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1 Oodoogboodd

000 ,b0000000 ged(a,b) 0000ged(a,b)=10000e0 6000
000000000

00 1.1. 000 ¢,b000000b0000000000 +00000ged(a,b) =
ged(h,r) 000000

[00] m = ged(a,b), n = ged(b,r) D0 00e0 b000000000 ¢O
O000a=bg+7r. a=md,b=mbt, .0 0000000000000r =
a—bg=ma —mbqg=m(d -beq)DO0O000OmO b0 -r 0000000000
O000On>m. DOO0OOb=nb",r=n",0,/"0000000000000
a=bg+r=nbqg+n’ =nd'q+r"). 0000nD «0b0000000000
O000Om>n. 0O000m=n. ]



00 1.2 (EuclidO0O0O0). 000 @,b00000

a = bgy+r, 0<r <b,
b = r1q1 + T2, 0<T’2<T1,
re = Troge+1r3, 0<1r3<ry,
Th—2 = Tn_1Gn-1+ Tn, 0< Tn < Tp-1,
Thn—1 = TnQn

000D00000ged(a,b) = r,0
[00] 001100000 ged(a,b) =ged(h,) 0000000000000
ged(a, b) = ged(b, 1) = ged(ry,1m2) = -+ - = ged(ry—1,70) = 1. O

0 1.3.1990 10290 0000000000

1995 = 1029 x 1 + 966,

1029 = 966 x 1+ 63,

966 — 63 x 15+ 21,

63 = 21 x 3.
000000ged(1995,1029) =21 0000

o000 1.20030 417000000 d00000O00ODO0O2003z 4417y =d 0O
bl z,y0000O0oO0d

2003 = 417 x 4+ 335,
417 = 335 x 1+ 82,
335 = 82x4+47,
82 = T7Tx1145,

7T = bhx1+2,
5 = 2x2+1.

O00D0000ged(2003,417) =10000x = —178, y = 855.

2 10booodd
00 b000000000d=ged(a,b)0000O0O
ar +by =d (2.1)

goooboboboboezyooooobbbobbbooooobobbbbbogd
ggbbobuooobbbouoooobbod



0 21.1970410000000000¢0

197 = 41 x4+ 33,
41 = 33 x 148,
33 = 8x4+1,
8§ = 1x8.

00000ged(197,41)=100000000000000
197z + 41y = 1
000000 #,y00000000000000

1 = 33-8x4
= 33—-(41-33x1)x4=33x5—-41x4
= (197 —41x4) x5—41 x4 =197 x 5 — 41 x 24.

000000197 x5+441x(—24)=10000
gobboobuoggbboboooobobuooooon

00 2.2.¢,b0000000000000ar+by=1000000 2,y0 (000
)00000000p000000e0 pO0000000000000Oaz+py =1
000000 2,y000000

00 23. mOO0O0O0OO0O0«OmOOOOODOOO,0D0000000000O
a0 mO0O000000000MO mOOODO0OOO

00] ab=mk00000022000ax+my=1000000 z,y000
ERERE

b="0-1=blax + my) = abxr + mby = mkx + mby = m(kzx + by).
oooosmUioonoon [

00 24.p000000q, 0000000000000 O pO000O0O00ODOO
U0ecODODO MO pOOODOODO

[00] a0 pO00000000e0p00000000000ged(a,p)d00
p00000001000 p0000e0 p000000O0000Oged(a,p) =100
0000«0p0000000000000000230m=p00000b0p
0o0ooooO O



0 25 z,y03lx+7y=1000000000000z+y|0000000O0OO

31 = Tx4+3,
7T = 3 x2+1.

1 = 7—-3x2
= 7—(31—-7x4)x2
= 7x9-—-31x2.

U00O0x=-2,y=903lx+7y=100000

la+7y = 1,

31X (=2)+7x9 = 1,

3l(z+2)+7(y—9) = 0,
3l(z+2) = —7(y—9).

000310000000000 —7(y—90310000000703100000
0000023000y—9031000000000y—-9=31t,t0000000O
000000031(z+2)=—-"Tx3t000x+42=-Tt,o =—-2—Tt. y=9+31¢
oooo

lt+yl=]—-2—-Tt+9+31t| = |24t + 7.

gobboooobbddt=000002=-2,y=9000000000 70
oo

3 U
mOO000000000 o,b00 a—-b0mO000000O00O0O
a=0b (modm)
0000« b0 mODOODOOOOOODODO0ODODODOODODOOOOODOO

00 31.a=b(modm)00 c=d (mod m)D000a+e¢=0b+d (mod m),
ac = bd (mod m).

0O0] a—b=ms,c—d=mt,s,t 0000000000000
(a+c)—(b+d)=m(s+1t), (a—c)—(b—d)=m(s—1)
ogooooo

a+c=b+d (modm), a—c=b—d (modm).



a=b+ms,c=d+mtdQOad

ac = (b+ms)(d+ mt)
= bd+ mbt +mds + m®st
= bd+ m(bt + ds + mst),
ac—bd = m(bt+ ds+ mst).

0000ac=bd (mod m). O
pU0000O0e«D p0000DDODOOO0O0O0O0OOODDODOODOO 22000az+
py=1000000 2,y 000000 0O0O0OO0O0O

ar =1 (mod p)

gooobd 0000000 220p000000000000 < 27 < p,
r=pk+x, 00000002 =2 (mod p),ar; =ar=1 (mod p) IO 0000
O00x #0000020 000000000

ar =1 (mod p)
oot z001 <2 <p—-10000000nooonon

00 3.2(000000000).p000000e0 pOO0O0O0OOODOODOOOOO
goodd
a?'=1 (mod p)

gobood

[00] O00ar = ay (mod p) 0000z = y (modp) 000 DD DDO0
ar = ay (mod p) 0000 0a(x —y) =0 (mod p)DO OO 00a(x —y) OO
Up00000D0DeO pUOOODDODODODOOOOOOD24000x—y0O pO
0000000000z=y (mod p) 0000000000000z 2y (mod p)
O000ar#ay (mod p) 000000000020 1,2,...,p—1000000ax
Oo00pddodoooodoooiooooodooboonoddlerddd p
ogooooL2,...,p—1000000 1000000000000

(@-Dfa-2)---(a-(p—-1)=1-2---(p—1) (mod p),
A tp-=p-1

)t (mod p),
(p—DNa” ' =1)=0 (mod p).

00000(p-1)(e'-1)000p0000000((p-1)!0p0000000
00000240006 '-10p00000000000000 0



033. p=7a=300000

3:-1 = 3 (mod?7),
3:2 = 6 (mod?7),
3:3 = 2 (mod7),
3-4 = 5 (mod7),
3.5 = 1 (mod7),
3.6 = 4 (mod7)

goooo

(3-1)(3-2)(3-3)(3-4)(3-5)(3-6) = 3-6-2-5-1-4 (mod 7),
3%! = 6! (mod 7),
6!(3~1) = 0 (mod 7).

6000 700000000003 —10700000000003%—-1=1728=
7 x 104.

0 34.p=7000020-1=63=7x9,5°—1=15624=7x2232 20— 1=
1023 = 11 x 93, 3! — 1 = 59048 = 11 x 5368.

0000 2.2°07000000000000000

4 00O

00000000000000000000000000000000000
DDDDDDDDDDDDDDDDDDDD%DDDDDDDDDDDDDDDD
000000000000 0000000000000000000000 10
0s—-100000000000b000000000000000000000
000000000000 000000000000000000000000
00000

DDDDDpDZ5DDDDDDDDDDDD%Jpﬂwnm—lﬂﬂﬂﬂﬂD

000000000000 000000000000000000000000
ooooo0
000000000000010°'=1 (mod p)000000s0 10° =1 (mod p)
0000000000000 000000p-10s000000000¢000
0Dr00000p—1l=sq+7r,0<r<s0000

1=10"" = 10" = (10°)710" = 10" (mod p).



sbobgboboobr=00000000000000000p—-1=s¢q00000
bodidsUOp—-10000000

10° =1 =pb

gbooboobdgsh sObboboobooobooboon 2DDDDDD
p

10— = b
P P

DDDDEXH)SD 2DDDDDDDDDDDDDDDDDDDDDDDDDED
p p p

DDDDDDDDDSDDDDDDDDDDDDDDDDDDDDEDDDDDD

p
0+00000000000000000
a a C
-x10t——- = —, (0O0OO

10Fa(10" — 1) = pc,
100-~1 = 0 (mod p),

100 = 1 (mod p).
p—10s000O0OO0O0O0O0OOOOO0O0O¢tD sUOLOLOOooooooon
DDtZSDDDDDDDDDDDEDDDDDDDDDDDDDDDDDDDD
DsDDDDDDDp—lDDDDpDDD

0 4.1.p=70000

10 = 3 (mod7),
10° = 2 (mod 7),
10° = 6 (mod 7),
10" = 4 (mod 7),
10° = 5 (mod 7),
10° = 1 (mod 7)

gobbooboggbbood 6DDDDDDD%:O.142857.

DDDDDmDDDDDDDDDDDDDGDDDDD%a:Lz&¢a6D
0000000

= 0.142857 , = 0.428571 , =0.285714 ,

= 0.857142 , = 0.571428 , = 0.714285 .
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0000 3.p=13000010°=1 (mod 13) 0000000000 sOOOOO
gobooboboiee-10 13DDDDDDDDDDDDDD%,azl,...,HD

000000000000
s0120000000001,2,3,4,6,12000000000

102 = (=3)’=9 (mod 13),
10° = 90=12= -1 (mod 13),
10* = (—4)*=3

10° = (-1)*=1

O00O0Os=60000
10° — 1 = 13 x 76923.

1 . .
E:0.076923DDDDDDDDDDDDD ce0bDoD0O1200000 %,a:
1,...,120 2000000000000

1 . . 10 . . 9 . .
= 0.076923, 5 =0.760230 . 5 =0.692307 ,
12 . . 3 : . 4 . .
“2 = 0.92 = =02 = = 0.307602
E 0.923076 , E 0.230769 , E 0.307692 ,

2 T .. 5 L
2 —0.153846, — =0.538461, — =0.38461
5= 0153846, 5 = 0538461, o = 0384615,

11 . . 6 , . 8 . :
— =0.8461 — =0.461 — =0.615384 .
3 0.846153 , 3 0.461538 , E 0.61538
000b0000bbo0obbuooobbuooobb2bbOo0o0obbooobn
gogbbobogoobobogao

5 0o

000000 1000000000000 20000000 120000000
gbboobuogbboobouoobooboboboobb20boggbooood
00000000000 D0e*=20000e¢020000000000a=+2
goodg



v2000000000000000v2000000000000000000
V2= mn000000000000000002="4,2m?=n?0000
000000000002 0000000000000-,0000000n=2
000002m2 =4k, m? =2k200000000000000000000 m?
000000000000 0mO00000000000m,2000000000
0oooooo
V20000000000000000000000000000000000
00000000000

0000 4.0001000000000000000000000 450000
ggbbbuoooobbbdvi3goooobodgo

6 UO0OO0

O00000000000000000Oged(31,23)00000

31 = 23 x1+38,
23 = 8x2+47,
8 = 7Tx1+1.

O000Oged(31,23)=10000000000000C0O0

31 _1+8
23 23’
23 7

= 24—,

8 8
8 1
2= 142
7 t7



gboogod

37 8 1
—=lt =1+ ——==1+
7 1
23 23 2+3 2+ —
14+ =
+7
gooad
a T1 T1
- =k — < =<1
b 0+ ba _b )
b
— = k1+2, O<2 17
™ (&1 (&1
Do a2 o0< 2 <,
T2 T T2
fn-2 _ kp_1+ T", 0< _» <1,
T'n—1 Tn—1 Tn—1
T'n—1 _ kn
T'n
goooao
a 1 1
— = ko+—=ko+ =k +
b b 9
— ]{;1+_
r1 r
1
= ko+
1
ki +
ko + L
2 1
' 1
kn—1+k_n

gbboboboboobboobbooobooooboooboobboon x:%

0000000 K0000 2= 2240

%

Lo =T, k?z = [xz], Tir1 = (61)

00000000000000000000000 (6.1)00000O00 k000 x4
goboobooboobobobod-0b0obobboobooobD o<z -k <1
gogbgogbboboogoobon

1

Li4+1
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gboogod

ky +
1
k?2—|—.. 1
' 1
kn—1+_
00000000000 [k, k..., ke1,2,] 0000
1
€T; ]{?7;—1-
Ti+1
ood
1 k 1
T = zo=kot+ — = 0T +
I I
k k—l—1 +1
0 ! ) _(k0k1+1)x2+k0
1 = .
k1+_ k,’ll’g“—l
T2
ogoog
x:w (6.3)
ann—i_qnfl
O0oo0ooooooooo(es3)00odfx, =k, + goooooao
Tn+41
T = xn+1 _ (knpn +pn71)xn+1 +pn
knn n— n n‘
Y (S PR e
Tn41

000000ooooooo0oO0d (e3)0DDO0o0ooOO0U0UOUUoooDoOoOO

{ Pnt1 = knpn+Dn-1, D1 = ko, p2 = kok1 + 1, (6.4)
1 = kn@nt a1, =1 =K
00000000000O0O000 (6.4)000
Prn-1 — Pn-1Gn = (—=1)(Pn-1@n—2 — Pn—2n-1)
goboboboooboboboooobooo
Prdn-1 — Pn—-14n = (_1>n72(p26h —pig) = (—1)" (6.5)
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00000000(6.4), (6.5)00

Pnldn—2 — Pn—24n = kn—l(pn—lQn—Q - pn—QQTL—l) = (_1)n_1kn—1 (66>
00DO0(6.2), (6.3)000

nin n— 1
DnTn + Pn—1 ~ kot
ann_’_qn—l

ki +

1

k’2+. 1

' 1
kn—l + -

Tn

gogbobbd e, uodbbboogobbbde, —oolOOU

N 1
29_:]{;0_’_
an

ky + 1

1

ko +

1

ke
? * k‘nfl

00002 = [k, ki,... . k] 00D00@G5 0002 000000000000
q

n 4n
ggooobod

lim 2 =4 (6.7)

n—00 gy,

gogbbobuoooobbbdug0b0bbooogooon

T = [ko,kl,kg, .o ]

0000670000000y, = [k, k..., k] = 2 0000r>100000

In
k,0O0OOOO0OO0O000(64)000{¢,}00000000000000
l=q <q <gn1<gu<-

O0000000oooo(e) 000

knfl

Yn — Yn—2 = (_l)n_l .
qngn—2

O000000yen —Yon-2<0, Yonr1 — 42,1 >00000000(6.5)000

Yn — Yn—1 =

12



000000y, >y, 00000000000
Y <Ys < - < Y3 < Yon—1 < Yon < Yop—2 < - < Yg < Yo,
nli_{go|y2n_y2n—l| =0

0000000000 (00000lim,e0y,00000000000)00000
lim, .wy, =20000000000

Tn Z [mn] - kna gnTy + dn-1 Z ann + dn—1 = Qn+1
goooooo

o —z| = |Pn_PnEntPna) (="
" dn dnTn + dn—1 Qn(ann + Qn—l)
1 1
< (6.8)

<32
qndn+1 qn

O00000yon < < Yo 0000lim, 0oy, =200000000000 O
0 6.1.zx=+200000

Trg = \/5, k(]:[\/i]zl,
1
T = =V2+1, k=N2+1=2,
1 \/5_1 1 [ ]
1
Ty = —— =241, k=[2+1]=2,
V2412 2=l |

T, = V241, k,=2.
DDDDDDﬂDDDDDDDD
V2=1[1,2,2,..]=11,2]
oo boooo oo boonogoogog
DDDDDDDD@DDDDDDDDDDDDDDDDDDDﬂDDDDDD
DDDDDDDDDD(6.4)DDD
Dnt1 = 2Dp +Ppo1, p2=3,p1 =1,
Gnt1 = 2¢n +Gn-1, @ =2,q1 = 1.
plzlv p2:37 p3:77 p4:177 p5:41a p6:997
=1, ¢=2 ¢=5 =12, ¢s =29, ¢s =T70,...

oooQ

1 1
—zL§=1az—1¢-Z:Lu6~,—:Lm&~,—=men-m
1 2 5 12

oooQ
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1+

gogoo 5. z= =1.6180--- 00000000000

s

gobbooogoobbodao

00 6.2 (0000000O0O0O).2000000000000D00OOOODOODOO
ggbboboogag20bboooan

T Uoooooon

ob 71. 000 «00OO0O0OO0ODOOODOOODDOODDOODDOOO0
0000000000 QUIONON0NNONOND0DDOO0ONONNDDOoOoOoOoooog

0 7.2 +6 v2000000000000#, 000000 000000000
googoooo

b 73. 0dbooobuooboobuooboobobbobooobooong

0€eQDO00D0O00D000D00e0000DO00DO00NDO00NNO00On
oon
f(x) = apr™ +ar2™ + -+ a,, a; €Z,a9>0

0000 ged(ag,...,a,) =100000000000
H(a):max{|a0|,|a1|,...,|an|}

O000f(z)0 a0 0000000000000 0O0O0O00O0O0O0O0O0O00O0 f(x)

0000000000000 00000 (0000000 0)00O0O f'(a)#00

O0000000n>20000f(x)000000000C0ODOOO ]—j,q21DDDDD
q

¢V(§):awn+“'+%ﬂ"#0

0000000000000 00D00O00000D0 1000000 f(a)=000
gogbbobooogbbbodo

f<§> =f(§) ~ fla) = (g_a) £, le—al< ]g—a

DDDDDDgDDDDDDF—@
q

<100000E—al<1, ¢ <]a/+100
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gbooboogo

nplP n|P
qf() =q¢" |- -«
q q

n—1

o = lalg
Lol >0 - () fa] + 1
Lol > - H(@)(al + 1

— g—a H(a)(yaiﬂ)”l@.

()]

IA
)
3

VAN
)
3

IA
)
3

W
- -
D

>1gbooooM<1000

gogboboogn

nleDDDDa:%ﬁ>ODDDDDDDDDDf@%:M—aDDDDDD
H(a) =max{|al,p} 00002 £a0000
q

‘E_a‘zwziz 1 .
q bg bg — H(a)q

1
0000M=——000002+e0000
H(a) q

- — Z

V
q

q

gobbobooooboood
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00 74 (00000000).«0n000000000000000O00OO B#a
q

gododd
a_zz’ZM
q qr

goooboobooMO Ooboobooboobobboboon

1
H(a)(|a| + 1)n=tmt

oo 75.r>20000000

—k!
r k!
1

oo
o=
k=

bbb« bbO0OOooooboon

00] S,=",r* 000008,000000008,=200000
q

000000000000g,="0000e«000000000000a00
00000000 7400000000000 M >00000000000
no?+e00000o

q

M

q q
ooooooooosS,#«0000000000m=1,2,..00000

‘ Prm M M
R [ T R
dm (Qm) r
ooo
0< P Z r k!
dm k=m+1
< Z T—N:r—(m—f—l)!zr—k
N=(m+1)! k=0
! 1
T 1 — - Lpml
0ooQg

pmin S1C p—1p(m+nt?

(m+1—n)m! <
M1 —r-1)
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gobodnmbOOOoooObOO0o0oobbbooobboobbboombbOOoon
gogoboobobbbm>n00000000000O000000O0OODOOO0O
g [l
Ubbdedgbouogobbobobbuooboooobboboboobooboo
gbooobbodb 000000000

o = [k’o,kl,...].
P ko ks, ... k)00 OO0 (6.8) 00
dn
n 1 n
0< a—p— <=, ]imp_:&
dn qn n—00 (Ip,
oogg

8 Luoboooon

Jdd~000000000O0O0OOODODO0O
12n
_ —,.n o no_ — k
flz) = —=z"(1 —x) —n!chx
k=n

0000 ezZ00U000<2z< 100000

0< fr) < F(0)=0

0000m<n000m>2n0000fM™0)=00000nr<m<2n0000
fFm(0) = Tcm =m(m-—1)---(n+1)c, € Z
0000 00oo0oo0O0
fMO0)eZ (Ym€Z, m>0). (8.1)
fl—2)=fx)0D0DDOO0O
f™1) ez (YmeZ, m>0). (8.2)
DDDDHDDDDDDDDDDDDDﬁ:%wﬁDDDDDDDDDDDDD

n

Gla) =Y (=)o =2m fem) ()

m=0
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D[][]Dlﬁwmk%nzzb”<%>nim — ¢y e 7.0 (8.1), (82)000G(0) € Z,

G(l)ezOOOOOOOO

di {G'(z)sinmz — 7G(z) cos a}

T
= G"(x)sinmz + 7G'(z) cosmx — G’ () cos T + 7>G(z) sin T
= {G"(z)+7°G(z)} sinTz.

goon

G//(I)+7T2G(l’) - Z(_1>mﬂ2n72mf(2m+2)(x)

m=0
n

+b Z (—1)m7'('2n_2m+2f(2m) (J:)

m=0
n+1

- Z (_1)m’71ﬂ_2n72(m’71)f(2m’)(x)

m'=

n

4+ Z (_1)mﬂ_2n—2m+2f(2m) (ZE)

m=0
— bnﬂ_2n+2f(x>

= 7'd"f(x)
goooog
di {G/(z)sinmz — 7G(x) cosmr} = m2a™ f(x) sin 7.
x

goooodg

1
— G(z) cosmx
0

G'(z)sinmx

Wfola"f(x)sinmvd:v = { -
= G(1)+ G(0) € Z.

goon
Ta

n
n! n!
n n

0000w —=0000000,0000000000°<100000
mn. n:
nooo

1 1
0<7T/ a"f(x)sinmcdx<7r/ e =
0 0

1
0< 7r/ a"f(z)sinTrdr <1
0

00000000000000000000000000000000#2000
gboobuobd«0O00boonog
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