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0 Introduction

k � 2 �! �"!#%$ Dk �'&)(+*!,!-�"/.)0!12&)()"'3+$54)6/7�8%9!:!;�0!4)<'=+$ k

(2>@?!A!B�C'D!E@F)G'*@,!- Dk (2H@I!J!I 2 K 2 �!L!-�('>!?�M'N!E�('O!P�" 1 Q
1 Q@R@.�0@1 f(u, v) = au2 + buv + cv2, a > 0 �+*@,@- Dk (+H@I@J@I 2 K 2 �@L@-
"/.�0@1 2 �!S@T@- f(u, 1) = au2 + bu + c = 0 (+U)�

θ =
−b +

√
Dk

2a
, θ′ =

−b−
√

Dk

2a"!#%$ ω = aθ "%V�W!X+$ {1, ω} G k (+H!I@Y)(+Z![@\)]�^_$ a = [a, ω] G@`+D)a a (
H@AbBcCdDb\c]@0b1 f(u, v) (d>b?cMdNbE�" a (d>b?cMdNbEc�+QbRfehgc0bi�"d=b4@j
:!$@k�( 1 Q 1 Q@R�l'm�8%9�0@1
��=+$ k �+n 2 �@ @$ k 6= Q(

√
−3) "%.)0@1 2 K 3 �@L@-

x(u, v) = x1u
3 + 3x2u

2v + 3x3uv2 + x4v
3, xi ∈ Z (1)

('*@,@-�l 27|Dk| \)]@0�"%.�0@1

Hx(u, v) = − 1

36

∣∣∣∣∣∣∣∣∣

∂2x

∂u2

∂2x

∂u∂v

∂2x

∂u∂v

∂2x

∂v2

∣∣∣∣∣∣∣∣∣

(Hessian of x),

= (x2
2 − x1x3)u

2 + (x2x3 − x1x4)uv + (x2
3 − x2x4)v

2,

"/V�W@Xd$ Hx(u, v) G+*@,@- Dk (+o@p@N 2 K 2 �@L@-@\�]@0@1 Ck � k (+A@B�C+D
E!F�"@#%$ C

(3)
k �+&�( 3-torsion q@r@F�"/.�0@1

C
(3)
k = {c ∈ Ck; c3 = 1}.

&s()"23'$ x(u, v) ( SL2(Z)- M'N!Es='Qt#/:u$ Hx(u, v) (!M'NuE)=2Q!Ru.)0 k ('AuB
CvDuE5�wQuRxeyg50zis"w=z4{j|:u$ (1) (wLs(w*z,u- 27|Dk| ( 2 K 3 �zLz-s( SL2(Z)-

M'NbE�(+O@P�}�8 C
(3)
k (+k@~�(d�@�@��l+m�8h9�0 (cf. [2], Prop. 2.4) 1+�@�@�@\�G+$

3 �b c(+AbBcC+DbEbF�( 2-torsion qbr@Fc=dQ�#h:b$)ib(b4c<+�bic"+(dEb��ld�f^%�� i�"+�+�@��#%�@;)1
1



1 3
�

2 �������������
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Ṽ = 4!j+: $ 3 ��� Q������ �  ( � .�� �"! D�# $ ��% . 1 x̃ ∈ Ṽ ={Q # : $

g1 ∈ GL3(R) ('&)(�� ,

g1 · x̃ = g1x̃
tg1 (2)

=!4@j+:@p@?@.�0@1 2 K 3 �@L@- F (u, v) =+Q�#%:@$ g2 ∈ GL2(R) ('&)(��
(g2F )(u, v) =

1

det g2
F ((u, v)g2) (3)

=!4@j+:@p@?@.�0@1
G = GL3(R) × GL2(R), V = Ṽ ⊕ Ṽ "|V 6 1 x = (x1, x2) ∈ V = Qf#h: $ g =

(g1, g2) ∈ G, g2 =

(
a b

c d

)
∈ GL2(R)$�('&)(��+$

gx = (ag1 · x1 + bg1 · x2, cg1 · x1 + dg1 · x2) (4)

=!4@j+:@p@?@.�0@1+*+�@$ x = (x1, x2) ∈ V =+Q�#%:@$ 2 K 3 �@L!- Fx(u, v) �
Fx(u, v) = det(ux1 + vx2) (5)

=!4@j+:@p@?@.�0@1'&�(�"+3+$
Fgx(u, v) = (det g1)

2(det g2)(g2Fx)(u, v) (6)

l2��^/� � 1 2 K 3 �uL@- F (u, v) = f1u
3 + f2u

2v + f3uv2 + f4v
3 ('*!,!- D(F ) G

D(F ) = 18f1f2f3f4 + f2
2 f2

3 − 4f1f
3
3 − 4f 3

2f4 − 27f 2
1f2

4

=u4@j':-,/.)8/9�0!1 Fx(u, v) ('*@,!-)� P (x) "0%@g)X'$ P (x) G x = (x1, x2) ('�r (12 1@I ) (+H!I@J@I�( 12 ��M+�@-!\�]�^ $
P (gx) = (det g1)

8(det g2)
6P (x) (7)

�32z� . 1 VC = V ⊗RC " .z9 Xw$ VC−{P (x) = 0} G34 � ( GC = GL3(C)×GL2(C)-5+6 \�]�^ $ (V, G) G'7+8)9)�/�:! D)#/$+\�]!0@1 P (x) G (V, G) (+Z@�);@Q)<+1@-
\)]@0@1@i@('7)8)9)�=�:! D)#/$ (V, G) G Wright- >+? [3] =+V@;@: 4 �! ��'@/A)B
!0A+A/C+.�0)D@(�"!#%:)E)F�8%9@:@;�0!1
Γ = SL3(Z) ×GL2(Z) "%V�6w1 L̂ =@4bj':@$bH@I@J@Ic( 3 �@Q)�)�G��('HcC+�b 
(!�+. V ('I+J��'%@. 1 L̂irr =@4@j+:@$ Fx(u, v) l Q k)K+L@\�]@0@4�<'� x (@�+.
L̂ (+q!r@O!P)�'%!. 1NM�8'}@='$ L̂, L̂irr G Γ- <+1@\)]@0!1 Γ\L̂irr " 3 �@ )(+A!B�C
D!E@F�()O'P��'E)F!�@;�1+��( 2

� ('Q�G+&�(+�/R!('S)T@\�]@0@1
2
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F (u, v) = f1u

3 + f2u
2v + f3uv2 + f4v

3 �'H!I!J@I 2 K 3 �!L!-�"/.)0!1 f1 > 0 }�
F (u, v) G Q k+KGL@\�]b0�"h.�0@1 F (u, 1) = 0 ('4 � (dU θ ∈ Q ⊂ C ��"@^ $ 3

�! K = Q(θ) ���/.!0@1
ω1 = f1θ, ω2 = f1θ

2 + f2θ + f3 = −f4

θ

"/V�6@"%$ 




ω2
1 = −f1f3 − f2ω1 + f1ω2,

ω2
2 = −f2f4 − f4ω1 + f3ω2,

ω1ω2 = −f1f4.

(8)

4!j+:@$
O = [1, ω1, ω2] = Z + Zω1 + Zω2

"/VcW@X+$ O G K (+H@Y@\c]@0@1G*'�b$ O ('*b,@-�G F (u, v) (+*@,b- D(F ) =��
#/;�i�" D����)=��@}!0@1 (f1, f2, f3, f4) = 1 \�]@0�"'3+$ F (u, v) G������!\�]@0)"
;�<v1��@- (8) }�8%$@��( 2

� (����)l�����=+\�0@1
���

2.1. b = [f1, ω1 + f2, ω2] G O- A@B�C+D@\�]�^ $ (O : b) = f1 \�]@0!1���
2.2. F (u, v) l����� ���8+X+$���� 2.1 ( b G�!�" O- A@B)C+D@\�]�^ $@&�(�"

A!B�C+D b
−1 G b

−1 = [1, f−1
1 ω1, ω2] =@4!j+:),/.�8%9�0@1���

2.3. F (u, v) l����� ���8+X'$ b
−2 = [1, θ, θ2] l+��^%� � 1

[ #/M ] ��� 2.2 4�^ $
b
−2 = [1, θ, θ2, ω2, θω2, ω2

2 ] = [1, θ, θ2].

�c=d$ γ =

(
a b

c d

)
∈ GL2(Z) � F (u, v) = &)(fe%gb�f"+3d$ K (dHbY O "h&

(+AbBcCdD b l%$b<d�b0@}b� EGFc4c<v1 (γF )(u, v) = f ′1u
3 + f ′2u

2v + f ′3uv2 + f ′4v
3

"d} ;b: $ (γF )(u, v) ='&)( .c0 HbY "h& (dZ [c� $ O′, 1, ω′1, ω
′
2 "h. 0b1�e 8d= $

b
′ = [f ′1, ω

′
1 + f ′2, ω

′
2] "%V�6v1+&�()"+3+$@��(�����l*����=�+�e%9�0@1���

2.4. O′ = O, b
′ = (a− bθ)b.

3 3 �	,��	
	�����	-	.�� 2-torsion /	0	.
K � 3 �! @$ OK � K (+H@I!Y@$ EK � K (+�@I!F@$ IK � K (+r!I@A!B�C+D)(
�'.)1�2@F@$ CK � K (+A@B�CdD@E@Ff"%.�0@1ce!8d=+$ EK,1 =@4@j+:@$�`+D�a@l 1

3



(2�@I)(!�'. EK ('q!r!F�� %�#/$ C
(2)
K = {c ∈ CK ; c2 = 1} "/.)0!1 b ∈ K× ='Q�#

:!$ (b) = bOK "+}�6v1 K× (+q@r@F B1 �
B1 = {b ∈ K×; NK/Q b ∈ (Q×)2, (b) ∈ I2

K}

=u4zj2:!p!?u.)0!1 EK,1(K
×)2 ⊂ B1 \s]!0!1 b ∈ B1 =!4zjw: � %�e/9)0 B1/(K×)2

('K�� [b] \)%@. 1 b ∈ B1 =+Q�#%:@$ (b) = a
2 "'�@0+r@I@A@B�C+D a l'4��� �=+p/*

0u1 [a] =!4uj2:!$ a (��!.)0'A!B)C'D!E)� %!. 1v&)()"'3'$ (b) = a
2 4s^ $ [a] ∈ C

(2)
K\)]@0@1����

φ : B1 −→ C
(2)
K

� φ(b) = [a], (b) = a
2 $�=@4@j+:bpb?b.c0b1@id9cGGMc8d}b=+Fc( ScM	�b\c]b0b1�e

8'=+$ φ G'�@�@\�]�^ $ kerφ = EK,1(K
×)2 \�]@0@i�"+l�����=��@}@0@1�
��@$ φ G

M��
B1/EK,1(K

×)2 ∼= C
(2)
K

�
�@3���i+. 1 DK > 0 (�"+3+$ r = 2 $ DK < 0 (�"+3+$ r = 1 "%V�W@X+$ Dirichlet

('�@I@p���=@4@j+:!$
EK,1(K

×)2/(K×)2 ∼= EK,1/E2
K,1

∼= (Z/2Z)r

\)]@0@1��@k/*�"'R!0�"%$
���

3.1. |B1/(K×)2| = 2r|C(2)
K |.

4
���

x = (x1, x2) ∈ L̂irr "%.c0b1 θ � K)L 3 �bSbT@- Fx(u, 1) = 0 ( 4 � (+Uf"@#h$ 3

�! K = Q(θ) "%&�('H@Y O = [1, ω1, ω2] �*�/.@0@1@i@i+\@$
Fx(u, v) = f1u

3 + f2u
2v + f3uv2 + f4v

3

"d} 6 "d3 $ ω1 = f1θ, ω2 = −f4/θ \ ]b0 1���� �c8 X $ x � −x \ V 3b}�.d: $
f1 > 0 "!#%:�4+;�1
�
�!$ O = OK \)]!0)"/.)0!1v&)()"'3'$ Fx(u, v) G*���� !\)]!0!1 ∆ij =!4uj2:u$

θx1 + x2 ( (i, j) ��� J��'%@. 1 αj = −∆1j , j = 1, 2, 3 "%V�3d$ α = (α1, α2, α3) "Vt6w1 det(θx1 + x2) = Fx(θ, 1) = 0 4)^ $ α(θx1 + x2) = 0 \)]@0!1 ax = [α1, α2, α3]"/V�6v1
���

4.1. ax G K ( 0 \��+;!r@I!A!B�C'D@\)]!0@1���='$ {α1, α2, α3} G K ( Q k
('Z@[@\�]@0@1

4



[ # M ] f1 = det x1, f4 = det x2 4c^ $ f1x
−1
1 , f4x

−1
2 GdHbIbJbIc( 3 �G�G�b\c]

0!1�#%��l@j+:@$ α(θx1 + x2) = 0 4�^ $
ω1α = −αx2(f1x

−1
1 ), ω2α = αx1(f4x

−1
2 )

�2m�0!1 i'9)G ax l OK- AuB)C+D!\)]!0!i)"'�*+�#%:!;)0!1 ax G 0 \)�';)i�"'�*+
&�<v1)D�#%$ ax = 0 "%.�0�"%$ ∆1j = 0, j = 1, 2, 3 \�]@0@1 1, θ, θ2 G Q k 1 � � �
\)]c^ $ ∆1j ( θ2 (+JbI�G x1 ( (1, j) � �'J@\�]b0@}�8h$ f1 = det x1 = 0 "+�@0@1
i'9�G+$ Fx(u, v) l Q k)K)L!\�]@0@i�"+=����@.)0@1

K (������ K(1) = K, K(2), K(3) "@#h$ α 7−→ α(i), i = 1, 2, 3 � K (��������f"
.)0@1 α(i) = (α

(i)
1 , α

(i)
2 , α

(i)
3 ) "%.@9�X+$
α(i)(θ(i)x1 + x2) = 0, i = 1, 2, 3 (9)

\)]@0@1��@- (9) \����)�+����"%9�X+$
(θ(j)x1 + x2)

tα(j) = 0, j = 1, 2, 3. (10)

�!- (9) =�	�}c8 tα(j) �@}@Ww$��!- (10) =�
�}�8 α(i) �@}@Wb0@i�"d=@4@j+:@$ 1 ≤
i, j ≤ 3 =+Q�#%:@$

α(i)(θ(i)x1 + x2)
tα(j) = 0,

α(i)(θ(j)x1 + x2)
tα(j) = 0

�'m�0@1@i@(�����"/9�X+$
(θ(i) − θ(j))α(i)x1

tα(j) = 0

"'�@0@l+$��@p�}�8/$ i 6= j ()"+3+$ θ(i) 6= θ(j) \�]@0!}�8%$
α(i)x1

tα(j) = 0, i 6= j (11)

�'m�0@1�#%��l@j+:!$
α(i)x2

tα(j) = 0, i 6= j (12)

D��@}@0@1
T = (α

(i)
j ) =




α
(1)
1 α

(1)
2 α

(1)
3

α
(2)
1 α

(2)
2 α

(2)
3

α
(3)
1 α

(3)
2 α

(3)
3




"/V�W@X+$���� 4.1 4�^ $ ax G 0 \��+;@r@I!A@B�C+D@\�]@0@}�8/$
det T 2 = D(ax) = N(ax)2DK 6= 0

5



\)]@0@1
β = x1[α] = αx1

tα ∈ K

"/V�W@X+$��@- (11), (12) G �)� T �'(@;@:@��(@4)<+='%@g�0 :

Tx1
tT =




β(1) 0 0

0 β(2) 0

0 0 β(3)


 ,

Tx2
tT = −




θ(1)β(1) 0 0

0 θ(2)β(2) 0

0 0 θ(3)β(3)


 .

i'9�}�8%$
NK/Q β = det(Tx1

tT ) = f1 det T 2 = f1N(ax)2DK 6= 0, (13)

T (θ(1)x1 + x2)
tT =




0 0 0

0 (θ(1) − θ(2))β(2) 0

0 0 (θ(1) − θ(3))β(3)


 (14)

�'m�0@1 (13) " (14) }�8 ��� ='$@���+m�0 :

���
4.2. 3 �@Q+�)�)� θx1 + x2 (��@I�G 2 \�]@0@1

���
4.3. �)� 4.2 4c^ $ v(θx1 + x2) = 0 � 2b�b. v = (v1, v2, v3) ∈ K3 − {0} G

K× (+K�=@4@0	��
/A�������
@;!:)4��� �=+p/*@0@1
�)�

4.4. 3 � QG���G� θx1 + x2 ( (i, j) � � J � ∆ij "|.c0 1'& ( "d3 $	���c(
1 ≤ i ≤ j ≤ 3, 1 ≤ i′ ≤ j′ ≤ 3 =+Q�#%:@$ ∆ij∆i′j′ = ∆ii′∆jj′ l'��^%� � 1

[ #/M ] 3 �@Q)�)�G� (∆ij) ( 2 ���)�G�@-�G+$ det(θx1 + x2)(θx1 + x2) (+�@rb\]!0@1 det(θx1 + x2) = 0 \�]@0@}�8%$@&@9)G+.)F@: 0 \�]@0@1��� =@4@j+:@$@�)(������+m�0@1
���

4.5. δ = 3f1θ
2 + 2f2θ + f3, xk = (xk,ij), k = 1, 2 "%.)0�"+3+$
3∑

i=1

3∑

j=1

x1,ij∆ij = δ,

3∑

i=1

3∑

j=1

x2,ij∆ij = −θδ

l'��^%� � 1

6



Fx(u, v) G*���� @\)]!0@})8/$ b = [f1, ω1 + f2, ω2] "yV�W!X+$ ��� 2.1, 2.2, 2.3 4
^_$ b G@`+D�a f1 ('HbA@B�CdD@\�]c^ $ b

−2 = [1, θ, θ2] \�]@0b1���� 4.4 " �)� 4.5

4)^ $
β =

3∑

i=1

3∑

j=1

αix1,ijαj =

3∑

i=1

3∑

j=1

x1,ij∆1i∆1j

= ∆11

3∑

i=1

3∑

j=1

x1,ij∆ij = −α1δ

�+mc0@1@id9�}c8%$ NK/Q β = −NK/Q α1NK/Q δ �+mc0@1 NK/Q δ = −f−1
1 D(Fx) =

−f−1
1 DK \�]@0@}�8%$��!- (13) 4�^ $

NK/Q α1 = f2
1 N(ax)2 (15)

�'m�0@1
� �

4.6. α−1
1 a

2
x = b

−2.

[ #/M ] a
2
x G αiαj , 1 ≤ i ≤ j ≤ 3 =@4@j+: Z k��@��e%9�0@1*��� 4.4 4�^ $

αiαj = ∆1i∆1j = ∆11∆ij = −α1∆ij

\5]u0u}s8 $ α−1
1 a

2
x G ∆ij � � =u4{j : Z k��u�xey9s0u1 �5=2$ α−1

1 a
2
x ⊂ b

−2 \s]u0u1
N(α−1

1 a
2
x) = f−2

1 = N(b−2)

\)]@0@}�8%$ α−1
1 a

2
x = b

−2 �+m�0@1
B1 � §3 =+V@;!:@p@?�#%� K× (+q@r@F�"%.�0@1

bx = α−1
1 = −∆−1

11

"yV)W!X2$'�u- (15) 4)^ $ NK/Q bx ∈ (Q×)2 \)]!0u1���� 4.6 4)^ $ (bx)a2
x = b

−2 \
]!0@1�#%��l@j+:@$ bx ∈ B1 \)]@0@1

x′ = γx, γ ∈ Γ "hVf6 1+&c(c"+3d$ bx′ " bx (GO+JcG $b<+�@j+:b;�0b}'EGF�4c<v1
*�� $ γ = (γ1, 1), γ1 ∈ SL3(Z) ()"'3!�*� .!0!1 x′ = (x′1, x

′
2), x′k = γ1xk

tγ1 \)]!0!1
Fx′(u, v) = Fx(u, v), #/�)luj2:!$ θ G 1 �)8'�';)1 θx′1 + x′2 ( (i, j) ��� J)� ∆′

ij "}!W@X+$ θx′1 + x′2 = γ1(θx1 + x2)
tγ1 4�^ $

(∆′

ij) = tγ−1
1 (∆ij)γ

−1
1

\ ] 0 1 α′j = −∆′
1j "vV W X $ ax′ = [α′1, α

′
2, α

′
3] \ ] 0 1'4 S $ (η1, η2, η3) =

(α1, α2, α3)γ
−1
1 "%V�W@X+$ {η1, η2, η3} G ax (+Z@[@\�]�^_$

(η1, η2, η3)(θx
′

1 + x′2) = 0

7



\s]!0!})8/$ � � 4.3 =!4uj2:!$ µ ∈ K× \ (α′1, α
′
2, α

′
3) = µ(η1, η2, η3) "'�!0+D!(!l��� .�0b1)#h�cl!j+:b$ ax′ = µax \�]b0@1 bx′/bx ��� R@4c< 1 γ−1

1 = (cij) "d}�6v1
��� 4.4 4�^ $

α1α
′

1 = ∆11∆
′

11

=
3∑

j=1

3∑

k=1

cj1∆11∆jkck1 =
3∑

j=1

3∑

k=1

cj1∆1j∆1kck1

=

(
3∑

i=1

ci1∆1i

)2

=

(
3∑

i=1

ci1αi

)2

= η2
1 .

#/��l@j+:@$ α′1 = µη1 4�^ $
bx′

bx
=

α1

α′1
=

(
η1

α′1

)2

= µ−2 ∈ (K×)2

\�]b0b1'�c=d$ γ = (1, γ2), γ2 =

(
a b

c d

)
∈ GL2(Z) (c"d3b��� .b0@1@ib(�"d3d$

x′ = (x′1, x
′
2), x′1 = ax1 + bx2, x′2 = cx1 + dx2, Fx′(u, v) = Fx(au + cv, bu + dv) \)]

0!}�8%$ Fx′(u, 1) = 0 (+U θ′ "@#/:@$
aθ′ + c

bθ′ + d
= θ, θ′ =

dθ − c

−bθ + a

� 2@�@./D@(@l�"%9)0@1+&�(�"+3+$
θ′x′1 + x′2 =

dθ − c

a− bθ
(ax1 + bx2) + (cx1 + dx2)

=
1

a− bθ
{(dθ − c)(ax1 + bx2) + (a− bθ)(cx1 + dx2)}

=
det γ2

a− bθ
(θx1 + x2).

#y��luj2:!$ θ′x′1 + x′2 ( (i, j) ��� J�� ∆′
ij "/.!9)X'$ ∆′

ij = (a− bθ)−2∆ij \)]!0!1
ax′ = [α′1, α

′
2, α

′
3],

α′j = −∆′

1j = −(a− bθ)−2∆1j = (a− bθ)−2αj , j = 1, 2, 3

\)]@0@}�8%$ ax′ = (a− bθ)−2
ax \)]@0@1)*+�@$

bx′

bx
=

α1

α′1
= (a− bθ)2 ∈ (K×)2

\)]@0@1
Fx(u, v) =*&�(!.)0'H!Y O l 3 �! K ('H!I!Y OK =*��#/;)4)<'� x ∈ L̂irr �! (!�+.@O@P�� L̂OK

(1) \)%@. 1+k�=��)F!��i�"+�)*�"'R+9�X'$@��( �����+m�0@1
8



� �
4.7. x ∈ L̂OK

(1), γ ∈ Γ =+Q�#/:@$ bγx/bx ∈ (K×)2 l+��^/� � 1
x (��@.c0 Γ- M'NbE�� [x] \)%b. 1 ��� 4.7 }�8h$ Φ([x]) = [bx] "%V�6di�"+=b4@j
:!$����

Φ : Γ\L̂OK
(1) −→ B1/(K×)2 (16)

�'p@?@\�3@0@1���� 3.1 4)^ $ |B1/(K×)2)| = 2r|C(2)
K | \�]@0@1��� G+$�i@(�"��b3@=+$G,=.c8%9@� B1 (+Kc}�8%$ L̂OK

(1) =��@.�0 3 �@Q)�)�G�
( H�C@���@��#+4�< 1����� �} � K)L�� 2 K 3 �@L@-

F (u, v) = f1u
3 + f2u

2v + f3uv2 + f4v
3, f1 > 0

�2$ F (u, v) =*& (!.)02H!Y)l 3 �! K ('HuI!Y OK =*�t#!6'�u0!4)<2=)"'0u1 K =
Q�#%:@$�i@(@4�<+� F (u, v) G GL2(Z)- M+N���
@;@:)4��� �= ��� .�0@1 K = Q(θ),

F (θ, 1) = 0, OK = [1, ω1, ω2] \�]!0@1@i@i+\@$
ω1 = f1θ, ω2 = f1θ

2 + f2θ + f3

\)]@0@1 b = [f1, ω1 + f2, ω2] G@`+D�a f1 ( K (+H@A@B�C'D@\�]@0@1
b ∈ B1 "%.)0@1 B1 (+p@?�" ��� 2.3 }�8%$

(b)a2 = b
−2 = [1, θ, θ2] (17)

l'��^%� � 4�<'�+r@I@A@B�C'D a l � � .�0@1 {α1, α2, α3} � a (+Z@[�"%.@9�X'$��
- (17) }�8%$

bαiαj =

2∑

k=0

θkyk,ij , yk,ij ∈ Z, 1 ≤ i, j ≤ 3 (18)

"'}@W@0@1 k = 0, 1, 2 = � ;@:@$ Yk = (yk,ij) "%V�6v1 Yk G+H@I@J@I�( 3 �@Q)�)�)�
\)]@0@1)*+�@$

W = (αiαj) = t(α1, α2, α3)(α1, α2, α3)

"/V�6v1+&�(�"+3+$��@- (18) �@}@3!�+V�#%:@$
bW = Y0 + θY1 + θ2Y2 (19)

�'m�0@1 (α1, α2, α3) = (1, ω1, ω2)A, A ∈ M3(Q) "'}�6v1)*+�@$

(1, ω1, ω2) = (1, θ, θ2)A0, A0 =




1 0 f3

0 f1 f2

0 0 f1




\)]@0@1 i@i'\@$
W0 = t(1, θ, θ2)(1, θ, θ2)

9



"/V�W@X+$ W = tAtA0W0A0A \)]�^ $

W0 =




1 θ θ2

θ θ2 θ3

θ2 θ3 θ4


 = Z0 + θZ1 + θ2Z2

"0%@g�0@1+� � #%$

Z0 =




1 0 0

0 0 − f4

f1

0 − f4

f1

f2f4

f2

1


 , Z1 =




0 1 0

1 0 − f3

f1

0 − f3

f1

f2f3−f1f4

f2

1


 , Z2 =




0 0 1

0 1 − f2

f1

1 − f2

f1

f2

2
−f1f3

f2

1




"/V@;@��1 b(1, θ, θ2) = (1, θ, θ2)R(b), R(b) ∈ GL3(Q) "+}@W@0@1�#%��l@j':@$
bW = tAtA0W0bA0A = tAtA0W0R(b)A0A

= tAtA0(Z0 + θZ1 + θ2Z2)R(b)A0A.

4+1@I t (+H@I@J@I�(����@-��+�@r�"%.)0 3 �@Q)�+�)� Y (t) �
Y (t) = Y0 + tY1 + t2Y2

=!4@j+:@p@?@.�0@1 Z(t) = Z0 + tZ1 + t2Z2 "%V�W@X+$
Y (t) = tAtA0Z(t)R(b)A0A

\)]@0@1
det R(b) = NK/Q b = N(a)−2f−2

1 = (det A)−2f−2
1 , det A0 = f2

1 ,

\)]@0@1)*+�@$ ��� =@4@j+:@$
det Z(t) = −f−2

1 F (t, 1)2

l��@}@0@1@4@j+:@$
det Y (t) = −F (t, 1)2

�2m�0!1 F (t, 1) G θ ( Q k)(��	�����!-@\)]!0@1 Y (θ) = bW ( �+�/� ! D�G'.+F@:
t(α1, α2, α3) ( K× (dKc=@4b0�� 
/A � �@\c]@0b}�8h$ rankY (θ) = 1 \c]b0@1 Y (t)

( (i, j) � �'Jc� ∆̃ij(t) "%.�0�"h$ rankY (θ) = 1 4�^ $ ∆̃ij(θ) = 0, 1 ≤ i, j ≤ 3 \
]!0@1�#%��l@j+:@$ ∆̃ij(t) D Z[t] =+V@;@: F (t, 1) \���^	�@9�0@1'&�i+\@$

X(t) =
1

F (t, 1)
(∆̃ij(t))

10



"yV)W!X2$ X(t) G'H!IuJ!Is( t ( ��� 1 �u-)�'�ur�"y.)0!4s<'� 3 �!Q-�+�-�!\)]u0!1
#/��l@j+:@$ X(t) = tx1 + x2, x1, x2 G+H@I@J@I�( 3 �@Q)�)�)��"+}@W@0@1

X(t)Y (t) =
1

F (t, 1)
det Y (t) 13 = −F (t, 1) 13 (20)

4s^ $ det X(t) = F (t, 1) �'m)0!1 i'9sG'$ x = (x1, x2) "/VsW!X'$ Fx(u, v) = F (u, v)

�����@.)0@1!4uj+:@$ x ∈ L̂OK
(1) \�]!0@1 �@k�=@4uj+:@$ b ∈ B1 }�8%H@I!J@I 3 �

Q)�G�G��( HcC x = (x1, x2) ∈ L̂OK
(1) \b$ Fx(u, v) = F (u, v) � 2@�b. D@(b� �@�

.)0@i�"+l+\�3+��1
F (u, v) ���'p�#/��"'3'$ (b)a2 = b

−2 � 2!�!.!r!I!A!B)C'D a G b ='Q�#/:+4
�� 
=2p=*!0!l'$ a ('Z![)()"!^'}'�)G';��';��!]!0!1v&si'\!$ a (',)('Z![ {α′1, α′2, α′3}� "dj+:
	 0 1+& ( "{3{$ (α′1, α

′
2, α

′
3) = (α1, α2, α3)γ1, γ1 ∈ GL3(Z) "{} W 0 1

W ′ = (α′iα
′
j) "%V@;!:@$@H@I@J@I�( 3 �@Q)�)�)� Y ′

k, k = 0, 1, 2 �
bW ′ = Y ′

0 + θY ′

1 + θ2Y ′

2

=@4@j+:bp Rb0 1+&�( "d3d$ bW ′ = tγ1(bW )γ1 \c]b0b}c8h$ Y ′

k = tγ1Ykγ1 \c]b0b14!j+:@$
Y ′(t) = tγ1Y (t)γ1.

X ′(t) = −F (t, 1)Y ′(t)−1 "%V�W@X+$
X ′(t) = γ−1

1 X(t)tγ−1
1 .

# �sl j :u$vZu[ {α′1, α′2, α′3} }s8 p *z02HzIuJzI 3 �uQN�N�-�5( H5Cu� x′ = (x′1, x
′
2)"/.�0�"%$

x′k = γ−1
1 xk

tγ−1
1 , k = 1, 2

\)]@0@1��).@='$ x′ = (γ−1
1 , 1)x \�]!0@1 det γ1 = −1 ��8'X+$ γ1 � −γ1 \!V�3@}+.:/Db4+;c}�8h$ [x′] = [x] \c]@0b1'�c=d$ b � bλ2, λ ∈ K× \bV�3b}).d:�	c0@1+&�(

"'3+$
(bλ2)(λ−1

a)2 = b
−2

\ ]z0 }58 $ a G a
′ = λ−1

a \zV53 }N. 8 9 0z1 a
′ (wZ [x" # : $ λ−1α1, λ

−1α2, λ
−1α3�5"/9sX2$ W ′ = (λ−2αiαj) \s]u0u}s8y$ bλ2W ′ = bW \s]u0u1@#y�sl jv:u$ bλ2 "2i

(u4�<'=)"2j'� a
′ ('Z![�})8/m�8/9�0'H!I!J!I�( 3 �!Q+�+�+�)('H)C!G x = (x1, x2)(-*+*2\)]u0!1 �uk)=u4zjw:u$ x = (x1, x2) ∈ L̂OK

(1) (uM'NuE [x] G [b] ∈ B1/(K×)2

(
	c=@4@j+:@p/*@0@ic"+l�+�e%9b��1 X(t) = tx1 + x2 ( (i, j) � �'J�� ∆ij(t) "%.0!1 (20) 4�^ $
Y (t) = −F (t, 1)X(t)−1 = −(∆ij(t))
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\)]@0@1 ∆ij = ∆ij(θ) "%V�W@X'$
−(∆ij) = Y (θ) = bW (21)

�'m�0@1 (21) 4�^_$ bα2
1 = −∆11 \�]@0@1@4@j+:@$
bx = −∆−1

11 = b−1α−2
1 = b(b−1α−1

1 )2,

.)��� � $ Φ([x]) = [bx] = [b] \�]!0@1��@k�=@4@j+:@$ Ψ([b]) = [x] =!4@j+:@$����
Ψ : B1/(K×)2 −→ Γ\L̂OK

(1)

l'p@?�e%9@$�i+9�G Φ(Ψ([b])) = [b] �'2@�@.�i�"+l��@}@j+��1
� � =+$ x = (x1, x2) ∈ L̂OK

(1) =+Q�#%:b$ Ψ(Φ([x])) = [x] l+��^%� � i�"+��+@&
< 1����!� γ2 ∈ GL2(Z) �)"'j':u$ x � (1, γ2)x \!V)3@}+.!0@i)"'=@4!j':u$sG��'R})8%$ Fx(u, v) = F (u, v) \�]@0�"@#/:�4+;�1 ∆ij � θx1 + x2 ( (i, j) � �'J�"%.�0@1
αj = −∆1j , j = 1, 2, 3 "yVsWuX2$ ax = [α1, α2, α3], bx = α−1

1 = −∆−1
11 , (bx)a2

x = b
−2

\)]@0@1���� 4.4 4�^ $
W = (αiαj) = ∆11(∆ij),

#y�)lzjw:!$ bxW = −(∆ij) \)]u0!1 4!Su$ X(t) = tx1 +x2 "/V)32$ X(t) ( (i, j) �
� J)� ∆ij(t) "/.)0!1 ∆ij = ∆ij(θ) \)]!0!})8/$ Y (t) = −(∆ij(t)) \s]@0!1 bx ∈ B1})8 �@��e%9�0 3 �@Q)�)�)��( H�C@G

−F (t, 1)Y (t)−1 = X(t)

4)^ $ x = (x1, x2) \�]@0@1d.)�)� � $ Ψ([bx]) = [x] l�+�e%9b��1��@kc=@4@j+:@$ Ψ

G Φ (�"����@\�]@0!i�"+l�+�e%9@$@��('p���l+m�8%9@��1
���

4.8. ��� Φ : Γ\L̂OK
(1) −→ B1/(K×)2 G+�!�@�@\�]@0@1���=+$

|Γ\L̂OK
(1)| = 2r|C(2)

K | (22)

l'��^%� � 1
���

4.9. 	�

����� � =d$��
� [1] ( ��� �+7)j+�c1+&�id\�Gd$��b � c�+QbR�G@}
}'9b:@;��+;�ld$��@- (22) ������4�<+� � I@ @k�( n �@Q)�)�)��( H�C@=)O+.c0�
� l+m�8%9@:@;�0@1
�������
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