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ISOMORPHISM BETWEEN JACOBI FORMS OF INDEX D,,.; AND
ELLIPTIC MODULAR FORMS OF LEVEL 2

SHUICHI HAYASHIDA

ABSTRACT. There are three aims in this paper: (i) We show an isomorphism between
Jacobi forms of index Da, 11 (lattice index) and elliptic modular forms of level 2. (ii)
We give an explicit formula of Fourier coefficients of Jacobi-Eisenstein series of index
Doy yq. (iil) We construct a holomorphic modular form of weight 3/2 of level 8 from
the Zagier Eisenstein series .# of weight 3/2 of level 4. Moreover, we show that the
four functions Ej, n3, 62 and . have essentially the same Hecke eigenvalue 1 + p for
any odd prime p, where E3 is the non-holomorphic Eisenstein series of weight 2, 7 is
the Dedekind eta-function and 6 is the usual theta function. This fact follows from a
special case of the isomorphism of (i).

As an application, we give a formula for a sum of the numbers r3(n), where r3(n) is
the number of representations of an integer n > 0 as a sum of 3 squares.
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1. INTRODUCTION

1.1.  The isomorphism between Jacobi forms of integer index and a certain subspace of
elliptic modular forms with level is given in [S-7 88]. There are mainly three purposes
in this present paper. The first purpose of this paper is to generalize this isomorphism
from the case of Jacobi forms of integer index to the case of Jacobi forms of index D,
(r is odd). Here, D, is one of the root lattices. More precisely, we will show that the
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space of Jacobi forms of weight k + % of index D, corresponds to certain subspace of
elliptic modular forms of weight 2k of level 2 as Hecke modules (Theorems 1.1, 1.2 and
1.3). This isomorphism has been conjectured by A. Mocanu [Mo 19b].

The second purpose of this paper is to give an explicit formula of Fourier coefficients
of Jacobi-Eisenstein series of index D, (r is odd). This formula is written as linear
combinations of Fourier coefficients of the Cohen Eisenstein series (Theorem 8.4).

The third purpose of this paper is to construct a holomorphic modular form of weight
3/2 of level 8 from the Zagier Eisenstein series .# of weight 3/2 of level 4 (Theorem 1.5).
Moreover, we will show that the four functions 73, 83, .# and FEj have essentially the
same Hecke eigenvalue 1+ p for any odd prime p, where 7 is the Dedekind eta-function,
0 is the usual theta function and Ej is the non-holomorphic Eisenstein series of weight 2
(Theorems 1.4 and 1.5). As an application we give a formula between two arithmetic
functions: the divisor sum and the number of representations of a given integer as a sum
of 3 squares (Corollary 1.7).

We give also formulas of the map from Jacobi forms of index D, (r is odd) to elliptic
modular forms of level 2 (Theorems 1.8 and 1.9).

Let us explain more precisely these results.

1.2. Isomorphisms. We denote by J; p, the space of Jacobi forms of weight k of index
D, (see §2.7 and §2.1 for the definition). Remark that Jacobi forms of lattice index are
isomorphic to Jacobi forms of matrix index (see §2.1).

Let My(N) (resp. M (N)) be the space of elliptic modular forms (resp. new forms)
of weight k& € N with respect to I'o(N). For € € {+, —} we put

M N) = (€ MEN) 5 (e 3 )0 = £ 37 ) (V) =it

Remark that if f € M;“"°(N), then the completed L-function L*(f,s) of f satisfies
L*(f,s) = eL*(f, k — s) (see [S-7 88, P. 136]).
It is shown in [S-7 88, Main Thm.|, that the isomorphism

JEm = My (m)

holds for any natural numbers m and k. Here Ji{7, denotes the subspace of new forms
of Jacobi forms of weight k + 1 of index m.
In particular, the isomorphisms

(1.1) Jit1,00 = Jpr12 = My " (2) @ My, (1)

as Hecke modules holds, where J;1; 2 denotes the space of Jacobi forms of weight k 4 1
of index 2.

A. Mocanu [Mo 19b] posed the following conjecture, which claims a generalization of
(1.1). This conjecture is based on numerical examples of Euler factors of Jacobi forms
in Jk’ Dy
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Conjecture 1 ([Mo 19b, Conj. 3.30]). For every k > 2, the following holds:
Jerap, = My (2) @ My, (1),
Jorsps = My (2) & My, (1),
Jovapr = My (2) ® My (1)

and these isomorphisms are Hecke equivalent.

It is known that if » = r’ mod 8 for odd natural numbers r and 7/, then the isomor-
phism J, prpip, = e as Hecke modules holds (see Corollary 2.8).
s r 5Dy

For D = 0,1 mod 4, we denote by (%) the Kronecker symbol. For D € {—4,8, —8},
the Kronecker symbols satisfy

(-0 ()= (3)- () ()

for odd integer r and (’74) = (§) = (’78) = 0 for even integer r. We define

T

-8 —4
€9 1= — (—) and € ;= — (—) .
r r
The isomorphisms in Conjecture 1 are rewritten as
Jpergip, = My (2) @ My (1)
The main purpose of this paper is to show:

Theorem 1.1. Conj. 1 is true.

Theorem 1.1 will follow from Theorems 1.2 and 1.3.
To show Theorem 1.1, we first consider the composition of two maps:

Siegel modular forms of
Mar(1) — {weight k+ =% € 2N of degree r + 1 } = eyt o,

where the first map is the Ikeda lift, while the second map gives a Fourier-Jacobi coeffi-
cient. We denote by “old forms in J i1 p, the image of the above composition. We

will show:
Theorem 1.2. Forr =1,3,5 and 7, we have the decomposition
new old
Jk+%,Dr — Yk+rilD, b Jk+%,Dr
such that the following isomorphisms as Hecke modules hold

B 0} if k is even
Jold o~ jold = M, (1) = {05, ’
k+1,D1 k+3,D5 Qk( ) M%(l)» if ks odd,

My (1),  if k> 2 is even,
) {0}, if k is odd.

(1.2)

~

2
=

old old
Jk+2,D3 Jk‘+4,D7
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Here J'9%y denotes the orthogonal complement of J,‘jder in Jyp, with respect to the Pe-
tersson scalar product of Jacobi forms (see [Mo 19a, P. 303], [A] 15, P. 68] or [Mo 19b,
P. 13] for the definition of the Petersson scalar product).

We will prove Theorem 1.2 in §3.
Remark that the dimension of space of Jacobi-Eisenstein series is less than or equal to
1 (see Lemma 4.1), and it is known that Jacobi-Eisenstein series is orthogonal to Jacobi
cusp forms with respect to the Petersson scalar product (see [Mo 19a, Thm. 4.1]).
If the weight & + £ is odd, then the fact Jl‘g’iflﬁ 5. = 10} follows from (1.2).
4.0,

In the case k = 0 in Theorem 1.2, it is known that Jy p, = {0} and Jy p, = CE, p,
with a certain Jacobi form Ey p, (see [Mo 19b, Thm. 3.29] which is obtained by [B-5 23]).
Such a Jacobi form E)j p. is also obtained as a Fourier-Jacobi coefficient of a Siegel theta
series of weight 4 of degree 8.

We denote by Sp(N) (resp. Sp¢“(k)) the subspace of cusp forms in My(N) (resp.
Mpe*(N)). For k > 2, we have MJ¢*(2) = S7£*(2) (see Lemma 4.3).

We denote by J;'5’ the space of Jacobi cusp forms in Ji p, (see §2 for the definition).

cusp,new __ CusSp new : new cusp :
We put J; 1 = Jip, NP, We will show ka;l,D,« C Jk+“2“1,DT for £ > 2 in
cusp,new — new >
Lemma 4.2. Thus Jk+”2Ll,DT Jk+’“;1,DT for k > 2.

To show Theorem 1.1, we next consider the composition of two isomorphisms:

cuspmew ~ ) certain modular forms | ~ qnew,e
(1.3) Jk+%,DT - { of weight k + % = Gy, (2)-

The second isomorphism of this composition is an analogue of the Shimura correspon-
dence which has been obtained in [U-Y 10] and in [Ya 14].
Let S;:+;(8) be the Kohnen plus space of level 8 (see §2.4 for the definition). The

space S, 1(8) has the decomposition: S, ,(8) = S;;’f(S) ® S;’;‘S(S) for odd k, and
2 2 2 2
S;+%(8) = S];:—;(ES) &> 5;4_%7(8) for even k (see §2.4, for the notation). Any form g =
>, Cg(n)g™ in S;r 1 (8) satisfies the condition:
2
cy(n) =0 unless n = 0,4, —r mod 8.
And S]:r_f(8) is characterized by this condition. Although the space S,;:?(8) was not
defined, but this space has been introduced in [U-Y 10, Prop. 4]. Let SZﬁ’J“*T(S) be the
2
subspace of new forms in S];’;T(E%) (see §6.3 for the definition of new forms in S;j+l(8)
2 2

which has been introduced in [U-Y 10]). The Shimura correspondence SZTZ’J“_T@)

Sy ?(2) has been essentially shown in [U-Y 10, Thm. 1] (see Theorem 6.7).

On the other hand, the Shimura correspondence 1> M, 1o (1) = Sy ?(2) has been
essentially shown in [Ya 14, Thm. 2] (see Theorem 5.3). Here n denotes the Dedekind
eta-function 7(7) := ¢21 I1,(1—¢"), and where we put ¢ = e*™7. Remark that we apply
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here the twisted Hecke operators on the space n*" M, 1o (1) (see §2.6 for the definition

of the twisted Hecke operators).
By combining two kinds of the composition (1.3), we show:

Theorem 1.3. We have the following isomorphisms as Hecke modules. If k > 2 is even,
then

cusp,new  ~v cusp,new  ~v new,4+,—3 ~ 21 new,—
Jeiioy = Jryap, = SH% (8) = n*'My_10(1) Sor 7 (2),
cusp,new  ~v cusp,new  ~v new,+,—7 ~ 9 ~ new,+
Jivanp, = Jiap, = ST (8) = Mea(l) = 57 (2).
2
If k > 3 is odd, then
cusp,new  ~v cusp,new new,+,—1 ~ 15 ~ new,—
Jepip, = Deap, = OS00 (8) = oMy a(1) = 557 (2),

2
cusp,new  ~u cusp,new  ~u new,+,—5H ~ 3 new,+
Jevsps = Jrrap, = S;H% (8) = n’M_1(1) S (2)-

10

2

Theorem 1.3 will follow from Theorems 5.1 and 6.1.

1.3. Fourier coefficients of Jacobi-Eisenstein series. In Theorem 8.4 we give an
explicit formula of Fourier coefficients of Jacobi-Eisenstein series £y, ri1 p in Jyy e py -

Let 7%, be the Cohen Eisenstein series of weight k—i—% of level 4 (see §8). We construct
a modular form % of weight k + 3 of level 8 from .7,. The form " is constructed by
using Uy (4)-operator. The Uy(4)-operator has been introduced in [U-Y 10]. The Fourier
coefficients of JZ* are linear combinations of those of J#;.

On the other hand, the Jacobi-Eisenstein series £}, Lrtlp, corresponds to 4 (see
Proposition 6.3). Thus the Fourier coefficients of E| 4ol p, are expressed as linear
combinations of those of J%,.

1.4. Modular forms of weight 3/2 of level 8. We will prove Conjecture 1 also for
the case k = 1 (Theorem 1.4). In particular, we will show that the four functions 7?3, 63,
# and Ej have essentially the same Hecke eigenvalue 1 4 p for any odd prime p. Here
we define F3(7) :==1-24% - o(n)q" — 2 where v = Im(7), and where o(n) denotes
the sum of divisors of n, and where 0(7) := 3" _, ¢"*, and where .Z denotes the Zagier
Eisenstein series of weight 3/2 of level 4 (see §8 for the definition).

Let M Ij .1 (8) be a certain subspace of the Kohnen plus space M, ]:;l (8) of weight k+ 3

2 2

of level 8 (see § 2.4 for the definition). We remark that Sl:r_;(8) = M;'JF_J(S) N SL;(S).
We show that a holomorphic modular form Eéé;)z € M;/’Q_5(8) of weight 3/2 of level 8 is
obtained from 6 and also from .# (see Theorem 1.5).

Theorem 1.4. As an analogue of Theorem 1.3 for the case k = 1, we have

dim J p, = dim J p, = dim M7 (8) = dimn'*M_¢(1) = dim M, (2) =0,

dim J}% = dim JE5P" = dim My, (8) = dimy® My (1) = dim M (2) = 1,
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and we have the isomorphisms

(CE4,D5 = C¢5,D7 =~ (CE'?()?)2 o (Cn3 ~ (CE§2)

as Hecke modules. Here Ey p., Vs p, and E?()?)Q are functions such that Ji% = CE, p,,

Jspo " = Cibs p, and MSJ;’Q_5(8) = (CES)Z, and where My (2) = CE with B (1) :=

2E5(21) — E5(7). Each of the three functions Ey4 p,, E?()?)Q and E§2) is not Jacobi cusp

form nor cusp form and 15 p, is a Jacobi cusp form. Remark that Jy%, ¢ Jipl™ "

In particular, the five functions Ey p,, V5 p,, Eé%, n3 and EéZ) have the same Hecke
eigenvalue 1 + p for any odd prime p.

We prove Theorem 1.4 in §7.2.

The Jacobi form E, p, € Js p, in Theorem 1.4 is determined up to a constant multiple.
We quote Ey p, from [B-S 23] (See [Mo 19b, PP. 76-77]. See also Theorem 8.5 for an
explicit formula of the Fourier coefficients).

The modular form ES)Q € M;/’z_‘r’(S) in Theorem 1.4 is determined up to a constant

multiple. Since the constant term of E?(j)? is not 0, we can take ES)Q as E?()E/;)Q(T) = 14+0(q).

In Theorem 1.5 we show that the modular form ES)Q

Zagier Eisenstein series . of weight 3/2. Due to Proposition 6.3, the Fourier coefficients

is obtained from 63 and also from the

of E?()?)Q are essentially the same as those of E, p..

We now explain the Fourier coefficients of E® Form e N, we put

3/2°
rm(N) = #{(x1,...zm) EZ™ : 27+ - +a2 =N}.

Remark that if m < 3, then it holds r,,(4N) = r,,(/V) for any natural number N. Let
H(N) be the usual Hurwitz class number for discriminant —N (see [Co 75, P. 273] for
the definition. See also [Co 75, PP.284-285] for the table).

For any function f on $ such that f(7 + 1) = f(7), we define the operator U(4) by
FIU4) == 13, mod 1 f(ZX2). For any formal power series f =Y, _, a(n)q", we define
the operator o by flpr == D 1)kn=0.1 moa 4 @(n)q". We put Ui(4) := U(4)py.

If f(r)=>",a(n)q", then
(fl@)(r) = > a(dn)q".

n>0
n=0,3 mod 4

Theorem 1.5. The modular form ES)Q =1+4+0(q) € M;/’;‘E’(S) has the expressions

ESr) = > mgt =Y m(n)g" = (0|Ui(4))(7).

n>0 n>0
n=0,3 mod 4 n=0,3 mod 4
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Furthermore, the modular form E3 /o has also the expressions

Egy(r) = 12 > (H(4n) —2H(n))q" = 12(Z|Ui(4) — 27)(7),

n>0
n50,37m0d 4
where F is the non-holomorphie modular form of weight 3/2 introduced in [Za 75].

The modular form E3/2 has the property Eg/Q\Ul( )= E® m particular, we have

3/2°
rs(N) = 12(H(4N)—2H(N))
for any natural number N. Here we define H(N) := 0 for —N = 2,3 mod 4.

We prove Theorem 1.5 in §8.3.
The following formula has been obtained in [Co 75, P. 274].

Corollary 1.6. For any N € N, we have

(1.4) rs(N) = 12H(Df) (1-(%)),

where —N = Df? with a fundamental discriminant D < 0 and f € %N, and where
f =2°f1 with an odd integer f; and an integer e > —1.

1.5. Apphcatlon to arithmetic functions. Since 0E3/2 € M5(8) and since Ms(8) =

CEP () & CEY® (2r) @ CE) (47), by comparing the Fourier coefficients of HES)Z and
those of the basis of M5(8), we have

1
—EP(2r) + EP (47).

OB = B0 - 13

3/2 12
Corollary 1.7. For any N € N, we have

(1.5) Oggﬁ osrg(N — §%) = U(N)—?)a(g)—i—léla(%)—240(%),

N—52=0,3 mod 4

where we define 0 1= % or 1 according as s = 0 or # 0. Here we regard o(M) as 0 if

M¢N. In particular, if N is an odd integer, then

(1.6) o(N) = > dyr3(N — s%).

=
For example, o(1) = r3(0), 0(3) = 3r3(3), o(5) = r3(4), o(7) = r3(3), 0(9) =

r3(8) + r3(0), o(11) = 1r5(11), 0(13) = r3(12) 4 r3(4), o(15) = r3(11), and so on.
We remark that a smular formula of (1.5) follows from the facts 6 € My(4) and
My(4) = CEéQ)(T)@CEéz)(QT). Namely, §(7)* = %EéQ)(T)—I—%Eéz)(QT). Thus we have the
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well-known formula ry(n) = 80 (n) — 320(n/4). Since rq(n) = rs(n) +2>° . rs(n —s),
we have

(L7) Y bars(N-—s%) = %M(N)

0<s<v'N

N
40(N) — 160(Z) for any N € N.

In particular, we have

(1.8) o(N) = Z dsr3(N — s%)  for N20 mod 4.

1 =

Note that the number of terms of s in (1.5) (resp. (1.6)) is less than that in (1.7) (resp.

(1.8)).

1.6. Maps from Jacobi forms to elliptic modular forms. We set M;“"?(2) :=
M3*(2). In §9 we will prove the formula of maps from Jy w1 p to My (2) & Mg, (1)
which are compatible with the action of Hecke operators. These maps are given as
follows.

Theorem 1.8. Assume that k + 5 is an even integer. For ¢ € Jpyri1 p, we set

A(N) = c(n’,r"),  if N=8(n"—pB(r'") and N =0,4 mod 8,
(V) = 2¢(n’,r"), if N=8(n'—p(r")) and N = —r mod 8,

where c(n',r") denotes the (n',r')-th Fourier coefficient of ¢ for (n',r') € Z x D! (see

§2.7 for the notations of 3 and D?).
Remark that >~ n—o 4 moa s AN € M;Z;T(S).
s 2
Then, for any fundamental discriminant (—1)*dy such that dy > 0 and dy =0 mod 4,
the map S, defined by

A0)L(1 — k, (m

Sap(0) = 201+ (5) 2k;>* >) +§: 2 (%) dk_1A<Z_zdo) ’

n=1 dln

1 a linear map
Suo + et p, = MI(2) @ Mg ().
The map Sg, maps J;f%’DT to Sy (2) @ S5i.(1), ;‘j@’m to My, (2) and
sz%l,DT to M3 (1) and commutes with the action of Hecke operators.

We remark that if k& + =3+ is odd, then Jpprl p, = JPne (See Theorem 1.2 and

k+"4%,Dr
Lemma 4.1).
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Theorem 1.9. Assume that k + % is an odd integer. For ¢ € J;fgfgr and for
N =8n' —r, we set A(N) := ¢(n',v1) (see § 4 for the notation v1) and where c¢(n',r")
denotes the (n',r')-th Fourier coefficient of ¢ for (n',7") € Z x DE.
We remark that Y-, ,, c(n/,v1)q®"' /8 € 7724’3er712+%(1).

For any fundamental discriminant (—1)*~1dy such that dy > 0 and dy = —r mod 8,
we define
= 8\ .\ [ —4 (=Dkdy\ .y  [(1?
= = | 2kt — ~ 2 D) A 2L, "
Sao () ; ((r) ) (m)%( d 2% q

where ny 1s an odd integer and es 1s a natural number determined by n = 2°?ny. Then
Sd, 15 a linear map

. cusp,new New,e2

Moreover, the map Sy, commutes with the action of Hecke operators.

We prove Theorems 1.8 and 1.9 in §9.
We remark that similar maps to those in Theorems 1.8 and 1.9 for the case D; have
been obtained in the context of Jacobi forms of matrix index in [Br 06].

The present paper is organized as follows; in Section 2, definitions of Jacobi forms,
modular forms of half-integral weight and Hecke operators are explained. In Section 3,
through Ikeda lifting and Fourier-Jacobi expansion, we prove Theorem 1.2. In Section 4,
some basic properties of Jacobi forms of index D, are explained. In Section 5, we show
an isomorphism between elliptic modular forms and Jacobi forms of index D, of odd
weight, while we show this isomorphism for Jacobi forms of even weight in Section 6. In
Section 7, we prove Theorems 1.1 and 1.4. In Section 8, an explicit formula of Fourier
coefficient of Jacobi-Eisenstein series in Ji p, is given and a proof of Theorem 1.5 is
given. In Section 9, Theorems 1.8 and 1.9 are proved.

Acknowledgements: the author would like to express his sincere thanks to Tomoyoshi
Ibukiyama, Nils-Peter Skoruppa and Haigang Zhou for their valuable comments. This
work is partially supported by JSPS KAKENHI Grant Number JP19K03419.

2. JACOBI FORMS OF LATTICE INDEX

2.1. Basic properties. We denote by $) the Poincare upper half space. We put e(z) :=
e?™  We write q := e(7) for 7 € $). For each z € C, we take the argument —7 <
arg(z) < m and set 2™/2 ;= (2Y/2)™ for m € Z.
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Let L be a free Z-module of finite rank n equipped with a Z-valued symmetric binary
form (. In this paper we assume that ( is positive-definite. Such a pair L = (L, ) is
called an integral lattice of rank n. By abuse of language, we define 5(z) := 36(x, z).
Sometimes we use x — [(x), instead of (z,y) — B(x,y). If f(z) € Z for any = € L,
then L is called an even integral lattice.

For example, if M is a positive-definite half-integral symmetric matrix of size n, then

(2", (z,y) = x(2M)'y)
is an even integral lattice.
We put
LI} = {1€L®;Q : B(w,y) €Zforany y € L}.
We fix a Z-basis {e; }; of L, and we identify C" with L ®z C by (x1, ..., x,) = D>, z;€;.
Let k be an integer

Definition 2.1. A holomorphic function ¢(1,z) on $ x C" is called a Jacobi form of
weight k and index L, if ¢ satisfies the following three conditions:

(i) Forall A=(2%) € SL(2,Z), the function ¢ satisfies
b 1 -
What)r2) = o e )e( T2 = o)
(ii)  For all X\, u € L, the function ¢ satisfies
(@lee(N ) (7,2) = (1,2 + AT+ ple(rB(N) + B(A,2)) = ¢(T,2).
(iii)  The function ¢(7,z) has a Fourier expansion of the form
o(r,z) = Z Z c(n',re(n't + B(r', 2)),
n'€Z r' Lt
where c(n’, ") = 0 unless n’ — f(r") > 0.

The complex numbers c(n',r") are called the (n',r")-th Fourier coefficients of ¢.
If ¢(n/,r") =0 unless ' — B(r") > 0 in (iii), then ¢ is called a Jacobi cusp form.

We denote by Jy 1 (resp. J1") the space of all Jacobi forms (resp. Jacobi cusp forms)
of weight k of index L. a

In Definition 2.1, if the lattice L = (L, 8) coincides with (Z", z — ((x) = xM'x) with
a positive-definite half-integral symmetric matrix M of size n, then ¢ is called a Jacobi
form of weight k of index M (see [Zi 89]). We denote by Ji ps the space of all Jacobi
forms of weight k£ of index M.

Let L = (L,5) be an integral lattice with a Z-basis {ej,...,e,} of L. The matrix
2M = (B(ei,ej))i; is called the Gram matriz of § with respect to {ey,...,e,}. Then
L=7Z" [}~ (2M)7'Z" and L*/L = Z"/(2MZ"). Moreover, if L is an even integral
lattice, then we have Ji p = Jiar (see [B-5 23, §1]).
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2.2. Discriminant modules. For an even integral lattice L = (L, ), the discriminant
module Dy, of L is a pair defined by

Dy = (L*/L,x+ L~ B(z)+7Z)
(see [B-5S 23, §2]). We remark that L*/L is a finite abelian group and = + L — [(z) +Z
is the associated quadratic form.
Two discriminant modules Dy, = (L/L;,x + L; — Bi(z) + Z) (i = 1,2) are called
isomorphic, if there exists a homomorphism j : L! /L, — L}/ L, which satisfies 2 (j(x))+
2.3. Theta functions. For z € L*, we put

Oo(rz) = ) e(mBly) +B(y,2) ((r.2) € HxC,

yExz+L
The following formulas are well known.

Lemma 2.2. Forr; € L*, we have
HL,W(T+ 172) = e(ﬁ(ri))eé,m@-v Z)
and
(2.1) Op,, (=71, 7712)
T)n/Q .
= (—. e(t7 B(z Z B(ri, ;)00 (T, 2).
! \Z Lﬁ/L r;€LY/L

(See [Ar 98, page 100], [Aj 15, Theorem 2.3.3], [Boy 11, Cor. 3.34], [B-S 23, page 16],
etc.).

Lemma 2.3. Let ¢ € Ji 1 be a Jacobi form. Then, ¢ has the decomposition:
o(r,z) = Z hae(T)0L. (T, 2) with hy(T) = Z C(n/Jx)€27ri(n/_ﬂ(x))T'
JUELu/L n'e€Z

Since c(n',x) = c(n'+ p(z,y)+ B(y), x+y) for any y € L, the function h, is determined
by x modulo L and by n' — (). Thus the above decomposition of ¢ is well-defined.

Theorem 2.4 ([B-5 23, Thm. 2.5]). Let L, and L, be two positive-definite even lattices.

Assume that j : Dr, =N Dy, s an isomorphism of the discriminant modules. Then the
map

L e = Jen )
gz’ven by
= Y ) o LOED = Y A )
weLl /Ly vell /L

is an isomorphism as C-vector spaces, where n; (i = 1,2) is the rank of L.
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It is shown in [Aj 15, Thm. 4.2.4] that the isomorphism in the above theorem is also
compatible with the action of Hecke operators (see Theorem 2.7 below).

2.4. Modular forms of half-integral weight. We denote by & the set of all pairs
(A,w(7)), where A = (2%) is an element of the connected component GL*(2,R) of
GL(2,R) and w is a holomorphic function on the upper-half plane ) which satisfies

w(r)? = (det A)~2|cr +d].
The group operation of & is given by (A, wi(7))) - (Ag, w2 (7)) 1= (A1 A2, wi(AsT)wa(T)).
We put

0(r) = 1+ e(m’r).

mEZ

There exists an injective homomorphism I'y(4) — & given by
A (A (A, 7))
with

It is known
ian = () (G v a=cper

where (£) is the Kronecker symbol (cf. [Mi 89, P. 194]).
Let N be a natural number such that 4|N. For k € Z, we denote by M, 1(N) the
vector space of holomorphic functions f, which satisfy the conditions:

(flipr () = A7) (A7) = f(7)
for any A € To(N) and f? is an elliptic modular form of weight 2k + 1 of level N with
the character (=*). In this paper we call f € My 1 (N) a modular form of weight k& + 3
with level N. A function f € M, 1(N) is a cusp form, if f? is a cusp form. We denote
2
by Siy1(N) the space of all cusp forms in M, 1(N).
We put the Kohnen plus-space of level 8:

M;+%(8) = {g = ch(n)q” € M 1(8) = ¢g(n) =0 unless n =0, (—=1)* mod 4} .

n

For k € Z and for r € {1,3,5,7}, such that (—1)* = —r mod 4, we define
M;;(S) = {g = ch(n)q" € MH%(S) : ¢g(n) =0 unless n = 0,4, —r mod 8} :

For example, we have 0 € Mf72_7(8).
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Remark M]:;_ (8). It follows from [U-Y 10, Prop. 4] that

1
2

T +
(8) C M7,

1
2

+—1 +,=5 P
i = (i, 11
k+3 k+1 ) :
We put S;+%(8) = M];:_%(8) N Sk+%(8) and SI:__%T(8) — M];:’__%T(S) A Sk+%(8), Then,
we have
(2.2) S5 (8) = {?{ +;;(8) @ S,}:‘i(é%), %f k ?s odd,
’ i1 B) @5, 17(8), if ks even.

2.5. Modular forms of half-integral weight of n-type. We set

Mp(2,Z) = {(A,w(f)) A (‘CL Z) € SL(2,Z), w(r)? :c¢+d}.

We regard Mp(2,7Z) as a subgroup of &. We quote some facts about Mp(2,7Z) from
[B-S 23]. The group Mp(2,Z) is a two-fold central extension of SL(2,Z):

1 —{£1} - Mp(2,Z) — SL(2,Z) — 1.

Two elements T := ((§1),1) and S := ((9'),+/7) generates Mp(2,Z). We have
S?=(ST)® = ((3' %),v~1). And S has the order 8 in Mp(2,Z).

It is known that the group of linear characters of Mp(2,7Z) is the cyclic group of order
24 generated by ¢, where

(A w) = 4D

n(7)w(T)
It is known that the definition of € does not depend on the choice of 7 € $. We have

e(T) = e(1/24) and (S) = e(T)~® = e(—1/8). For the detail of the group of linear
characters of Mp(2,Z), see [B-S 23, Prop. 1.1].
For k € 17 and for s € Z (0 < s < 23), we denote by M5 (1,€%) the vector space of

holomorphic functions f, which satisfy the conditions:

f(AT) = e((A,w))w(r)** f(r)

for any (A,w) € Mp(2,Z) and f?* is an elliptic modular form of weight 24k + 12s of
level 1. Since ((§9),—1) € Mp(2,Z) and since £(((§?),—1)) = —1, if such non-zero
function f exists, then 2k +2s =0 mod 2. Hence, dim My 5(1,£") = 0 unless k € Z.

((A,w) € Mp(2,7Z)).

Lemma 2.5. For 0 < s <23 and for k € Z, we have

Miys(1,€) = n°My(1).
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Proof. Let A := n* be the Ramanujan A-function. Then, by transformation formula of
[ € Myys2(1, %) and by g-expansion of f, we have n**~*Mj_;/5(1,e%) C AMy(1). Thus
Myis/2(1,€%) C n°Mg(1). The opposite inclusion 1° M (1) C Miys/2(1,€%) is obvious.

O

Following [Ya 14, P. 6], in this paper we call f € MH%(L £*) a modular form of weight
k + 5 of n-type. In this paper we treat only the cases s = 3,9, 15 and 21.

2.6. Hecke operators. Assume k € Z. Let f € Mk+%(4). We take the Fourier ex-
pansion f(7) =Y " c(n)g". For any odd prime p, the Hecke operator T'(p?) is defined
by

o0

g0 = 3 et + () et + 7 et o

n=1

Here, we regard c(n/p?) as 0, if n/p? is not an integer.

Let f € 77er+%_§(1) (r = 3,9,15,21). The form f is a modular form of weight
k+1/2 of n-type. The form f has the Fourier expansion f(7) = Y.°2  ¢(n)¢™/®. Remark
that c(n) = 0 unless n = r/3 mod 8. For any odd prime p, we introduce the twisted
Hecke operator T'(p?) which is defined by

s TN = (2 3 Lerm + (C0) ot et}

p

n=1

Here, we regard c(n/p?) as 0, if n/p? is not an integer. Remark that the definition of T'(p?)
is different from the definition of T2 in [Ya 14, Prop. 11]. To show the isomorphism
between 1" M, i (1) and a certain space of Jacobi forms of odd weight as Hecke module

(see Prop. 5.2), in this paper we apply T(p?) for ner_,'_l%r(l).
We introduce Hecke operators T (p?) acting on the space of Jacobi forms of index L.
The following lemma follows from [Mu 89, §4].

Lemma 2.6. Let ¢ € J, . We take the Fourier expansion of ¢:

$(rz) = DY) e )e(n't + B0, 2)).

n'€Zr' cLt

Let m be the rank of L. Assume p J(2[L*/L)), and we put

(BT (P)(r2) = D Y e r)e(n't + B, 2)),

n'€Z 'Ltk
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where

') = clp*n/,pr')

+pk m=2, ((
(G

e 3 c(p (n' — B ) + BOV).

XeL/pL

m
2

>p) ([m/m) S(n' "), Fm=0 mod2.
) ) =N (2[L;/L]> < n p(r’))) ifm=1 mod 2,
(r' — )\)> .

Here, in the summation Z , A runs through a set of representatives of L/pL and there
XeL/pL
is only one X € L/pL such that %(T’—A) € L*. We regard c(n',v") = 0 if (n',7') € Z x L*.
It means that the above summation Z consists of at most one term. And here we
AeL/pL

’ElH *cs|H

’BI*—‘

denote
Sl 1") i {p— Loifn' = B(r)=0 modp,

1, otherwise.

Then, under the above definition, we have ¢|T” (p?) € Jy.p. Furthermore, if ¢ is a Jacobi
cusp form, then ¢|T7 (p?) is also a Jacobi cusp form.

In this paper we call ¢ a Hecke eigenform, if ¢ is an eigenfunction with respect to
T7(p) for any prime p such that p J(2[L*/L)).

We remark that if m is odd, then the definition of T (p?) coincides with T'(1) (I = p)
in [Aj 15, Thm. 2.6.1].

Theorem 2.7 ([Aj 15, Thm. 4.2.4]). We assume ny = ny = 1 mod 2. Then, the
isomorphism

L Jeaimtyn = Jesiz
in Theorem 2.4 is compatible with the action of Hecke operators T (p):
Li(8lke g T (0)) = (L()) ks e T ()
for any ¢ € Jer ™)L,

2.7. Jacobi forms of index D,. We quote the definition of lattice D, := D, mainly
from [Mo 19b, §3.3]. The lattice D, is defined by

D, = {(x1,..,x,) €L : 21+ +x, €21}
which is equipped with the Euclidian bilinear form:

B(<x17 ...7$7~), (yh 7y7“)) = Y1+ -+ Tyl
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1 r
DE = {($1,...,9§'7~)€ZTU<§+Z) }

We can take a set of representatives of D /D, as

where {e;}; denotes the standard basis of Z".
We assume that r is an odd integer. Then D! /D, = 7 /47 as Z-module. The discrim-
inant module Dp_ of D, satisfies

We have

{O, e, e1+-é-+eT’ €1+"'+5r71_er} ’ if r > 1,

2
1 1 : —
{076175617_561}7 lfT—l,

ra?

Therefore the discriminant module Dp, is determined by r» mod 8. By virtue of Theo-
rems 2.4 and 2.7, we have the following corollary.

Corollary 2.8 ([B-5 23, Thm. 2.5, [A] 15, Thm. 4.2.4]). If ry = ro mod 8 and if
1s odd, then

J,

feritlp = Jk+”"2+1 D
2 b Tl 2 b T2

as Hecke modules.

Therefore it is sufficient to consider the cases r =1,3,5 and 7.
We remark that the space of Jacobi forms of lattice D, index is isomorphic to the
space of the Jacobi forms of matrix M, index:

(2.3) Jro, = Jeu,s
120000 u
Louu LEo 0 Bathon
u u Uu u
where M =2, M3 = |u 1 u|, Ms=|0uwlwo0 |,and M; = | 00uwlw00 |, and
0O0uluwu 000u1luO
u u 1 w00ul 0000wulu
. . . u0000uwul
where u = 1/2. Here 2M, is the Gram matrix of D, with respect to the basis {2¢;} for

r=1and {e; + eg,e2 + €3,....,6,_1 + €,¢, + €1} for r = 3,5 and 7. We can check that
det(2M,) =4 for r =1,3,5 and 7.

3. IKEDA LIFTING

We denote by My (Sp,,(Z)) the space of Siegel modular forms of weight k& with respect
to Sp,,(Z). Here Sp,,(Z) is the symplectic group of size 2n. We denote by Sk (Sp,,(Z))
the subspace of all Siegel cusp forms in M (Sp,,(Z)).
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Theorem 3.1 (Duke-Imamoglu [B-K 00], Ikeda [Ik 01]). Let k and n be positive integers,
such that k 4+ n is even. Then, there exists an injective linear map

]n . Sgk(]_> — Sk+n(sp2n<z’))7

wn which I,, maps Hecke eigenforms to Hecke eigenforms. In the case n = 1, Iy coincides
with the Saito-Kurokawa lifting. For the details, the reader refer to [Ik 01].

We denote by L the set of all half-integral symmetric matrices of size n. We denote
by $),, the Siegel upper half space of size n. We call a matrix M € L} mazimal, if M
satisfies the condition: if A~'M*A~! € L# with A € GL,(R)NM,,(Z), then A € GL,(Z).
Here M,,(Z) denotes the set of all n x n matrices with entries in Z.

Lemma 3.2. Let I,(f) € Skin(Spa,(Z)) be the image of f € Sop(1) by I,,. We take the
Fourier-Jacobi expansion of I,,(f):

Mf)((fz 5)) = Y ou(re(Mw), (r€H,z€CT " weE Hu)

MEL;nfl

Then, ¢ is a Jacobi cusp form of weight k +n of matriz M index. Moreover, if f is a
Hecke eigenform and if M is mazimal, then ¢y; is a Hecke eigenform.

Proof. 1t is well known that ¢, is a Jacobi cusp form of weight k of index M for any
M € Li,  (see [Zi 89, Introduction]). The fact that ¢y, is a Hecke eigenform follows
from the facts:

(i) Jacobi-Eisenstein series is a Hecke eigenform (see [Aj 15, Thm 3.3.18]),
(ii) M-th Fourier-Jacobi coefficient of Siegel-Eisenstein series is a Jacobi-Eisenstein
series, if M is maximal (see [Boe 83, Satz 7)), and
(ili) Ikeda lift I,(f) inherits some relations among Fourier coefficients of Siegel-
Eisenstein series, and since M-th Fourier-Jacobi coefficients of Siegel-Eisenstein
series is a Hecke eigenform, we can conclude that ¢,, is also a Hecke eigenform.

We omit the details (see [Ha 11], for example). O

Lemma 3.3. Assume 2n =r + 1. If 2M, is the Gram matriz of D, (r =1,3,5,7), and
f is a Hecke eigenform, then ¢y, in Lemma 3.2 is not identically zero. Therefore ¢y,

is a non-zero Hecke eigenform in J P, .
ket T M,

Proof. Since there exists ui,us € D¥ such that S(u;) = 0 and B(us) = i, the set
{8(n' — B(u)) : n' € Z,u € D¥} contains all positive integers which are divisible
by 4. It is shown in [Ko 80, Page 260] that there exists a fundamental discriminant

D =0 mod 4 such that c,(|D]) # 0, where h € S;+n+1/2(4) corresponds to f by the

Shimura correspondence and where ¢, (|D]) is the |D|-th Fourier coefficient of h. Then,
by the construction of Fourier coefficient of the Ikeda lift (cf. [[k 01, P. 642]), ¢py, is not

identically zero. Thus this lemma follows from Lemma 3.2. O

Therefore, by virtue of the isomorphism (2.3), we obtain the following proposition.
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Proposition 3.4. If k = % mod 2 and if k > 2, then there exists an injective linear
map I which is obtained by the composition of the Ikeda lift and the Fourier-Jacobi
eTPansion:

T Mg(1) = Jyposs .

Sp

The map T maps Fisenstein series to Jacobi Fisenstein series, Ss(1) to J;iﬂ b, and
2 b

commutes with the action of Hecke operators.

Proo{.ﬂRecall e1 = —(=2). The condition k¥ = ! mod 2 is equivalent to (—1)" =

(—1)z = €. Thus we have My, (1) = M;; (1) under the assumption in this proposition.

An Eisenstein series in My (1) corresponds to a Siegel-Eisenstein series by the Ikeda
lift. And M-th Fourier Jacobi coefficient of a Siegel-Eisenstein series is a Jacobi-
Eisenstein series, if M is maximal. Thus the map Z maps Eisenstein series in M5, (1) to
Jacobi-Eisenstein series in Jy, r11 p -

The rest of the proof of this proposition follows from Lemma 3.3. O

We now prove Theorem 1.2.

Proof of Theorem 1.2. The vector space szﬂ D
2 b T

s new . old ;
Proposition 3.4 and J; Y p, 18 the orthogonal complement of .J7 Fri1p, Ji. LoD,

: __ Tnew old
with respect to the Petersson scalar product. Thus J, +ep, = il p, ® Jy Friip,

and the fact J]‘;f%l b, = M;; (1) as Hecke modules follows from Proposition 3.4. O

denotes the image of the map Z in

4. THETA DECOMPOSITION OF JACOBI FORMS OF INDEX D,

The lattice D, = (D,, ) for r =1,3,5 and 7 has been explained in §2.7. We put

er+---+ep e1+ - +eg—e
=0 v=e6, v =—"7—, U3 = 5

2
for r =3,5,7 and put v; = %61 (7 =0,1,2,3) for r = 1. Then, {vg,ve,v1,v3} is a set of
representatives of Df/D,. We have

1 T
B(vg) =0, B(va) = B% B(v1) = B(vs) = ]
Remark that v; + D, +— j + 47 gives the isomorphism D?/D, = Z/(47Z) as Z-modules.
Furthermore, the associated quadratic form of D?/D, is given by
7
Uj‘i‘D,« — 6(1)])4—2: ?—FZ

We remark (v, v;) + Z = 4 + Z.
For simplicity, we put

67’7]‘ = 0D1"7vj :
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and put Ji p, := Jy p,. By virtue of Lemma 2.2, we have

(4.1) 0,;,(1+1,2) = e(i*r/8)0,,(r,2)
and
1 3
(_—1 -1 _ —.r/2
(42) Oyl = S Pe(—r/8)e( ;e —ijr/4)0,(7, 2).

Let ¢ € Ji p,. We have the decomposition

PNCINCE

The functions h; are uniquely determined by ¢ (see Lemma 2.3).
Since 2wy, 2vs,v1 + v3 € D,, and due to the definition of 6, ;, we have 6, (1, —z) =
0,,(7,2) for j = 0,2 and 0,1 (7, —2) = 0,.3(7, 2). Since ¢(7, —2) = (—1)¥¢(r, 2), we have

{hl(r) = hs(7), if k& is even,
ha(7)

ho(T) = hao(7) = 0 and hy(7) = —hs(7), if k is odd.
Thus
o(7, 2)
{ho( T)0r0(T, 2) + ho(7)0,2(T, 2) + ha(T)(0r1 (7, 2) + 0,1(7, —2)), if k is even,
ha(7)(0r1 (7, 2) = O,0(7, —2)), if k is odd.

Remark that the constant term of ¢ is the constant term of hg.

Lemma 4.1. Let the notation be as above. A Jacobi form ¢ € Ji p, is a Jacobi cusp
form, if and only if the constant term of ho(T) is 0.
We have dim Jy, p, — dim J;' " < 1. In particular, if k is odd, then Jyp, = Jip -

Proof. Let (n',1") € Z x Dt. If n’ — B(r') = 0, then B(r') € Z and 1’ € D,.

Let c(n’,r') denotes the (n',7’)-th Fourier coefficient of ¢. For (n},r}) € Z x D!
(1=1,2),if n}| — B(r)) = ny — B(rh) and if 7} = r§, mod D,, then c(n!,r}) = c(nj, r}).

Thus, if ¢(0,v9) = 0, then ¢ is a Jacobi cusp form. On the other hand, ¢(0,vy) is the
constant term of ho(7). Therefore ¢ is a Jacobi cusp form, if and only if the constant
term of hg is 0.

Thus, for any integer k, the inequality dim Ji p, — dim J'5? < 1 follows.

If k is odd, then ho(7) = 0 for any ¢ € Ji p,. Hence we have Jy p. = J,g?g’:.

O

It is known that if k& + &21 = 0 mod 2 with & > 2, then there exists a Jacobi-
Eisenstein series Ey ri1 p € Jyyrot p, (see [Mo 19a, Thm. 4.1]). In this case we have

. cusp _
dlkay«#’D dlka+r+1 D, =1.
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Lemma 4.2. For k > 2, we have :j“ﬁ%pr C Jl:f,ijﬂT. In particular, we have
T, = Rt ok 22
Proof. If k + %1 = 1 mod 2, then Jk+%1,DT = J;f%lpr. Thus Jgj‘%vDT C J;f%lpr
follows.

We assume k + “t1 = 0 mod 2. Due to Proposition 3.4, we have a Eyyriip, €
szil p.- Let ¢ € Jpvi., . If the constant term of ¢ is not 0, then ¢ can not be

2 ’ T 2 b T
orthogonal to E 1 p, with respect to the Petersson scalar product. It is contradiction
to the fact ¢ € J"%,, _ . Hence, the constant term of ¢ is 0 and ¢ € J.*°F,, . 0
k+5L. D ket Dr

Lemma 4.3. For k > 2, we have M3 (2) C S9x(2). In particular, we have S5E™(2) =
M3ev(2) for k> 2.

Proof. 1t is known that dim Moy (2) —dim S, (2) = 2 for k > 2. Let Eé? be an Eisenstein
series of weight 2k with respect to SL(2,Z). Functions Eé?(T) and ESJ(QT) are linearly
independent. For u,v € C, if f(7) := uEé? (1) + UE;?(QT) belongs to Sax(2), then the
constant term of f is 0. Thus v = —u. For odd prime p, the p-th Fourier coefficient of f is
(1+p**~1)u up to a constant multiple. Since f is a cusp form, f satisfies the Hecke bound

(1+p* 1u = O(p*). Then, u = v = 0. We have My (2) = CEY) (1)®CEY) (27)@S(2).
Since CE;?(T) & (CEé?(ZT) is a subspace of old forms, new forms are orthogonal to
(CE&)(T) @ (CESJ(QT). We conclude M3 (2) C Sar(2). 0

5. JACOBI FORMS OF ODD WEIGHT

In §5 and §6, we will consider the cases that weight k + %1 of Jacobi forms is even
and odd separately.

In this section we assume that & +
is to show:

r+1

5~ is an odd integer. The purpose of this section

Theorem 5.1. Forr € {1,3,5,7} and for odd integer k + % with k > 2, we have

cusp ~ 24—3r ~ new,e2
Jk+”21,Dr =1 Mk—12+—3’“2+1(1) = Sy (2)

as Hecke modules, where we recall ¢ = — (_78) = —1 or = 1 according as r = 1,

3 or = 5, 7. Here we remark that we apply the twisted Hecke operators T(pz) on
7724_3TMk—12+L;1(1) (see §2.6).

Theorem 5.1 follows from Proposition 5.2 and Corollary 5.4 (Theorem 5.3) below.
For ¢ € J,"V,. |, we write
2 ) T

(5.1) O(1,2) = hi(7)(0r1(7,2) = Opa(7, —2))
(see §4 for the notation).



ISOMORPHISM BETWEEN JACOBI FORMS OF INDEX Daj,41 21

Proposition 5.2. Forr € {1,3,5,7}, if k + % is an odd integer, then the map which
1s defined by

T o(r,2) = ha(7)
gives an isomorphism

odd . cusP ~ 38 r
\7 . k+r+1 D, - ( )Mk 12+3T+1 (1)

as Hecke modules. It is

(5.2) Tl T (p) = TH(9)T(®?)
for any odd prime p.
Proof. 1t follows from Lemma 2.5 that ="M, _, 501 sr41 (1) = M, 1 (1,e2473m),

First we shall show J%(¢)(= h1) € My 1 (1,624 37’) By using identities (5.1), (4.1),
(4.2) and transformation formulas of ¢, we have

hi(t+1) = e(—r/8)hi(r)
and
hy(—77Y) = 7FY2e(3r/8)hy (7).
Since e(T) = e(1/24) and £(S5) = e(—1/8) (see §2.5 for the notation), we obtain identities
(5.3) h(r+1) = eI hi(r),
(5.4) M=) = (&MY (),

Since T and S generates Mp(2, Z), the fact hy € My 1(1,e%7°7) follows from the above
identities (5.3) and (5.4). It is not difficult to see that the map J% is injective.

Next we shall show that J%¢ is surjective. Let hy € M, i1 (1 g24=37). We put
o(1,2) = h(7)(0ra(T,2) — 9r,1(7, —z)). Then, due to the transformation formula of
hy and that of 6,; (j = 0,1,2,3) (see (5.3), (5.4), (4.1) and (4.2)), the form ¢ satis-
fies the transformation formula (i) and (ii) in Definition 2.1 as weight k + “5* of index

D,. Since 6, satisfies the condition (iii) in Definition 2.1, also ¢ satisfies the condition.

Therefore ¢ € Jy,rta p . It follows form Lemma 4.1 that Jy ro1 p, J;ffﬂ p,- Thus

T% odd i surjective.
Fmally, we shall show the identity (5.2). We take the Fourier expansion of ¢ €

.
Z Z C(n',re(n't + B(r', 2)).
n'€Z p1e D}

Then,

hi(r) = (x,o,fd ZC’n vi)e ((n—%) >,
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where v; = @3 hag been defined in §4. Remark 3(v;) = r/8.
For n' € Z, we write A(8n' —r) := C(n/,v1). Then, hy(7) =Y, o, A(m)g™ .
Let p be an odd prime. By definition of T'(p?) (see §2.6), w have

(lers TE)(T) = YA (m)g™”,
meZ

where
55 ) = (=) {A<p2m>+(<‘1p)km)pk1A<m>+p2“A<m/p2>}.

Since A(m) = 0 unless m = —r mod 8, we have that A*(m) = 0 unless m = —r mod 8.
From the definition of T7(p?) (see Lemma 2.6), by using the facts that =+ = k + 1
mod 2 and [D? : D,] = 4, we obtain

Gy p T/ W2 = 303 e’ + B0, 2)),

n'€Z e ph

where
(5.6) C*(n',r") = C*n,pr)
_i_pkfl ((_1)k+1) (8(nl - B(T/») C(TL/,T’/>

p p

ey O(;w — B0 2)+ ), 50 A)) .

AeD,./pD,

Since ¢ belongs to Jljf,ﬂl D, and since k 4+ = is odd, we have ¢(7, —2z) = —¢(, 2).

Thus C(n/, —v,) = —C(/, vl) Now we will show C*(n/,v,) = A*(8n' —r) for any n’ € Z.
= (%) vy mod D,. We remark f(vy) =1r/8.
Since C(n',7") is determined by the pair (n’ — (r’), 7’ mod D,), we have

1 — p? —4 —4 1 — p2
C(p2n17p'l)1) = p2n’+—p'r’, — v )=(—)C p2n/_|_ p r v
8 p p 8

- () 4wt -,

p

We have pv,

Similarly, if Il)(vl — 1) € Df with u € D,, then

1 2 4
—(vy —p) = p—(v1 —p) = pyy = (—) vy mod D,.
p p p
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And, since there exists only one pu € D, modulo pD, such that Il)(vl — 1) € Df we take
such p and we have

1, 1
5> (0 = B0+ 500, 30 - )

AEDT/pDT

= 000 = Bon 0+ B0, =) = 0(8”‘8—“’ () n)

p2

- (el - (5) ()

Therefore the identity (5.6) for v’ = vy is

vy = (_?4) (AR (80 — 1))

o () (52 o)

= A*(8n' —r).
Since
odd( |TJ ZC n 'Ul (Sn -r)/8
n'€Z

and

((jodd ZA* m/8,

meZ

we obtain ded( T (p)) = Odd( )|T( ?). s

Theorem 5.3 ([Ya 14, Thm. 2]). If r € {1,3,5,7} and if s € 27, then

77ng (1) ~ ngfgi 1(2) ifr=1,3
Sgreig;fl(z% Zf”f‘ - 57 77

as Hecke modules. Here, we use the twisted Hecke operators T(pQ) of half-integral weight
for the left-hand side (see §2.6) and use the usual Hecke operators of integral weight for
the right-hand side.

Remark that the notation S5, (2, — (2)) in [Ya 14, Thm.2] is equivalent to the
notation Sj-y3;_;(2) in this paper, where € = — (8) #2571 = (=8). Hence, ¢ = 1 or
—1 according as r = 1,3 or = 5,7. In [Ya 14, Thm.2] the usual Hecke operator T'(p?)
on 7°" M,(1) is applied, while we apply the twisted Hecke operator T'(p?). Therefore we
drop the symbol ® (=%) from Sgﬁ”zs 1(2,—(8)) ® (=2) in [Ya 14, Thm.2].

Remark also that when r = 1 and s = 0, the right hand side Spev(2) of the above
isomorphism must be M$¢*(2), and where MJ*"(2) = (CE§2) (see §7.2, the proof of
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Theorem 1.4). Here Eéz) has been defined in Theorem 1.4, which is a modular form of
weight 2 with level 2.

By the substitution (r, s) — (8 —r, k—12+221) into the isomorphism in Theorem 5.3,
we have the following corollary.

Corollary 5.4. Ifr € {1,3,5,7} and if k + % =1 mod 2 with k > 2, then

Sue " (2), Wfr=13,

ng(s_T)Mk—H-i-L;l(l) = {Snew,-‘r(Q) ZfT =57
2k ) — 9

as Hecke modules.

Proof of Theorem 5.1. Theorem 5.1 follows from Proposition 5.2 and Corollary 5.4 (The-
orem 5.3). 0

6. JACOBI FORMS OF EVEN WEIGHT

Let the notation be as in §4. In this section we assume that k + % is an even integer
and r = 1,3,5 or 7. The purpose of this section is to show Theorem 6.1.

6.1. Jacobi forms of even weight of index D,. The vector space S;Z’:

1"(8) has been
2
defined in §2.4.

Theorem 6.1. Let k + T;“l be an even integer with k > 0. Then, we have

© S R S 2 s
as Hecke modules, where we recall e, = — (=2) = —1 or 1 according asr =1, 3 orr =5,

7, and where SZi“i’J“_T(S), which will be defined before Theorem 6.7, is the subspace of
2

all newforms in S;;’?(S).
2

The first isomorphism of (6.1) will be shown in Corollary 6.8 of Proposition 6.3,
while the second isomorphism has been essentially obtained by [U-Y 10, Thm. 1] (see
Theorem 6.7).

6.2. Jacobi forms and modular forms of half-integral weight.

Lemma 6.2. The group I'g(8) is generated by the following two types of matrices:

uls) = (815 (1)) (s€Z), vla) = (a2a ) Clb) (a=+1,+3).

Proof. We denote by I' the group which is generated by the above two types of matrices.
We have u(s)v(a)u(s) = v(a+ 8s). Thus v(a) belongs to I' for any odd integer a. Note
that (' %) =v()v(-1) € I" and v(a) ™' = —v(—a) € T".
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We take A = (gz g}) € I'y(8). We can take an odd integer a, such that |ay+w| < |yl.
Since v(a)A = : @ :— “), by repeating to multiply such v(a) to A, we can reduce

the absolute value of the right-upper part of A. Thus we can assume y = 0. Then we
have A = (5! %) € I'. Thus I" = I'y(8). O

We recall from §4 that ¢ € J, il p, has the decomposition:

(6.2) o(r.2) = Z hj<7_)0r,j (7, 2),

where
hi(r) = Y C' v))e((n’ = Bvy)7),

and where C'(n/,v;) is the (n/, v;)-th Fourier coeflicient of ¢ (see Lemma 2.3). We define

(6.3) (T (@)(r) = Y hy(87).

J=0

Recall that the vector space M ki’j(é%) has been defined in §2.4.
2

Proposition 6.3. Assume thatr =1, 3, 5 or 7 and that k + % 1S5 an even integer with
k = 0. Then, the map J" gives an isomorphism

o
even —

. +7_T
rk : JkJr%l,DT - M]H_% (8)
as Hecke modules. It means, for any ¢ € J, r11 p , we have
2 o

G@T () = (TR OTK)

for any odd prime p. Moreover, the restriction of T on J;fﬁrl . gives the isomor-
’ 5 Dr

phism
even . JCuUSp = +,—r

This proposition follows from three facts: J;" is an injective map (Lemma 6.4), J5"

is surjective (Lemma 6.5), and J;" is compatible with the action of Hecke operators
(Lemma 6.6). We show these three lemmas.

Lemma 6.4. Let ¢ € Jy rix pp . Then iM(9) € M];:_J(S) Furthermore, the map

AT Jk-&-%l,Dr — M,L;(S) is injective. If ¢ € Jiif%,p,ﬁ then J3"(9) € SIZ’%T(S).
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Proof. ¥or ¢ € Jy ri1 p we put g = iM(@). Since B(vg) = 0, B(ve) = 1/2 and
B(v1) = B(vs) = r/8, and since hy = hs, the injectivity of J3" follows from the Fourier
expansion of g.

We show g € M ]: +_%T(8) By virtue of Lemma 6.2, it is sufficient to prove the transfor-

mation formula of ¢ for the generators u(s) and v(a) of I'g(8). To show this, we show
the transformation formula of g(7/8) = Z?:o h;(T) for

W(s) = (g ?) u(s) (g (1))1:(1 (1)) (s € Z)

v = (3@ () = (o b) @=srss)

0—1(1—3 0 1

and for

Remark the identity u/(s) = 1 0 0 1 -1 0

(4.2), (6.2), and by using the transformation formula of ¢, we have

) . By virtue of the identities

3
hi(—171) = —Tk+2€ (r/8) Ze (jtr/4)h,,
=0

For any s € Z, we obtain

M=) = 55 e(r/8) S elitr/Ahu(r — 5)
= % (1 — S)H% e(r/8) Y e(jtr/4)e(t?rs/8)hy(T).

t=0

Hence, by virtue of the identity (4.2), we have

N —

hi(—(—7'=s)) = (-7 - k+2 e(r/8) Ze (jtr/4)e(t*rs/8)hy(—7 1)

P

3
(=71 —s)k% TFtae(r/4) Ze (jtr/4)e(t*rs/8)
=0

3
X Ze tur/4)h,,
u=0

e(1/4) and since 2k + 1 = —r mod 4, we have

)z
t3e(—r/4). Since Z?:o e(jtr/4) = 46:0, where 0



ISOMORPHISM BETWEEN JACOBI FORMS OF INDEX Daj,41 27

denotes the Kronecker delta, we have

Zh] (st+1)7Y) = Zhj(—(—T_l—s)_l)

§=0 §=0
3
= (sT+1)"2 Z hy(T)
u=0
Therefore g T (sT+1 ’“+2g and we obtain g|, , 1u(s) = g for any s € Z.
8(sT+1) kta
8

For a € {#+1}, we have v'(a) = , |- Thus Z?:o hi(T 4+ 8a™t) = Z?:o h;(t) for
v'(a) (a € {£1}). Therefore g\k+1v( = g for a € {£1}.

a) =
For a € {£3}, we obtain v'(a) = ((1) Clb) (? _01) ((1) Cll) We have

a
0

and
2 (=t Ha) = ) e(=ar/8hy(~r)
_ %wée(r /8) " e(—aj?r/8) Y eljtr/4)hi(r)
Thus

o) () (55) - ()
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Since (a — 1)(2k+1+7) =0 mod 8, we have

Zhj((a7+(a2—1))(7+a)_l) = ) hi(-(r+a)" +a)

J=0

= (r+a)e((l—a)r/8) Y hi(r)

t=0

= (r+a)" 2 e((a—1)2k+1)/8) 3 hi(r).
Thus
at + (a® — 1) k+1 T
g(—)> = (r+a) 2 e((a—1)2k+ 1)/8)9(5) .

8(r+a
Since j(v(a),7) = (87 + a)ze((a — 1)/8) for a € {£3}, we have 9lerrv(a) =
Therefore g € MH%(S). Since f(vg) = 0, B(ve) = 1/2 and B(v1) = S(v3)
by the construction of g, we obtain g € M;:J(S)

9.
=r/8, and

Now, we assume that ¢ is a Jacobi cusp form. Since the constant term of ¢ is zero,
the constant term of hg is zero. Thus, by using transformation formula of {h;};, we
have the fact that [Im(7)7%/2=1/4g(7)| is bounded on . Hence g is a cusp form and

+,—r
€S, 1 (8). 0
Lemma 6.5. Let g € Mi:r "(8). We write
2
g(r) = Yo gt = Y fa(8),
nez m=0,4,—r
n=0,4,—r mod 8
3
where fn(T) == Z cg(n)g"®. We put (J(g))(1,2) := Z h;(7)0, (T, 2), where we
nzn?egod 8 =0
set

_ Y (), =02
hi{r) = {%f_r(T), ifj=13.

Then, J(g) belongs to Jk+r+1 p,- Moreover, the map J is the inverse map of JZ". If
€ 8,71 (8), then J(g) € JY

k+=HL D,

Proof. For simplicity, we write ¢ = J(g). The transformation equations in Defini-
tion 2.1(ii) and (iii) for ¢ follow directly from the definition of ¢. Thus it is suffi-
cient to show the transformation equation in Definition 2.1 (i) for ¢. The formula
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o(T+1,2) = ¢(1, 2) follows from the definition of ¢ and from the transformation equa-
tion of 6, ; with respect to ({1). Therefore it is sufficient to show the transformation
equation of ¢ with respect to (§ '):

r+

(6.4) G- 7)) = TR (T B(2)e(T, 2).
To show (6.4), we show

1

(6.5) o= = VT elr/8) {folr) + fulm) + foi(0)}
(6.6) =) = Ve /8) Uolr) + fu(r) — Fo(T))
(6.7) frl=r) = VT e /8) {folr) = fulr)}
Since
Ly g(“ga) = Jole) + (),
W
we have
TS| -7 1+a
fo(=77") = gam0d89<—8 )
= ST g S (%)
WA
Thus
fo(_T—l)_f4<_T—1) _ ;l Zd g(a7'8;1)
B

Now, by using the formula

(6 ) E) Q=) v
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for any odd integer a, we have

fol=m™) = fu(=17") = i\/?%ﬂ 3 e((“ - Ué% + 1)) g(T ; a)

a=+1,43

_ i\/_zkﬂ Z Z (a—l 2k8+1)—an) ).

=0,4,—r a==£1,43

From this identity, since 2k +1+r =0 mod 4, we obtain

_ _ 2h+1

(6.8) fo(=m™) = fu=m7Y) = VT e(r/8)f(7).
Since v/ — 7'*1_1 = —i\/_ the substitution 7 — —7~! into (6.8) gives the identity (6.7).

Since ——5 = —1 4 75, the substitution 7 — 7 + 1 into (6.8) gives

T s
(69) i)+ 0 +1> = VT L.
Since —ﬁ —1» the substitution 7 — —771 — 1 into (6.8) gives
T _ ————2k+1 l o

(6.10) f0<7+1) f4(7_+1) T 1 e u for(=777).

Hence, by adding both sides of (6.9) and (6.10), we obtain

(=) = T v (1) s

T+1 9
Since /=71~ 1y/7 = ¢(1/4)y/7 + 1, we have
fo( T ) _ 1\/T—+12k;+1 {f—r(T) N \/Flee(l(Qk +1+ 7‘)) f—r(_T_l)} ,
T+1 2 I

By virtue of (6.7) and since 2k + 1+ r =0 mod 4, we obtain

() = g s e(5) (i) - A}

T4+ 1

The substitution 7 — 7 — 1 into this identity gives the identity (6.5). The identities
(6.5) and (6.8) provide the identity (6.6).
The identity

ho(—T_l) 1 1 1 1 hQ(T)
ho(—771 1 okt 1 1 -1 —1 ho(T
hlg—Tlg - 2\/_ ' e(r/8) 1 =1 e(r/4) —e(r/4) hlng
ha(—771) 1 =1 —e(r/4) e(r/4) hs(T)

follows from the identities (6.5), (6.6) and (6.7) and from the fact h, = h_,.
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This identity and the transformation law of {6, ;} (see (2.1)) provide the identity
(6.4). Thus the transformation law in Definition 2.1 (i) for ¢ follows. We therefore have
J(9) = ¢ €y p,-

Ifge S]j :;(8), then the constant term of fj is zero. Thus the constant term of hy is

also zero. Hence ¢ is a Jacobi cusp form (see Lemma 4.1) and J(g) € qusf+1
2

By the construction of J, it is clear that .J is the inverse map of J7". O

e 1s compatible with the action of Hecke operators:

e”e"(¢|T"( ) = (T ()IT(P?)

for any ¢ € Jk+%’DT and for any odd prime p.

Lemma 6.6. The map

Proof. The proof of this lemma is similar to the case of J7; odd (see the proof of Proposi-
tion 5.2). We show the identity between the Fourier coefﬁments of T3 (o|T7 (p)) and

those of (J5°" ()T (p?).
We take the Fourier expansion of ¢ € Jerril p,:

Z ZCn re(n'T + B(r', 2)).

n'€Z e ph

Since k + L is even, we have ¢(7, —2) = ¢(7, z). Therefore C(n/, —r') = C(n/,r’) holds
for any (n',r") € Z x D}.
From the definition of T (pQ) (see Lemma 2.6), we obtain

Gl n T G2 = 3 S O )eln's + B, 2),
"' €L yprepf

where

(6.11) C*™(n',7") = C(p*n/,pr')
Fpht ((—U’“) (8(n’ - 6(?’))) Cln' )

p p

Y C(é(n’—ﬁ( A) + BOV). ;v—m).

AED; /pDr

Remark that the second term of the right-hand side is different from the one in (5.6).
For simplicity, we write g = J°"(#). Then g has a Fourier expansion of the form
g(t) =>"_yA(m)g™. The Fourier expansion of g|k+%T(p2) is

o0

Gl 1 TE))(T) = Y A" (m)q™,

m=0
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where

(6.12)  A"(m) = A<p2m>+(#) P Am) + p A(m)p?).

By the construction of J", we have

;. A8(n' — B(r"))), ifr' =wvp,v9 mod D,
C<n T ) - 1 / / e —
AB(n' = B(r"))), ifr' =wvi,v3 mod Dy,
for any (n’,7") € Z x D}. Remark that C(n/,v1) = C(n/,v3).

By comparing the right-hand sides of (6.11) and of (6.12), we obtain

, A™(8(n' — B(vy))), i " = wp, va,
C** i —
(TL 71)]) {%A**(S(n’ . ﬂ(vj)))7 if ! = vy, U3
We therefore conclude J (6T (p)) = (TS5 (0)) T (p?). O

Proof of Proposition 6.3. Proposition 6.3 follows from Lemma 6.4 (injectivity of ),

Lemma 6.5 (surjectivity of J7°") and Lemma 6.6 (compatibility of 7" with Hecke

operators). 0

6.3. Shimura correspondence and newforms. The newforms in S;r ;(8) has been
2

introduced by [U-Y 10, Introduction]. We recall the definition of operators U(d) and

Ur(4) = U(4)p:

(Zanqn)‘U(d) = Zadnqny (Zanqnﬂ@k = Z anq".

ne”Z nez neZ nez
(—=1)*n=0,1 mod 4

for any formal power g-series ) _, an,g". It is shown in [U-Y 10, Thm. 1 (1), Prop. 6]
that S:+%(4)|Uk(4) = {f|Uk(4) c fe S]:r%(él)} is a subspace of SZ+%(8). We define

St (®) = S () + 8L (@IU).

The space of newforms S]:f’%w(é%) is defined by the orthogonal complement of SZT’;(S)
. + . . Ve
in Sk+§(8)' It is known in [U-Y 10, Thm. 1 (1)], that

SIEE(8) = 8P (4) @S], (4)|Uk4),

k+3

+ o new,+ old,+

Sra(8) = Spt(s) @ Sy (®).
We put

ng?*"r(g) = Sgi§’+(8)ﬂslj+’_;(8).

The following theorem essentially follows from [U-Y 10, Thm. 1, Prop. 4, Cor. 2].
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Theorem 6.7 ([U-Y 10]). For any k € Z and for any r € {1,3,5,7}, we have

Spemtr(s) = Spme(2)

as Hecke module, where we recall e = — (_78)

Proof. By virtue of [U-Y 10, Thm. 1 (3)], there exists an isomorphism map
Tt S(S) S
as Hecke module. That is,

J(gIT(p?)) = J(9)|IT(p),  Jr(g|U(4)) = Ju(9)|U(2)

new,4+
k+3
operator acting on Sa(2).

Due to [U-Y 10, Cor. 2, Prop. 4], it is known that the identity

21_kg|Uk(4) = —¢g

for any g € S (8) and for any odd prime p, and where T'(p) is the usual Hecke

is equivalent to the condition

ay(n) = 0 if (ﬁ) S

where a4(n) is the n-th Fourier coefficient of g.
We assume g € S:ﬁ’J“’*T(S) and assume that ¢ is a Hecke eigenform. We need to
2

show Ji(g) € Sor”"(2). Since g € SZTZ’J“*T(S), we obtain g|Uy(4) = 21 (ﬁ) g,
2

where

=5, ifr=1,

-7, ifr =3,
m =

-1, ifr=25,

-3, ifr=".

We recall that k + 5 is even. Hence, (—1)% = (—1)0""1/2 and g|U,(4) = — (&) 2* 9.
We put f = Ji(g) and take the Fourier expansion f = > a,q". We have f|U(2) = ayf.
Since Ji,(g|Ux(4)) = Ji(9)|U(2), we have a; = — (2) 2571, It is known that

flaw (N3 = of

with ¢ = —27%a, (see [Zh 13, Introduction], for example). Thus
8 r+1 8 —8
= (=) = (-D)¥-D7=2 (=) = =(=DF[— ) = e~
) - e () () -
We therefore conclude Ji,(g) = f € S5 (2). 0

The following corollary follows from Proposition 6.3 and Theorem 6.7. Recall the
conditions r € {1,3,5,7} and k£ > 0.
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Corollary 6.8. We have

qusp,new ~ Snew,+,—r(8) )

—+1 1
k+73=,Dr k+35

as Hecke modules.

Proof. We put

T ) 0 T . ) ld
Seit = TN ) SO = TR U,
Then, by virtue of Proposition 6.3, we have S;“ZT(S) = S(l)’fr fany S(O)’fr. It is sufficient
+1 ktl k+1

(1),—r _ aomew,+,—r
to show Sk% = SH% (8).
old,+,—r X old, ,—T
. new, old, =T new,+,—r old,+,—r
Since S;+%(8) = Sk+%+(8) ® 51,%5'(8)7 we have S/:r% (8) = Sk+%+ (8) @ Sk+; (8).
Due to Theorem 6.7 and due to the strong multiplicity one theorem (see [Mi 89, Coro.

4.6.30]), we obtain Slg’jr C SZT’;’_T(&. Namely, if ¢ € JﬁsﬁdD is a Hecke eigenform,
2 2 2 T

then there exists a Hecke eigenform f; € S5;(1) such that the eigenvalues of ¢ are
those of fi. If J¢"(¢) € S;Lil‘f’+’_r(8), then there exists fo € Sy "*(2) such that the
’ 3

eigenvalues of ¢ are those of fy. But, then the eigenvalues of f; and f, coincide, and it
is contradiction.

It is known in [U-Y 10, Thm. 1 (1)] that

dim Sl;% (8) = dim ng”“g*(s;) + 2dim S;% (4) = dim ST0F(8) + 2 dim Soi,(1),

k+31
where the last identity follows from [I[<o 80]. Due to (2.2) we have
dim S71(8) + dim S°(8), if K is odd,

k+3

dim 3:4_%3(8) + dim 8;427(8), if k& is even.

dim S

k+3i

First, we treat the cases r =1 and r = 5. We have
dim S+ dim S + dim ST+ dim 5737 = dim S, (8)

i k+3 3 k+g
= dim 5777 (8) + 2dim Sy (1).
2

By virtue of Proposition 3.4, we have dim S’(i)fl = dim S;:Z’;5 = dim Sox(1).
2 2

: 0),—-1 . (0),~5 old,+,— old, +,— old, : . qold,
Since SIQ% @SIEJE% C Sk+%+ 1(8)6951%%+ °(8) = Sk+%+(8), and since dim Sk+;(8) =
. . 0),—1 old,+,— 0),—5 old,+,—5
2dim S;;%(Zl) = 2dim So(1), we have S’(ﬂj% = Sk+; '(8) and Sliﬁ% = SH; (8).
(1),-1 _ gmew,+,—1 (1),-5 _ gmew,+,—5
Therefore SH% =51 (8) and SH% = Sk% (8).

The cases r = 3 and r = 7 follows from the same argument. O
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qusp,new ~
k+754.D,

S;T;’J“_T(&) and Theorem 6.7 (isomorphism SZT;’“L’_T@) = Sor(2)). O

Proof of Theorem 6.1. Theorem 6.1 follows from Corollary 6.8 (isomorphism

7. PROOF OF THEOREMS 1.1 AND 1.4
7.1. Proof of Theorem 1.1.

Proof of Theorem 1.3. Theorem 1.3 follows from Theorem 5.1 (isomorphisms

cusp ~ ,,24—3r ~ QNEW,€2
Ty E P My e (1) 2 S5(2)

for k + =+ =1 mod 2) and from Theorem 6.1 (isomorphisms

cusp,new ~y QNew,+,—r ~ Qnew,e2
Jk##,DT - Sk+§ (8) = 5,77(2)

for k + =1 = 0 mod 2). O
Remark that if k4 = = 1 mod 2, then it follows from Theorem 1.2 that Jlgf =

cusp,new cusp %7Dr
{0} and Jk—&—%’l,Dr - Jk+%1,Dr'

Proof of Theorem 1.1. Theorem 1.1 follows from Theorem 1.2

: : _ Tnew old ~ Tnew €1
(isomorphism Jpyril p, = kol p, D Jk+%17DT = Jpprsip, @ M;5.(1))

and from Theorem 1.3 (isomorphism ]?fﬁ%l b, = 551.(2)). 0

7.2. Proof of Theorem 1.4.
Proof of Theorem 1./. We first show the identities.

(7.1)dim Jp, p, = dim Js p, = dim M5 (8) = dim '° M (1) = dim M; (2) = 0.

The identities dim Jo p, = dim .J5 p, = 0 have been obtained by [B-5S 23] (see [Mo 19b,
Thm. 3.29]). Due to Proposition 6.3, we have dim M3+/’2_1(8) = dim J; p, = 0. The iden-
tities dim n'®M _g(1) = dim M _4(1) = 0 are obvious. One can check that dim M(2) =
dim M5 (2) = 1 and dim M, (2) = 0. Thus we have the identities (7.1).

To show the rest of the claims in Theorem 1.4, we calculate the Hecke eigenvalues of
n® € n*My(1) and those of Ey p, € Jy p,.

It is well-known that 7® has the Fourier expansion n(1) = >"°7 (_74) ng"’/8. There-
fore, for any odd prime p, we have

PITe?) = (L+pn’
after a straight-forward calculation, where the twisted Hecke operator T(pQ) is defined

in §2.6. The Eisenstein series E§2) of weight 2 of level 2 has the Hecke eigenvalue 1+ p

for any odd prime p. Thus Cn? = CE§2) as Hecke modules.
The identity dim .Jy p, = 1 has been obtained by [B-5S 23] (see [Mo 19b, Thm. 3.29]).
The form Ej p, belongs to Jy p,, and hence Ej, p, is a Hecke eigenform. The constant
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term of Ey p, is not zero, thus the eigenvalue of E, p, is obtained by computing the
constant term of Fy p.|T”(p) (see §2.6, for the definition of T”(p)). Hence, it is straight-

forward to check Ey p.|T7(p) = (1+ p)E, p, for any odd prime p. Thus CE, p. = CE§2)
as Hecke modules.
Due to Proposition 5.2, we obtain the identities

dim Js p, = dimn*My(1) = dim M, (2) = 1
and
Cis,p, = Cf° = CE

as Hecke modules, where ¢ p, € J5 p,.
The identity dim Jy p, = 1 has been obtained by [B-S 23] (see [Mo 19b, Thm. 3.29]).
Due to Proposition 6.3, we obtain the isomorphism M. °(8) 2 J, p,. Since dim.J =

3/2
dim M, (1) = 0, we have Jyp, = Jys. Thus M;;’Q_5(8) = JiD.. We recall E?S)Q €
MSJ;’;E’(S) and Ey p, € J{%. We have (CES)2 = CEy,p;.

We therefore conclude

dim J3% = dim JE'5P" = dim My, (8) = dimo® Mo(1) = dim M (2) = 1

and

CEyp, = Cijs p, = CE), = Cr° = CE}”

as Hecke modules. O

8. FOURIER COEFFICIENTS OF JACOBI-EISENSTEIN SERIES

In this section we give an explicit formula of the Fourier coefficients of the Jacobi-
Eisenstein series E, 4rtlp, € Ji 4ol p, for k > 2 (see Definition 8.3 and Theorem 8.4)

and we prove Theorem 1.5.

8.1. Cohen type Eisenstein series of level 8. Let 77, (k € N) be the Cohen Eisen-
stein series of level 4 of weight k + % which is defined by

A, (1) = C(1—2k)+ ZH(k,N)qN.

(see [Co 75, PP. 272-273] for the definition of H(k, N)). If k > 2, then /%, € M]:;l(ll).
2

If N is written by (—1)*N = Df? with a fundamental discriminant D and f € N,
then H(k, N) satisfies

(5.) HUGN) = HOs D) S ud) (5 ) dtowa(s /a0

daf
and H(k,|D|) = L(1 — k, (£)), where L(s, x) is the Dirichlet L-function.
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Let 7 € {1,3,5,7}. We assume (—1)* = —r mod 4. If k is odd, then r € {1,5}, and
if k is even, then r € {3,7}. We have k + =L € 2Z.
We define the Cohen type Eisenstein series of level 8 by

() = C(L=2k)+ > Hi(k,N)gY,
N>0
where we set
H(k,N)— H(k,4N)
21 () +29

H(k,N) = H(k N)+

By definition, we have

((2)+#) 14 ()2 )

where the operator Ug(4) is explained in §1.4. Since the fact J|Ux(4) € M,Ll(S)
2
(k > 2) follows from [U-Y 10, Prop. 6], we have % € M]:Zrl (8) for k > 2.
’ 3

The vector space M:ﬁr(é%) has been defined in §2.4.

Proposition 8.1. Assume k + %1 18 even with k > 2. Then, we have
M;g(g) = CH5 S;J;_%T(S).
In particular, 7€, € M]:Z;T(S).
’ 3
Proof. We assume N = 4 — r mod 8. Since ((—1)*N)? = r? — 8 mod 16, we obtain

<ﬁ) = (=1)(CVINP=D/8 = (1) =9)/8 = _ (8). By virtue of the property (8.1),
we have

8
8.2 H(k,AN) = (1+2%"'— 2" ) H(k, N).
Thus we obtain H*(k, N) =0 for N =4 — r mod 8.
Since 7% € M’L%(S), we obtain J2), € M’L;(S)

By virtue of Proposition 6.3 and Lemma 4.1, we have

. +,—r . +,—r o . . cusp
dlliH_% (8)—d1mSk+% 8) = d1ka+%7Dr—d1ka+%7Dr <1

and )%, & S;Z’F;(S). Thus this proposition follows. O

Lemma 8.2. Let N be a positive-integer such that N = 0,4, —r mod 8. There ez-
ists (n',r') € Z x D! such that N = 8(n' — B(r')). We write (—=1)*N = Df? with a
fundamental discriminant D and f € N.
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Then, if f =1 mod 2, we have

(L+(3) (5)) H(k N)
(t+2)
We remark that if N = —r mod 8, then f =1 mod 2 and (&) = <%> =(%).
If f =0 mod 2, we have

(8.3) H*(k,N) =

H(kN) + (2) 24H (k. )
i+ (52

We remark that if N =0 mod 4, then D =0 mod 4 or f =0 mod 2.

(8.4) H(k,N) =

Proof. The formula (8.3) follows from the identity (8.2) in the proof of Proposition 8.1
under the assumption f =1 mod 2.
The formula (8.4) follows from the identity

N
(1+2**"")H(k,N) — H(k,AN) = 22k‘1H(k, Z)
under the assumption f =0 mod 2. a

8.2. Jacobi-Eisenstein series.

Definition 8.3. For k > 2 and forr € {1,3,5,7} such that k + ’"JQF—I is even, we define

Ek##,DT(T’ z) = Z Z L0, (X, 0)|k,p, A

AESL(2,Z)/Toc XD,
where we put oo :={£({1) : n € Z}.

For the convergence of EkM;r—l,Dw see [Aj 15, Prop. 3.3.6] or [Mo 19b, Thm. 2.6].

Remark that the definitions of Eyp, (case (r,k) = (5,1)) and E, p, (case (r,k) =
(7,0)) are not involved in Definition 8.3. The functions E, p, and E, p, are constructed
by using a theta function (see [Mo 19b, §3.3.1], for example. For the Fourier coefficients
of Ey p,, see also Theorem 8.5).

We now obtain an explicit formula of Fourier coefficients of Jacobi Eisenstein series
Epirsip, of index D, for k > 2. As for notation 5(r’), see §4.

Theorem 8.4. Assume that k—i—’”“ 15 an even integer with k > 2. The Jacobi- Fisenstein
series By ri1 p € Jyy o p o has the Fourier expansion:

Ek+r+1D T, 2) Z Z erp(n',re(n'T 4+ B(r, 2)),

n'€Z et
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where N = 8(n’ — B(r')) and

17 ZfN:07
H(k,N
(8.5) erp(n/,r) = C(Tl(f’Qk;’ if N>0and N =0 mod 4,
| ik N)
2<<1 _ 2k>7 Zf >0 an r mod 8

Proof. The function Ey i p, (resp. %) is an eigenform for Hecke operator T (p)
(resp. T'(p?)) for any odd prime p with the eigenvalue 1+ p?*~*! (see [Aj 15, Thm.3.3.18],
for example). Thus, by virtue of Theorems 1.2 and 1.3, both E, 4ol p, and J7, corre-

spond to Fo, where Eo denotes the usual Eisenstein series in Moy (1) with the constant
term 1. Therefore £, w1 p, and H%. correspond each other by Proposition 6.3. We ob-

tain J5" (B ri1 p,) = ¢, with a certain ¢ € C. By comparing the constant terms,

we have ¢ = (1 — 2k)~'. The formula of e, x(n’,r’) in (8.5) follows from the definition
of the map J73" (see (6.3)).
O

Remark dim Jyp, = 1. There exists a Eyp, € Jip, which corresponds ESQ) by
Theorem 1.4. Such a function E, p, in Jy p, has been defined in [Mo 19b]. The explicit
formula of Fourier coefficients of E, p, is written in [Mo 19b, PP. 76-77]. We quote this
result. By using the identity

3
# {(wl,xg,:pg) €7 —2D = Z(xf +x;) + Z} = r3(—8D)

i=1
for —8D € N such that —8D =3 mod 8, we have the following theorem.
Theorem 8.5 ([B-5 23, Mo 19b]). Let Ey py(7,2) = >, esa(n',17)e(n'T + B(1, 2)) be
the Fourier expansion of Eyp, € Jyp,. Then,
., r3(N), if N =0 mod 4,
65,1(” T ) = 1 .
573(N), f N=3 mod 3§,
where N = 8(n' — B(r")).

We remark that there is a misprint in the formula of Cy,(D,r) in [Mo 19b, P. 77].
Because of the condition Zle x; € 27 of the lattice Fg, the term

]
#{xEZ8" D 2D =ai+ a1+ x5, + Tson + 4n}
in [Mo 19b, P. 77] must be halved.
We will show r3(N) = 12(H(1,4N) —2H(1, N)) in §8.3. By using this identity, since
((—=1) = —5 and since HZ(1,N) = 2H(N) — H(4N) = —%r3(N), Theorem 8.4 is also

valid for (r, k) = (5,1) by Theorem 8.5.
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8.3. Zagier type Eisenstein series of level 8. We now consider the case £k = 1 of
7. We define

where we set H(N) := H(1, N). We define the Zagier Eisenstein series .# of weight 3/2
of level 4 by

F() = )+ e D altn)e ™,

oo

where v = Im(7) and where we put a(t) := [~ e ™32 du. By a straight-forward
calculation, we have

FILMA) —2F = MG —26 = —+ 3 (HAN)—2H(N))g".

12
N>0
N=0,3 mod 4
We define
* * 1
A1) = Hu(r) = ~(FIE) -2F) = —55 + > (2H(N) — H(4N))q".
NEO{g>I(I)IOd4

We now prove Theorem 1.5.

Proof of Theorem 1.5. First, we show the identity
(8.6) rs(N) = 12(H(4N)—2H(N))

for any N € NU{0}. Here we defined H(N) = 0 for N € N such that —N = 2,3 mod 4.

The identity r3(4N) = r3(N) follows from the definition of r3. For N such that
—N = 0,1 mod 4, the identity H(16 N) —2H(4N) = H(4N) —2H(N) follows from the
property (8.1). Furthermore, we obtain

H(N), ifN=0 mod4and%51,2 mod 4,
H(AN)—-2H(N) = <2H(N), if N=3 mod 8,
0, if N =7 mod 8.

It is shown in [Co 75, P. 274] that the right hand side of the above identity equals to
%Tg(N ) for N which satisfies the above conditions. Therefore, for —N = 0,1 mod 4,
the identity (8.6) holds.

If —N = 2,3 mod 4, then H(4N) — 2H(N) = H(4N) = £r3(4N) = Lr3(N). Thus,
for any N € N, the identity (8.6) holds. If N =0, then H(4N) —2H(N) = —H(0) =
L = 5r3(0). We conclude the identity (8.6) for any N € NU {0}.

12
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We now have

(0°1UL(4))() = Yoo om(N)gY =12 Y (HEN) = 2H(N))g"

N>0 N>0
N=0,3 mod 4 N=0,3 mod 4
_ *
= =127 (7).

Remark that the constant term of 63|U;(4) is r3(0) = 1.
By virtue of Proposition 6.3 and Theorem 8.5, we have

PlUi@) = D rs(N)gY = T (Eup,) € M57(®).

N=0,3,4 mod 8

Since dim M;;’;‘E’ (8) = dim Jy p, = 1 and since the constant terms of 62|U;(4) and of E?(j)?

are both 1, we have —124*(7) = 63|U,(4) = E:.E% € M;’Q_5(8). Therefore, we conclude
the proof of Theorem 1.5.
We remark that, since 0% € M;/,(4), the fact 6°|U;(4) € M:;r/z(8) follows from [U-Y 10,

Prop. 6]. Since r3(N) =0 for N =7 mod 8, the fact 6%|U;(4) € M;L/’Z_S(8) also follows.
O

9. MAPS FROM JACOBI FORMS TO ELLIPTIC MODULAR FORMS

In this section we prove Theorems 1.8 and 1.9.

Theorems 1.8 and 1.9 follow essentially from the facts that the Hecke eigenvalues of
¢ € Jyyrp p, coincide with the Hecke eigenvalues of f € M3eU(N) (N = 1,2), if ¢
corresponds to f by Theorem 1.2, 1.3 or 1.4. And the Hecke eigenvalues of f coincide
with the Fourier coefficients of f up to a constant.

Proof of Theorem 1.8. We assume ¢ € J,HT%DT and assume that ¢ is an Hecke eigen-
form. We put g = J3"(¢) € M;+_%T(8) and take the Fourier expansion g = Y A(m)q™.

For any odd prime p and for any discriminant m, due to (6.12), we have

©01)  MAm) = A<p2m>+(%)pk—1A<m>+p2k—1A<m/p2>,
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where ), denotes the Hecke eigenvalue of ¢ with respect to T”(p). Thus, if we assume
p? fm, then

>3t (EU) agpttmxe

= :1:—1?(;1 (#) X))t g/x(p?tm)xt
= (1—pk! (ﬂ) X)lll_pk_l <#> XA(m)

P — X +p?hlX?

A(m)
L=\ X + p?-tX2
Since A, is the Hecke eigenvalue of ¢, the value )\, is the Hecke eigenvalue of f €
My (2) @ My (1), where f is a modular form which corresponds to ¢ by the isomor-

phism in Theorem 1.1. Without loss of generality, we can assume f = > as(n)q" with
af(1) = 1. Then,

A(m - I ol
1— X (+ z)ﬂk—lX? = Alm) ;“f ()X
Thus
9.2) > (—(_2 m) AP Dm) = A(m)as(p).

1=0
Since as(*) is a multiplicative function, by assuming m is not divisible by p* for any odd
prime p, we obtain

(9.3) 3 (%) Am2d™*m) = A(m)as(n)

dn

for any odd integer n.
We now need to show (9.3) for any even integer n. Since Sy, is a linear map, it
. . . .. .. 1d .
is sufficient to consider three cases that ¢ is in JU5N“Y | ¢ is in J “PT°  or ¢ is a
k—’_T)DT k+T,Dr
Jacobi-Eisenstein series E,_ r+1 f, .
k+7$1.D,

First, we consider the case ¢ € J.'"711°) and we show Sy, (¢) € S5;""(2). In this case
2 ) T
f belongs to S5;""*(2). Then g|Ui(4) = Xag, where g = J3"(¢), and where Ay = ay(2)
by Theorem 6.7. Due to the definition of Ug(4), we have A(4'm) = X\A(4"Im) =
M A(m) = ay(2)'A(m) for any integer m.
By assumption, (—1)¥d, is a fundamental discriminant with dy = 0 mod 4. Thus

(%) = (ﬁ) = 0 by the definition of the Kronecker symbol. Therefore, for any
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odd integer n and for any natural number [, we have

—1)*d,
ar(2'n)A(dy) = as(2) dzl: dF1 ((fjo) A(n2d=2dy)
—1)*d
- Z d1 (( Cz 0) A((2'n)2d™2dy).
d|2!n
Thus Sy, (¢) = A(do) f € S5 (2). The case ¢ € J;f%fgr is completed.
Next, we consider the case ¢ € J™%5* and we show Sy, (¢) € Sgi(1).

k+3L D,
In this case f belongs to S5, (1). A Fourier-Jacobi coefficient of the lkeda lift of f
is ¢ (see §3). We take a Hecke eigenform h = > _; i 044 0(R)¢" € Slj+1 (4) which
’ 3

corresponds to f by the Shimura correspondence. Let Ay be the Hecke eigenvalue of h
with respect to the Hecke operator T'(2?). We put h* =3 _, (—1)* mod 4 0" (n)¢", where
we denote

(9.4) b*(n) = b(4n) —b(n) { (§) 2F1 4 )\2} .

r

Since h* is a linear combination of h and h|U(4), due to [U-Y 10], we have h* € S:+l(8).
Since h is a Hecke eigenform, we have
(=Dfn

(9.5) Aob(n) = b(4n)+< 5 )leb(n)+22k1b(n/4).

r4+1
If n =4—7r mod 8, then (%) = <(1)T2#) = — (%) and b(n/4) = 0. Thus

b*(n) = 0 for n such that n =4 —r mod 8. Therefore, h* belongs to S;’FET(S).
2
By using the identities (9.4) and (9.5), it is straight-forward to show the identities

20*(4n) — 2F1 (§) b*(n) = Agb*(n)
r
for n such that n = —r mod 8, and
(9.6) b*(4n) + 22710 (n/4) = Aob*(n)

for n such that n =0 mod 4.
The Hecke eigenvalue Ay of ¢ at p = 2 is also the Hecke eigenvalue of f at p = 2.
Thus Ay = as(2).

We recall the assumption that (—1)*dy is a fundamental discriminant with dy = 0

mod 4. Thus (%) = 0. Since the identity (9.6) is similar to (9.1), by using (9.6)
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and by a similar argument to (9.2), we obtain

(97) Zzlk 1) ( )kd0> b*<22(u—l)d0) _ b*(do)af(Zl),

where <(712ﬁ> =1 or 0 according as [ = 0 or not.

The functions h*, h and ¢ have the same Hecke eigenvalue for any odd prime p. There

exists a 1 € szfﬂ p, such that T3 (1) = h*. Then ¢ and ¢ have the same Hecke

eigenvalue for any odd prime p. By the strong multiplicity one theorem for Sy (2) and
by Theorem 1.1, 1) coincides with ¢ up to a constant multiple. Hence g(= J"(¢))
coincides with h*(= J5" (1)) up to a constant multiple. Thus there exists a constant ¢
such that A(m) = cb*(m) for any m € N. Hence the identity (9.7) also holds if we replace

b*(x) by A(x). Thus, by a similar argument to the case of ¢ € J;ffﬁeg , the identity

(9.3) holds for any n € N and for any fundamental discriminant m = ( 1)*dy such that
dy = 0 mod 4. Therefore we conclude Sy, (¢) = A(dy) f € SSi(1) for ¢ € JP5

k+™HL.D,
Finally, we consider the case ¢ = E, 1 p,- We write

Eyprsp,(7,2) ZZerkn re(n't + B(r, z)).

The explicit formula of e, (n’,r") has been obtained in Theorem 8.4.

If (r,k) # (5,1), then Ey 21 p, corresponds to the Eisenstein series Ey € Mo (1).
This fact follows from Proposition 3.4. If (r,k) = (5,1), then E, p, corresponds to
E(Q) € M3y*(2). This fact follows from Theorem 1.4. For any pair (r, k), by the same
argument to the above, the identity (9.3) follows for g = e““(EH%’DT) =Y A(m)q"
for any n € N and for any fundamental discriminant (—1)*dy with dy = 0 mod 4.

We consider the case (r, k) # (5,1). The case (r, k) = (5,1) follows similar.

We put Goi, = @Egk. We take the Fourier expansion of Go:

Go(7) = @4‘20%—1(”)(1”,

n>1

where o,,(n) = > ,,d". Then, the Fourier coefficient of SdO(EkJF%,DT) at ¢" is
A(dy)ogg—1(n) for any n > 1 due to the identity (9.3).

To show the identity SdO(EH%QDT) = A(dy)Gy, it is sufficient to show that the
constant term of both sides coincides.

The constant term of Sy, (E,HTH D) 18 ﬁ[&l —k, <(—1>2’“d0>) due to the defini-

tion of the map Sg,. On the other hand, the constant term of A(dy)Gyy is A(dy)$E=2K) Qk)
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Thus we need to show

A(do) - L1 —k, <(*14)<kd0>)
A0 T ()22

We recall that A(0) = e,£(0,0) and A(dy) = e x(n,r") for dy = 8(n’ — B(r’)). By

virtue of Theorem 8.4 and Lemma 8.2, and by assumption on dy, we have A(0) = 1 and
—_ k . —_ k . .

A(dg) = 5 f((’f);k;g ). Since, H(k, (—1)*dy) = L(1 — k. (M)) the identity (9.8)

holds. Therefore we have Sdo(Em%,Dr) = A(do)Gar € Mak(1).

. : : __ jcusp,new cusp,old
Since Sy, is a linear map, for any ¢ € Jk+i21,Dr = Jk+%,DT S ‘]k+%,DT @CE,C+%17DT

we obtain Sy, (¢) = A(do) f with a f € My (2) & M, (1). We conclude Theorem 1.8.
O

(9.8)

Proof of Theorem 1.9. The proof is similar to the proof of Theorem 1.8. By virtue of
the identity (5.5), we have

i) = (=) {agrm) + (S )+ 5 atmsst) )

p

for m = —r mod 8 and for any odd prime p, where )\, denotes the Hecke eigenvalue of
¢ for T (p).
Let f € S5."(2) be a Hecke eigenform which corresponds to ¢ €

qusp,new b
kot D, DY

Theorem 1.3. We take the Fourier expansion f =) as(n)¢" and assume af(1) = 1.
By an argument analogous to the calculation of (9.3), if m is not divisible by p? for
any odd prime p, we have

(5) 2w (557 aiam) = Atmugton)

n
1 dny

for any odd integer n;.
On the other hand, since f belongs to Sy.""?(2), we have flax (3 3') = €2i 2" f. And
it is known that flox (3 3') = —2'"%a;(2)f (see [Zh 13, Introduction]). Thus we have

ap(2) = —eyi T = (_78> (—1)k2F1 = (_78) (—1)7 28! = (§> k-1,

Here we used the assumption k + = 1 mod 2. The arithmetic function as(x) is
multiplicative and the identity a;(2°?) = as(2)** holds. Therefore,

(()2) (G e () e san = atzeiany

dny

41
2
62)

= A(dp)a(2%n,)

for any fundamental discriminant (—1)*"'dy such that dy = —r mod 8 and dy > 0.
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We conclude Sy, (¢) = A(dy)f € Sy (2) for any Hecke eigenform ¢ € J;ffﬁeg .
2 9 s

Since the map Sy, is linear, we conclude Theorem 1.9. O
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