o Jea(T)) = M0 (4)).

Here the map o is given as follows: let ¢(7,z) = ZA(N, R)e(NT)e(*Rz) € Ju1(T2),
N.R

then the isomorphism o is given by o(¢)(1) = Z A(N,R)e(MT), where M = 4N —
ME€ELm,o

R'R, N € M,,, and R € Z™.
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In particular, the isomorphism o preserves the both spaces of cusp forms. Moreover,
these are isomorphisms as Hecke algebra module, i.e. for ¢ € Jy.1(T7) we have

2

J J —m2-1m-1 o2
¢|ka8,prm = p m 2771 280(¢)|T5(p ) N
4. THE JACOBI-EISENSTEIN SERIES AND THE COHEN-EISENSTEIN SERIES OF
GENERAL DEGREE

Let k > m+2 be an even integer and E,gm+1)(Z ) the Siegel-Eisenstein series of weight
k and of degree m + 1, i.e. we define

Em(z) = > det(CZ + D) 7",

( é B )EFO,m+1\Fm+1

where
FO,m+1 = {M € Fm+1 ’ 1|kM = ]_}
{(#. ) €T | A€ GLyi(Z) , B € M,11(Z), A'B=DB'A} .

The Jacobi-Eisenstein series of degree 1 is introduced in [E-Z 85], and it is generalized
for higher degree in [Zi 89).
To describe the definition of the Jacobi-Eisenstein series, we set a subgroup of I'Z :

I = {MeT] |1 M=1}
{((gtAB—l),l)([O,u,li])EFi| (‘gtAB,l) EFo’m,ILLEZm,KEZ}.

We denote by E,(CWZ) the Jacobi-Eisenstein series of index r which is defined by

(4.1) EW(rz) = Y. (U)(r.2), for (r,2) € H, x C™

'YGFLUI,m\F;]n

It is known by [Zi 89, Theorem 2.1] that if & > m + 2, then the above sum converges
and the form E,E"Z) belongs to Ji..(T7,).

We denote by E,i”_q n € M7, /2(F(()m)(4)) the form which corresponds to E,g"ll) €

Ji.1(T7) by the isomorphism ¢ in Theorem 3.2.

In this article we call E,g"fi /2 the generalized Cohen-FEisenstein series. Indeed, when

m =1, E,(Ci)l Jo coincides with the Cohen-Eisenstein series introduced in [Co 75].
The following proposition is shown when r = 1 in an adelic setting in Kawamura [Ka 08].

For more general r, we have the following.

Proposition 4.1. Let k > m+ 2 be an even integer, r a positive integer and p a prime.
We assume p? does not divide r, then the Jacobi-Fisenstein series E,grf) of index r is an
eigenform with respect to Hecke operators ') ks I (0 < s <m).
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Proof. The assertion can be proved in the same manner as in Mizumoto [Mi 97, Prop.

6.3]. However, in our case, we need a modification for the Jacobi groups.
We have

EOL T = eSS g
NELNI ks pT', v2€Td , \I,
p(m-i-l)(k—m) Z 1|k7r7-

VETT  \Lih ks T

To describe a complete set of representatives of I'j , \I';) ks I, we introduce the following

two sets:
A B A B
Mo = {(0 pztA_1> ’((0 p2tA_1) ’p> © F'{lks”’%}’

7= {000 (5 i) o) | (5 u4) vaf

where in the definition of the set 7, matrix (A B

and

0 pA~!
representatives of I'g,,,\ MMy, and A (resp. u) runs over a complete set of representatives
of Zm/(pt A~ Z™ N Zm) (vesp. Z™/(pA~YZ™ N Z™)). Then

T == {MM'|Me T, M"}

) runs over a complete set of

J

set of representatives of F&m\l“;ir This fact follows from a straightforward calculation.
Now we shall describe a complete set of representatives of 'y, \ Mo which appears in
the definition of 7y. We put

is a complete set of representatives of T'fj, \I'J ks ,I';,, where M’ runs over a complete

A = {A € QL (Q) N M,,.(Z) ’ (‘8‘ thZ_l) € MO} .

For A € 2, we set B, := Sym,,(Z)'A~" N M,,(Z), where Sym,, (Z) denotes the set of all
symmetric matrices of size m x m of entries in Z. We put

A B
My={ () pho) ecsmim | a8},

where A runs over a complete set of representatives of GL,,(Z)\2, and B runs over a
complete set of representatives of B 4/p?B 4.

Then M is a complete set of representatives of I'g ,,\ M. We remark that Mg is a
finite set, hence 7 is also a finite set.
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Thus we have

E](CT:)|Fq{sz7PF7{z = p(m+1)(l€—m) Z (Z 1|k,rM> |k,rM/-

Here we get

Sl = Y S 00 ((§ juig) ) (0000

MeTs AN BEB 4 /p?B 4

where in the above first summation, A, A and p run over all representatives of GL,, (Z)\,
of Z™ /(p! A~ Z™ N Z™) and of Z™ /(pA~*Z™ N Z™), respectively. Now, by the definition
of the slash operator, we have

A B
St ®00)((y piyr) ) ©0)
p
BeB 4 /p?Ba
2 2
— e (%tAATtA)\ + Az + —rtAAu) oo (%uz%u) ,
p p p BG%A/;DQ%A
where ¢ is a certain constant which depends only on the choice of A and of k. Since r is
not divisible by p?, we obtain Z e %t)\BtA)\) =0 if A"\ & pZ™. Thus we get

BE‘BA/pQ‘BA p

2
> UM = ZCHG(]%t/\ATtA/\ + ?”AAZ> =3 ¢ 1 (FAN/p,0,0)),
A

MeTo A

where in the summations ¢” is a suitable constant, and matrices A runs over a complete
set of representatives of GL,,(Z)\2, and the element \ € pPAT'Z™ N Zm is uniquely
determined by the choice of A. Thus

B DakeoTy = p e 57 % ¢ U ([PANp,0,0) M

M'ery \Ij, A

_ p(m+1)(k—m) Z ! Z 1|k,7‘M”-
A

M"ery , \T},
Since E g M" = E,Ef:f), we conclude the proposition. O
M"ery , \I'i,

Corollary 4.2. The generalized Cohen-Fisenstein series E,(:_Ii/g 1s a Hecke eigenform

for the action of any Hecke operators T, (p?) defined in § 2.2.
Proof. 1t follows from Theorem 3.2 and Proposition 4.1. g
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The Eisenstein series Elierl)(Z ) has the Fourier-Jacobi expansion:
(4.2) E,(Cmﬂ)(Z) = Z 6,(:;)(7'1, 2)e(rt')
r>0

where Z = (Z—; f,) € Dimt1, T1 € Him, T € H1, and 6;(671)(7172) € Jir(I7).

We use the following lemma to show Theorem 0.1. This lemma is a special case of a
theorem obtained by S. Boecherer [Bo 83].

Lemma 4.3 ( [Bo 83]). For any even integer k > m + 2 we have
e,(ﬁ) (1,2) = E,g"f) (T, 2).
Proof. See [Bo 83, Satz 7] (see also [Ya 86, Theorem 5.5]). O

5. YAMAZAKI’'S FORMULA

In this section we introduce a formula shown by Yamazaki [Ya 86]. This is a formula
of a relation among Fourier-Jacobi coefficients of Siegel-Eisenstein series. This section
owe to [Ya 86], [Ya 89].

We define the map p : GSp;,, ;(Z) — GSp;,.(Z) by

A 0 BO
p<M>:=(gv<34>gg) for M = (AB) € GSpi. (2),
0 0 01

where v(M) is the similitude of M.
For M € GSp3,_,(Z) and for ¢ € J;,(I'3,_;,) we recall the action of double coset

L3, 1p(M)Dy,_y (ct. § 3.2):
¢|F2n 1p< )an—l = V(M>nk—(2n—1)n Z ¢|k,rp(Mi)7
M;€l2p—1\T'2n—1 MT'2n_1
where we use the disjoint decomposition
L p(M)Ty, = U Ty, p(M;).
M;€T2n-1\T'2n—1MT 21

The form ¢|F2n 1p(M)I“QIn_1 belongs to Jk,u(M)r(Féln—l,l)-
We put two Hecke operators T7(p) and Tg,, (p*) which are defined by the action of

double cosets I'J, 1 p (( fn -1 p,lfnﬂ )T,y and I'Y, 1 p((p - 14n—2))T,_;, respectively.

For Siegel-Eisenstein series, the following relation is shown by Yamazaki.

Theorem 5.1 ( [Ya 86] ). Let k' > m —i— 2, and let ek,, be the r-th Fourier-Jacobi
coefficient of Siegel-FEisenstein series Ek/ (see (4.2)). Then we have

ey = el Dn(r),
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where the Hecke operator D,,(r) is defined through the formal Dirichlet series:

D,,(r
> 2ein)

r>0
-1
H (1_ ( H (1_'_pk/z'>1> TJ(p)pé(ml)k/s—i-T(;{m(pQ)pm(mH)125) .
p:prime 1<i<m

It is remarked in [Ya 86] that if m = 1 then the above relation coincides so-called
Maass relation.

For odd degree m = 2n — 1, we have the following corollary by using the operator
Ds,,—1(r,{c},) defined in Theorem 0.2.

Corollary 5.2. Let k' > n+ 1 be an positive integer which satisfies k' +n € 2Z. Then

we have
2n—1) __ (2n—-1) k-1
€ine = Chani w1 Dana(r, " 2})

Proof. The Satake parameter of Eisenstein series By is {aZ}, = {p** -1/}, This
corollary follows directly from the identity

H (1+pk’+n—i)—l
1<i<2n—1
:p(1—n)k/—%(n—1)(n—2) H <1+p(k/—1/2)+1/2—i)—1(1+p—(k’—1/2)+1/2—z'>—1.

1<i<n—1

6. PROOF OF THEOREMS

In this section we shall show Theorem 0.1 and 0.2 stated in § 0.2. We use the same
notation in § 0.2.

The following Lemma shown in [Ik 01, Lemma 10.1] plays an important rule in this
section.

Lemma 6.1 ([Ik 01]). Let F({X,},) € C[Xy + X5', X5 + X5\, X5 + X5', .. If F
satisfies F({pk”*lﬂ}p) = 0 for sufficiently many k € Z, then F' =0

Proof. We write F'({X,} ) = Z an Xy, where X, = H X;’rd”(”). Because F({pkil/Q}p) =
n p
Z a,n* 12 = 0 for sufficiently many k € Z, we obtain a, = 0 for all n. O

n

We shall show Theorem 0.1
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Proof of Theorem 0.1. We proceed as in [Ik 01, p.664-665]. First, we shall show that the
form W1 (g) is a Hecke eigenform.

Let Lg,,—1 o be the set defined in §3.3. Let M € Lg,_; o be a positive-definite symmetric
matrix. There exist N € M3, ; and R € Z*"~! which satisfy M = 4 N — R'R. We put

M, = ( lJtVR 21R> € M3,1. Then, by virtue of Theorem 3.2, M-th Fourier coefficient of
2
\I/(anl)(g) is
k—1 ~
(6.1) c(O) far® T FalMi,ag).
alfary

Let T,(p?) be a Hecke operator introduced in §2.2 and {M’}, a complete set of
representatives of T (4)\L Y (4)/@;7][,1“((]2"_1)(4). In particular we can take M as

¥ * , where D, € Mgn_l(Z) N GLQn_l(Q).
02n—1 Dv
Then, by straightforward calculation, it is shown that the M-th Fourier coefficient of
e (g) 7, (p?) s

(6.2) 5M1 fM1 Zﬁv H F Mlvvaq}

alfay ,

an upper triangle matrix M; =

where, in the above sum, 3, are certain numbers that are independent of the choice of
U= (g) and of k, and we set the matrix M, = p~2M; [(P*,)], and where D, is
the right lower part of M. In the above product ¢ runs over all primes which satisfy
g fu,,- In the case of My, ¢ N3, we regard [] E,[M,, ) as 0. To deduce the above
identity (6.2), we used the identities fu;, , = p~"* det(Dy) far, and dar, , = O,

Let &' > n + 1 be an integer such that £’ +n = 0 (mod 2). By using the lemma 4.3

and (6.1), we know that the M-th Fourier coefficient of E,jznl)l /2

hk’+1/2(5M1)fM1_§ H ﬁq |:M1>qk/71/2:| )

alfary

18

where hyq1/2(0ar, ) is the dpz,-th Fourier coefficient of Cohen-Eisenstein series £ o)

K +1/2 of
weight &’ 4+ 1/2. Moreover, the M-th Fourier coefficient of Ek?inll /2|T (p?) is

(6.3) hk’+1/2(5M1)fjl\€/[1_§ Zﬂv H F, [Ml,v,qklfl/z] ;

M, alfay

where M/, B, and M, are the same symbols in (6.2). Since E 2” Y

n1/2(7) is a Hecke

eigenform (see Corollary 4.2) and since hy11/2(0ar,) # 0, we have

Z/B’U H F |:M1"uaqk/ 1/2} - 77I<:’,p,s H Fq |:M1,qk/_1/2}7

M, qlfary , alfar
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where 1y, s is a certain constant which depends only on the choice of three numbers £/,
p and s. In particular, if we replace M; with B, € ‘an_l’l which satisfies Fp(BO, X,) =
1, then we know that there exists a Laurent-Polynomial ®(T(p?), X,) which satisfies
Mt ps = O(T,(p?), p¥'~1/2) for sufficiently many k’. Hence, by using Lemma 6.1, we have

(6.4) Zﬁv [T M. X, = o(T0%). X,) T Fu 1M X

alfary , alfar

Thus we have the following identity
~ k}—l ~
c(0a) for,? Zﬂu 1T oMy, o] = (Tu(p?), ) c(Oan) far, > ] o (M, )

qlfary, qlfary

Hence the form ¥?"=Y(g) is a Hecke eigenform.

Next we shall show the expression of L(s, W7 (g)) stated in Theorem 0.1. By
using Zharkovskaya’s theorem for Siegel modular forms of half-integral weight (cf. The-
orem 2.1) we obtain

2n—2
2n—1 R
L(s, E]i,+n_)%) = J] ZGs+¥ —n+1/2+i By \100)

=0
2n—2

= J[¢s++ —n+1/2+40)¢(s — K +n—1/2—4)
=0
2n—2

= H C(s+k+n—-3/2—)(s—K+n—-1/2—1)
=0
2n—1

= ] L+ ¥ +n-1/2—i E),
=1

where L(s, Eéi),) = H {(1 —p )1 —p%,_l_s)} is the Hecke L-function of Eisen-

p
PF#2
stein series of weight 2k’ excluding the Euler 2-factor. In particular, the Euler p-factor
2n—1

of L(s, El(::i i)) and the Euler p-factor of H Lis+ kK +n—-1/2—1i Eék,) coincides for
1=1

any odd prime p.
2n—1 an—2

Now, we define a polynomial v; = v;(x1, ..., T2,—1) by H (1 — z;t)( Z 7] ,

and we fix an odd prime p. Then there exists a Hecke operator T; € L]%” 1 Wthh
corresponds to ; by the Satake isomorphism (cf. [Zh 84, Proposition 4.1].) For the
Hecke operator T we define the Laurent-Polynomial ®(7}, X,) in the same manner as
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in the identity (6.4). Namely the eigenvalue of E,gz;i)lﬂ for T} is ® (T}, p¥ ~'/?). Hence,

2n—1 . -
/an)l) gives an explicit structure of
2

®(T}, X,). On the other hand, the eigenvalue of W2~V (g) for T} is ®(T}, o). Therefore

we have the identity L(s, ¥~V (g)) = 2ﬁ1 L(s+k+mn—1/2—14,g). Thus we conclude

Theorem 0.1. - O
Next we shall show Theorem 0.2.

Proof of Theorem 0.2. Let e,(ji;lg be the r-th Fourier-Jacobi coefficient of the Eisenstein

series E,g?:fzz defined in (4.2). Let M, = ([, %) € M3, _,,. We denote by Ay, (M,) the

(N, R)-th Fourier coefficient of e,(ji:r)

Apn(My) = hk’+1/2(5Mr)f1]\€4’:1/2 H E, [Mr,pk/_w} .

ol

On the other hand, by virtue of Corollary 5.2, Ay ,,(M,) is equal to the (N, R)-th

Fourier coefficient of (egi;ll) |km1 Dan 1 (7, {p¥'~ 2})). Thus there exist constants {7},

and matrices {M, , }, which satisfy

by using Lemma 6.1, the above expression of L(s, E,i

Then we have

Ao = o) 575 TT o 1)

v Plf M

By straightforward calculation, we know that constants {v,}, and matrices {M, ,}, are
independent of the choice of k.
Hence, by using Lemma 6.1, we have

Z”Yv H ﬁp[anaXp] - H Fp[MraXp]'

plf My plfary

Therefore, putting X, = «, in the above identity and multiplying both sides by

C(éMr)f]]f/[_rl/za we conclude ¢, = ¢1|p1n1Don—1(r, {ap}y)- N
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