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Abstract. There are three aims in this paper: (i) We show an isomorphism between
Jacobi forms of index D2n+1 (lattice index) and elliptic modular forms of level 2. (ii)
We give an explicit formula of Fourier coefficients of Jacobi-Eisenstein series of index
D2n+1. (iii) We construct a holomorphic modular form of weight 3/2 of level 8 from
the Zagier Eisenstein series F of weight 3/2 of level 4. Moreover, we show that the
four functions E∗

2 , η
3, θ3 and F have essentially the same Hecke eigenvalue 1 + p for

any odd prime p, where E∗
2 is the non-holomorphic Eisenstein series of weight 2, η is

the Dedekind eta-function and θ is the usual theta function. This fact follows from a
special case of the isomorphism of (i).

As an application, we give a formula for a sum of the numbers r3(n), where r3(n) is
the number of representations of an integer n ≥ 0 as a sum of 3 squares.
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1. Introduction

1.1. The isomorphism between Jacobi forms of integer index and a certain subspace of
elliptic modular forms with level is given in [S-Z 88]. There are mainly three purposes
in this present paper. The first purpose of this paper is to generalize this isomorphism
from the case of Jacobi forms of integer index to the case of Jacobi forms of index Dr

(r is odd). Here, Dr is one of the root lattices. More precisely, we will show that the
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space of Jacobi forms of weight k + r+1
2

of index Dr corresponds to certain subspace of
elliptic modular forms of weight 2k of level 2 as Hecke modules (Theorems 1.1, 1.2 and
1.3). This isomorphism has been conjectured by A. Mocanu [Mo 19b].

The second purpose of this paper is to give an explicit formula of Fourier coefficients
of Jacobi-Eisenstein series of index Dr (r is odd). This formula is written as linear
combinations of Fourier coefficients of the Cohen Eisenstein series (Theorem 8.4).

The third purpose of this paper is to construct a holomorphic modular form of weight
3/2 of level 8 from the Zagier Eisenstein series F of weight 3/2 of level 4 (Theorem 1.5).
Moreover, we will show that the four functions η3, θ3, F and E∗

2 have essentially the
same Hecke eigenvalue 1+ p for any odd prime p, where η is the Dedekind eta-function,
θ is the usual theta function and E∗

2 is the non-holomorphic Eisenstein series of weight 2
(Theorems 1.4 and 1.5). As an application we give a formula between two arithmetic
functions: the divisor sum and the number of representations of a given integer as a sum
of 3 squares (Corollary 1.7).

We give also formulas of the map from Jacobi forms of index Dr (r is odd) to elliptic
modular forms of level 2 (Theorems 1.8 and 1.9).

Let us explain more precisely these results.

1.2. Isomorphisms. We denote by Jk,Dr the space of Jacobi forms of weight k of index
Dr (see §2.7 and §2.1 for the definition). Remark that Jacobi forms of lattice index are
isomorphic to Jacobi forms of matrix index (see §2.1).

Let Mk(N) (resp. Mnew
k (N)) be the space of elliptic modular forms (resp. new forms)

of weight k ∈ N with respect to Γ0(N). For ϵ ∈ {+,−} we put

Mnew,ϵ
k (N) := {f ∈Mnew

k (N) : (f |k ( 0 −1
N 0 ))(τ) := f

(
−1

Nτ

)
(N1/2τ)−k = ϵi−kf(τ)}.

Remark that if f ∈ Mnew,ϵ
k (N), then the completed L-function L∗(f, s) of f satisfies

L∗(f, s) = ϵL∗(f, k − s) (see [S-Z 88, P. 136]).
It is shown in [S-Z 88, Main Thm.], that the isomorphism

Jnew
k+1,m

∼= Mnew,−
2k (m)

holds for any natural numbers m and k. Here Jnew
k+1,m denotes the subspace of new forms

of Jacobi forms of weight k + 1 of index m.
In particular, the isomorphisms

Jk+1,D1
∼= Jk+1,2

∼= Mnew,−
2k (2)⊕M−

2k(1)(1.1)

as Hecke modules holds, where Jk+1,2 denotes the space of Jacobi forms of weight k + 1
of index 2.

A. Mocanu [Mo 19b] posed the following conjecture, which claims a generalization of
(1.1). This conjecture is based on numerical examples of Euler factors of Jacobi forms
in Jk,Dr .
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Conjecture 1 ([Mo 19b, Conj. 3.30]). For every k ≥ 2, the following holds:

Jk+2,D3
∼= Mnew,−

2k (2)⊕M+
2k(1),

Jk+3,D5
∼= Mnew,+

2k (2)⊕M−
2k(1),

Jk+4,D7
∼= Mnew,+

2k (2)⊕M+
2k(1)

and these isomorphisms are Hecke equivalent.

It is known that if r ≡ r′ mod 8 for odd natural numbers r and r′, then the isomor-
phism Jk+ r+1

2
,Dr

∼= J
k+ r′+1

2
,Dr′

as Hecke modules holds (see Corollary 2.8).

For D ≡ 0, 1 mod 4, we denote by
(
D
∗

)
the Kronecker symbol. For D ∈ {−4, 8,−8},

the Kronecker symbols satisfy(
−4

r

)
= (−1)

r−1
2 ,

(
8

r

)
= (−1)

r2−1
8 ,

(
−8

r

)
=

(
−4

r

)(
8

r

)
for odd integer r and

(−4
r

)
=
(
8
r

)
=
(−8

r

)
= 0 for even integer r. We define

ϵ2 := −
(
−8

r

)
and ϵ1 := −

(
−4

r

)
.

The isomorphisms in Conjecture 1 are rewritten as

Jk+ r+1
2

,Dr
∼= Mnew,ϵ2

2k (2)⊕M ϵ1
2k(1).

The main purpose of this paper is to show:

Theorem 1.1. Conj. 1 is true.

Theorem 1.1 will follow from Theorems 1.2 and 1.3.
To show Theorem 1.1, we first consider the composition of two maps:

M2k(1) →
{

Siegel modular forms of
weight k + r+1

2
∈ 2N of degree r + 1

}
→ Jk+ r+1

2
,Dr
,

where the first map is the Ikeda lift, while the second map gives a Fourier-Jacobi coeffi-
cient. We denote by “old forms in Jk+ r+1

2
,Dr

” the image of the above composition. We

will show:

Theorem 1.2. For r = 1, 3, 5 and 7, we have the decomposition

Jk+ r+1
2

,Dr
= Jnew

k+ r+1
2

,Dr
⊕ Jold

k+ r+1
2

,Dr

such that the following isomorphisms as Hecke modules hold

Jold
k+1,D1

∼= Jold
k+3,D5

∼= M−
2k(1) =

{
{0}, if k is even,

M2k(1), if k is odd,

Jold
k+2,D3

∼= Jold
k+4,D7

∼= M+
2k(1) =

{
M2k(1), if k ≥ 2 is even,

{0}, if k is odd.

(1.2)
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Here Jnew
k,Dr

denotes the orthogonal complement of Jold
k,Dr

in Jk,Dr with respect to the Pe-
tersson scalar product of Jacobi forms (see [Mo 19a, P. 303], [Aj 15, P. 68] or [Mo 19b,
P. 13] for the definition of the Petersson scalar product).

We will prove Theorem 1.2 in §3.
Remark that the dimension of space of Jacobi-Eisenstein series is less than or equal to

1 (see Lemma 4.1), and it is known that Jacobi-Eisenstein series is orthogonal to Jacobi
cusp forms with respect to the Petersson scalar product (see [Mo 19a, Thm. 4.1]).

If the weight k + r+1
2

is odd, then the fact Jold
k+ r+1

2
,Dr

= {0} follows from (1.2).

In the case k = 0 in Theorem 1.2, it is known that J2,D3 = {0} and J4,D7 = CE4,D7

with a certain Jacobi form E4,D7 (see [Mo 19b, Thm. 3.29] which is obtained by [B-S 23]).
Such a Jacobi form E4,D7 is also obtained as a Fourier-Jacobi coefficient of a Siegel theta
series of weight 4 of degree 8.

We denote by Sk(N) (resp. Snew
k (k)) the subspace of cusp forms in Mk(N) (resp.

Mnew
k (N)). For k ≥ 2, we have Mnew

2k (2) = Snew
2k (2) (see Lemma 4.3).

We denote by J cusp
k,Dr

the space of Jacobi cusp forms in Jk,Dr (see §2 for the definition).

We put J cusp,new
k,Dr

:= J cusp
k,Dr

∩ Jnew
k,Dr

. We will show Jnew
k+ r+1

2
,Dr

⊂ J cusp

k+ r+1
2

,Dr
for k ≥ 2 in

Lemma 4.2. Thus J cusp,new

k+ r+1
2

,Dr
= Jnew

k+ r+1
2

,Dr
for k ≥ 2.

To show Theorem 1.1, we next consider the composition of two isomorphisms:

J cusp,new

k+ r+1
2

,Dr

∼=
{
certain modular forms

of weight k + 1
2

}
∼= Snew,ϵ2

2k (2).(1.3)

The second isomorphism of this composition is an analogue of the Shimura correspon-
dence which has been obtained in [U-Y 10] and in [Ya 14].

Let S+
k+ 1

2

(8) be the Kohnen plus space of level 8 (see §2.4 for the definition). The

space S+
k+ 1

2

(8) has the decomposition: S+
k+ 1

2

(8) = S+,−1

k+ 1
2

(8) ⊕ S+,−5

k+ 1
2

(8) for odd k, and

S+
k+ 1

2

(8) = S+,−3

k+ 1
2

(8) ⊕ S+,−7

k+ 1
2

(8) for even k (see §2.4, for the notation). Any form g =∑
n cg(n)q

n in S+,−r

k+ 1
2

(8) satisfies the condition:

cg(n) = 0 unless n ≡ 0, 4,−r mod 8.

And S+,−r

k+ 1
2

(8) is characterized by this condition. Although the space S+,−r

k+ 1
2

(8) was not

defined, but this space has been introduced in [U-Y 10, Prop. 4]. Let Snew,+,−r

k+ 1
2

(8) be the

subspace of new forms in S+,−r

k+ 1
2

(8) (see §6.3 for the definition of new forms in S+
k+ 1

2

(8)

which has been introduced in [U-Y 10]). The Shimura correspondence Snew,+,−r

k+ 1
2

(8) ∼=
Snew,ϵ2
2k (2) has been essentially shown in [U-Y 10, Thm. 1] (see Theorem 6.7).
On the other hand, the Shimura correspondence η3rMk+ 1−3r

2
(1) ∼= Snew,ϵ2

2k (2) has been

essentially shown in [Ya 14, Thm. 2] (see Theorem 5.3). Here η denotes the Dedekind

eta-function η(τ) := q
1
24

∏
n(1− qn), and where we put q = e2πiτ . Remark that we apply
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here the twisted Hecke operators on the space η3rMk+ 1−3r
2
(1) (see §2.6 for the definition

of the twisted Hecke operators).
By combining two kinds of the composition (1.3), we show:

Theorem 1.3. We have the following isomorphisms as Hecke modules. If k ≥ 2 is even,
then

J cusp,new
k+1,D1

∼= J cusp,new
k+2,D3

∼= Snew,+,−3

k+ 1
2

(8) ∼= η21Mk−10(1) ∼= Snew,−
2k (2),

J cusp,new
k+3,D5

∼= J cusp,new
k+4,D7

∼= Snew,+,−7

k+ 1
2

(8) ∼= η9Mk−4(1) ∼= Snew,+
2k (2).

If k ≥ 3 is odd, then

J cusp,new
k+1,D1

∼= J cusp,new
k+2,D3

∼= Snew,+,−1

k+ 1
2

(8) ∼= η15Mk−7(1) ∼= Snew,−
2k (2),

J cusp,new
k+3,D5

∼= J cusp,new
k+4,D7

∼= Snew,+,−5

k+ 1
2

(8) ∼= η3Mk−1(1) ∼= Snew,+
2k (2).

Theorem 1.3 will follow from Theorems 5.1 and 6.1.

1.3. Fourier coefficients of Jacobi-Eisenstein series. In Theorem 8.4 we give an
explicit formula of Fourier coefficients of Jacobi-Eisenstein series Ek+ r+1

2
,Dr

in Jk+ r+1
2

,Dr
.

Let Hk be the Cohen Eisenstein series of weight k+ 1
2
of level 4 (see §8). We construct

a modular form H ∗
k of weight k+ 1

2
of level 8 from Hk. The form H ∗

k is constructed by
using Uk(4)-operator. The Uk(4)-operator has been introduced in [U-Y 10]. The Fourier
coefficients of H ∗

k are linear combinations of those of Hk.
On the other hand, the Jacobi-Eisenstein series Ek+ r+1

2
,Dr

corresponds to H ∗
k (see

Proposition 6.3). Thus the Fourier coefficients of Ek+ r+1
2

,Dr
are expressed as linear

combinations of those of Hk.

1.4. Modular forms of weight 3/2 of level 8. We will prove Conjecture 1 also for
the case k = 1 (Theorem 1.4). In particular, we will show that the four functions η3, θ3,
F and E∗

2 have essentially the same Hecke eigenvalue 1 + p for any odd prime p. Here
we define E∗

2(τ) := 1− 24
∑

n≥1 σ(n)q
n − 3

πv
, where v = Im(τ), and where σ(n) denotes

the sum of divisors of n, and where θ(τ) :=
∑

n∈Z q
n2
, and where F denotes the Zagier

Eisenstein series of weight 3/2 of level 4 (see §8 for the definition).
LetM+,−r

k+ 1
2

(8) be a certain subspace of the Kohnen plus spaceM+
k+ 1

2

(8) of weight k+ 1
2

of level 8 (see § 2.4 for the definition). We remark that S+,−r

k+ 1
2

(8) =M+,−r

k+ 1
2

(8)∩ S+
k+ 1

2

(8).

We show that a holomorphic modular form E
(8)
3/2 ∈ M+,−5

3/2 (8) of weight 3/2 of level 8 is

obtained from θ3 and also from F (see Theorem 1.5).

Theorem 1.4. As an analogue of Theorem 1.3 for the case k = 1, we have

dim J2,D1 = dim J3,D3 = dimM+,−1
3/2 (8) = dim η15M−6(1) = dimM−

2 (2) = 0,

dim Jnew
4,D5

= dim J cusp,new
5,D7

= dimM+,−5
3/2 (8) = dim η3M0(1) = dimM+

2 (2) = 1,
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and we have the isomorphisms

CE4,D5
∼= Cψ5,D7

∼= CE(8)
3/2

∼= Cη3 ∼= CE(2)
2

as Hecke modules. Here E4,D5, ψ5,D7 and E
(8)
3/2 are functions such that Jnew

4,D5
= CE4,D5,

J cusp,new
5,D7

= Cψ5,D7 and M+,−5
3/2 (8) = CE(8)

3/2, and where M+
2 (2) = CE(2)

2 with E
(2)
2 (τ) :=

2E∗
2(2τ) − E∗

2(τ). Each of the three functions E4,D5, E
(8)
3/2 and E

(2)
2 is not Jacobi cusp

form nor cusp form and ψ5,D7 is a Jacobi cusp form. Remark that Jnew
4,D5

̸⊂ J cusp,new
4,D5

.

In particular, the five functions E4,D5, ψ5,D7, E
(8)
3/2, η

3 and E
(2)
2 have the same Hecke

eigenvalue 1 + p for any odd prime p.

We prove Theorem 1.4 in §7.2.
The Jacobi form E4,D5 ∈ J4,D5 in Theorem 1.4 is determined up to a constant multiple.

We quote E4,D5 from [B-S 23] (See [Mo 19b, PP. 76–77]. See also Theorem 8.5 for an
explicit formula of the Fourier coefficients).

The modular form E
(8)
3/2 ∈ M+,−5

3/2 (8) in Theorem 1.4 is determined up to a constant

multiple. Since the constant term of E
(8)
3/2 is not 0, we can take E

(8)
3/2 as E

(8)
3/2(τ) = 1+O(q).

In Theorem 1.5 we show that the modular form E
(8)
3/2 is obtained from θ3 and also from the

Zagier Eisenstein series F of weight 3/2. Due to Proposition 6.3, the Fourier coefficients

of E
(8)
3/2 are essentially the same as those of E4,D5 .

We now explain the Fourier coefficients of E
(8)
3/2. For m ∈ N, we put

rm(N) := #
{
(x1, ..., xm) ∈ Zm : x21 + · · ·+ x2m = N

}
.

Remark that if m ≤ 3, then it holds rm(4N) = rm(N) for any natural number N . Let
H(N) be the usual Hurwitz class number for discriminant −N (see [Co 75, P. 273] for
the definition. See also [Co 75, PP.284–285] for the table).

For any function f on H such that f(τ + 1) = f(τ), we define the operator U(4) by
f |U(4) := 1

4

∑
a mod 4 f

(
τ+a
4

)
. For any formal power series f =

∑
n∈Z a(n)q

n, we define
the operator ℘k by f |℘k :=

∑
(−1)kn≡0,1 mod 4 a(n)q

n. We put Uk(4) := U(4)℘k.

If f(τ) =
∑∞

n=0 a(n)q
n, then

(f |U1(4))(τ) =
∑
n≥0

n≡0,3 mod 4

a(4n)qn.

Theorem 1.5. The modular form E
(8)
3/2 = 1 +O(q) ∈M+,−5

3/2 (8) has the expressions

E
(8)
3/2(τ) =

∑
n≥0

n≡0,3 mod 4

r3(n)q
n =

∑
n≥0

n≡0,3 mod 4

r3(4n)q
n = (θ3|U1(4))(τ).
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Furthermore, the modular form E
(8)
3/2 has also the expressions

E
(8)
3/2(τ) = 12

∑
n≥0

n≡0,3 mod 4

(H(4n)− 2H(n))qn = 12(F |U1(4)− 2F )(τ),

where F is the non-holomorphic modular form of weight 3/2 introduced in [Za 75].

The modular form E
(8)
3/2 has the property E

(8)
3/2|U1(4) = E

(8)
3/2. In particular, we have

r3(N) = 12(H(4N)− 2H(N))

for any natural number N . Here we define H(N) := 0 for −N ≡ 2, 3 mod 4.

We prove Theorem 1.5 in §8.3.
The following formula has been obtained in [Co 75, P. 274].

Corollary 1.6. For any N ∈ N, we have

r3(N) = 12H(Df1)

(
1−

(
8

D

))
,(1.4)

where −N = Df 2 with a fundamental discriminant D < 0 and f ∈ 1
2
N, and where

f = 2ef1 with an odd integer f1 and an integer e ≥ −1.

1.5. Application to arithmetic functions. Since θE
(8)
3/2 ∈ M2(8) and since M2(8) =

CE(2)
2 (τ) ⊕ CE(2)

2 (2τ) ⊕ CE(2)
2 (4τ), by comparing the Fourier coefficients of θE

(8)
3/2 and

those of the basis of M2(8), we have

θ(τ)E
(8)
3/2(τ) =

1

12
E

(2)
2 (τ)− 1

12
E

(2)
2 (2τ) + E

(2)
2 (4τ).

Corollary 1.7. For any N ∈ N, we have∑
0≤s≤

√
N

N−s2≡0,3 mod 4

δ̃sr3(N − s2) = σ(N)− 3 σ

(
N

2

)
+ 14 σ

(
N

4

)
− 24 σ

(
N

8

)
,(1.5)

where we define δ̃s := 1
2
or 1 according as s = 0 or ̸= 0. Here we regard σ(M) as 0 if

M ̸∈N. In particular, if N is an odd integer, then

σ(N) =
∑

0≤s≤
√
N

N−s2≡0,3 mod 4

δ̃sr3(N − s2).(1.6)

For example, σ(1) = r3(0), σ(3) = 1
2
r3(3), σ(5) = r3(4), σ(7) = r3(3), σ(9) =

r3(8) + r3(0), σ(11) =
1
2
r3(11), σ(13) = r3(12) + r3(4), σ(15) = r3(11), and so on.

We remark that a similar formula of (1.5) follows from the facts θ4 ∈ M2(4) and

M2(4) = CE(2)
2 (τ)⊕CE(2)

2 (2τ). Namely, θ(τ)4 = 1
3
E

(2)
2 (τ)+ 3

2
E

(2)
2 (2τ). Thus we have the
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well-known formula r4(n) = 8σ(n)− 32σ(n/4). Since r4(n) = r3(n) + 2
∑

s>0 r3(n− s2),
we have∑

0≤s≤
√
N

δ̃sr3(N − s2) =
1

2
r4(N) = 4σ(N)− 16 σ

(
N

4

)
for any N ∈ N.(1.7)

In particular, we have

σ(N) =
1

4

∑
0≤s≤

√
N

δ̃sr3(N − s2) for N ̸≡0 mod 4.(1.8)

Note that the number of terms of s in (1.5) (resp. (1.6)) is less than that in (1.7) (resp.
(1.8)).

1.6. Maps from Jacobi forms to elliptic modular forms. We set Mnew,ϵ2
2 (2) :=

M ϵ2
2 (2). In §9 we will prove the formula of maps from Jk+ r+1

2
,Dr

to Mnew,ϵ2
2k (2)⊕M ϵ1

2k(1)

which are compatible with the action of Hecke operators. These maps are given as
follows.

Theorem 1.8. Assume that k + r+1
2

is an even integer. For ϕ ∈ Jk+ r+1
2

,Dr
we set

A (N) :=

{
c(n′, r′), if N = 8(n′ − β(r′)) and N ≡ 0, 4 mod 8,

2c(n′, r′), if N = 8(n′ − β(r′)) and N ≡ −r mod 8,

where c(n′, r′) denotes the (n′, r′)-th Fourier coefficient of ϕ for (n′, r′) ∈ Z × D♯
r (see

§2.7 for the notations of β and D♯
r).

Remark that
∑

N≡0,4,−r mod 8A(N)qN ∈M+,−r

k+ 1
2

(8).

Then, for any fundamental discriminant (−1)kd0 such that d0 > 0 and d0 ≡ 0 mod 4,
the map Sd0 defined by

Sd0(ϕ) :=
A(0)L(1− k,

(
(−1)kd0

∗

)
)

2(1 +
(
8
r

)
2k)

+
∞∑
n=1

∑
d|n

(
(−1)kd0

d

)
dk−1A

(
n2

d2
d0

) qn

is a linear map

Sd0 : Jk+ r+1
2

,Dr
→Mnew,ϵ2

2k (2)⊕M ϵ1
2k(1).

The map Sd0 maps J cusp

k+ r+1
2

,Dr
to Snew,ϵ2

2k (2) ⊕ Sϵ1
2k(1), J

new
k+ r+1

2
,Dr

to Mnew,ϵ2
2k (2) and

Jold
k+ r+1

2
,Dr

to M ϵ1
2k(1) and commutes with the action of Hecke operators.

We remark that if k + r+1
2

is odd, then Jk+ r+1
2

,Dr
= J cusp,new

k+ r+1
2

,Dr
(See Theorem 1.2 and

Lemma 4.1).
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Theorem 1.9. Assume that k + r+1
2

is an odd integer. For ϕ ∈ J cusp,new

k+ r+1
2

,Dr
and for

N = 8n′ − r, we set A(N) := c(n′, v1) (see § 4 for the notation v1) and where c(n′, r′)
denotes the (n′, r′)-th Fourier coefficient of ϕ for (n′, r′) ∈ Z×D♯

r.
We remark that

∑
n′∈Z c(n

′, v1)q
(8n′−r)/8 ∈ η24−3rMk−12+ 3r+1

2
(1).

For any fundamental discriminant (−1)k−1d0 such that d0 > 0 and d0 ≡ −r mod 8,
we define

Sd0(ϕ) :=
∞∑
n=1

((8

r

)
2k−1

)e2 (−4

n1

)∑
d|n1

(
(−1)kd0

d

)
dk−1A

(
n2
1

d2
d0

) qn,

where n1 is an odd integer and e2 is a natural number determined by n = 2e2n1. Then
Sd0 is a linear map

Sd0 : J cusp,new

k+ r+1
2

,Dr
→ Snew,ϵ2

2k (2).

Moreover, the map Sd0 commutes with the action of Hecke operators.

We prove Theorems 1.8 and 1.9 in §9.
We remark that similar maps to those in Theorems 1.8 and 1.9 for the case D1 have

been obtained in the context of Jacobi forms of matrix index in [Br 06].

The present paper is organized as follows; in Section 2, definitions of Jacobi forms,
modular forms of half-integral weight and Hecke operators are explained. In Section 3,
through Ikeda lifting and Fourier-Jacobi expansion, we prove Theorem 1.2. In Section 4,
some basic properties of Jacobi forms of index Dr are explained. In Section 5, we show
an isomorphism between elliptic modular forms and Jacobi forms of index Dr of odd
weight, while we show this isomorphism for Jacobi forms of even weight in Section 6. In
Section 7, we prove Theorems 1.1 and 1.4. In Section 8, an explicit formula of Fourier
coefficient of Jacobi-Eisenstein series in Jk,Dr is given and a proof of Theorem 1.5 is
given. In Section 9, Theorems 1.8 and 1.9 are proved.

Acknowledgements: the author would like to express his sincere thanks to Tomoyoshi
Ibukiyama, Nils-Peter Skoruppa and Haigang Zhou for their valuable comments. This
work is partially supported by JSPS KAKENHI Grant Number JP19K03419.

2. Jacobi forms of lattice index

2.1. Basic properties. We denote by H the Poincare upper half space. We put e(x) :=
e2πix. We write q := e(τ) for τ ∈ H. For each z ∈ C, we take the argument −π <
arg(z) ≤ π and set zm/2 := (z1/2)m for m ∈ Z.
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Let L be a free Z-module of finite rank n equipped with a Z-valued symmetric binary
form β. In this paper we assume that β is positive-definite. Such a pair L = (L, β) is
called an integral lattice of rank n. By abuse of language, we define β(x) := 1

2
β(x, x).

Sometimes we use x 7→ β(x), instead of (x, y) 7→ β(x, y). If β(x) ∈ Z for any x ∈ L,
then L is called an even integral lattice.

For example, if M is a positive-definite half-integral symmetric matrix of size n, then

(Zn, (x, y) 7→ x(2M)ty)

is an even integral lattice.
We put

L♯ := {x ∈ L⊗Z Q : β(x, y) ∈ Z for any y ∈ L} .

We fix a Z-basis {ei}i of L, and we identify Cn with L⊗Z C by (x1, ..., xn) 7→
∑

i xiei.
Let k be an integer

Definition 2.1. A holomorphic function ϕ(τ, z) on H × Cn is called a Jacobi form of
weight k and index L, if ϕ satisfies the following three conditions:

(i) For all A = ( a b
c d ) ∈ SL(2,Z), the function ϕ satisfies

(ϕ|k,LA)(τ, z) := ϕ

(
aτ + b

cτ + d
,

1

cτ + d
z

)
e

(
−cβ(z)
cτ + d

)
(cτ + d)−k = ϕ(τ, z).

(ii) For all λ, µ ∈ L, the function ϕ satisfies

(ϕ|k,L(λ, µ))(τ, z) := ϕ(τ, z + λτ + µ)e(τβ(λ) + β(λ, z)) = ϕ(τ, z).

(iii) The function ϕ(τ, z) has a Fourier expansion of the form

ϕ(τ, z) =
∑
n′∈Z

∑
r′∈L♯

c(n′, r′)e(n′τ + β(r′, z)),

where c(n′, r′) = 0 unless n′ − β(r′) ≥ 0.

The complex numbers c(n′, r′) are called the (n′, r′)-th Fourier coefficients of ϕ.
If c(n′, r′) = 0 unless n′ − β(r′) > 0 in (iii), then ϕ is called a Jacobi cusp form.

We denote by Jk,L (resp. J cusp
k,L ) the space of all Jacobi forms (resp. Jacobi cusp forms)

of weight k of index L.
In Definition 2.1, if the lattice L = (L, β) coincides with (Zn, x 7→ β(x) = xM tx) with

a positive-definite half-integral symmetric matrix M of size n, then ϕ is called a Jacobi
form of weight k of index M (see [Zi 89]). We denote by Jk,M the space of all Jacobi
forms of weight k of index M .

Let L = (L, β) be an integral lattice with a Z-basis {e1, ..., en} of L. The matrix
2M = (β(ei, ej))i,j is called the Gram matrix of β with respect to {e1, ..., en}. Then
L ∼= Zn, L♯ ∼= (2M)−1Zn and L♯/L ∼= Zn/(2MZn). Moreover, if L is an even integral
lattice, then we have Jk,L ∼= Jk,M (see [B-S 23, §1]).
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2.2. Discriminant modules. For an even integral lattice L = (L, β), the discriminant
module DL of L is a pair defined by

DL :=
(
L♯/L, x+ L 7→ β(x) + Z

)
(see [B-S 23, §2]). We remark that L♯/L is a finite abelian group and x+L 7→ β(x) +Z
is the associated quadratic form.

Two discriminant modules DLi
= (L♯

i/Li, x + Li → βi(x) + Z) (i = 1, 2) are called

isomorphic, if there exists a homomorphism j : L♯
1/L1 → L♯

2/L2 which satisfies β2(j(x))+
Z = β1(x) + Z.

2.3. Theta functions. For x ∈ L♯, we put

θL,x(τ, z) :=
∑

y∈x+L

e(τβ(y) + β(y, z)) ((τ, z) ∈ H× Cn).

The following formulas are well known.

Lemma 2.2. For ri ∈ L♯, we have

θL,ri(τ + 1, z) = e(β(ri))θL,ri(τ, z)

and

θL,ri(−τ−1, τ−1z)(2.1)

=
(τ
i

)n/2
e(τ−1β(z))

1√
|L♯/L|

∑
rj∈L♯/L

e(−β(ri, rj))θL,rj(τ, z).

(See [Ar 98, page 100], [Aj 15, Theorem 2.3.3], [Boy 11, Cor. 3.34], [B-S 23, page 16],
etc.).

Lemma 2.3. Let ϕ ∈ Jk,L be a Jacobi form. Then, ϕ has the decomposition:

ϕ(τ, z) =
∑

x∈L♯/L

hx(τ)θL,x(τ, z) with hx(τ) =
∑
n′∈Z

c(n′, x)e2πi(n
′−β(x))τ .

Since c(n′, x) = c(n′+β(x, y)+β(y), x+y) for any y ∈ L, the function hx is determined
by x modulo L and by n′ − β(x). Thus the above decomposition of ϕ is well-defined.

Theorem 2.4 ([B-S 23, Thm. 2.5]). Let L1 and L2 be two positive-definite even lattices.

Assume that j : DL1

∼=−→ DL2 is an isomorphism of the discriminant modules. Then the
map

Ij : Jk+⌊n1
2
⌋,L1

→ Jk+⌊n2
2
⌋,L2

given by

ϕ(τ, z) =
∑

x∈L♯
1/L1

hx(τ)θL1,x(τ, z) 7→ Ij(ϕ)(τ, z
′) =

∑
x∈L♯

1/L1

hx(τ)θL2,j(x)(τ, z
′)

is an isomorphism as C-vector spaces, where ni (i = 1, 2) is the rank of Li.
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It is shown in [Aj 15, Thm. 4.2.4] that the isomorphism in the above theorem is also
compatible with the action of Hecke operators (see Theorem 2.7 below).

2.4. Modular forms of half-integral weight. We denote by G the set of all pairs
(A, ω(τ)), where A = ( a b

c d ) is an element of the connected component GL+(2,R) of
GL(2,R) and ω is a holomorphic function on the upper-half plane H which satisfies

|ω(τ)|2 = (detA)−
1
2 |cτ + d|.

The group operation of G is given by (A1, ω1(τ))) · (A2, ω2(τ)) := (A1A2, ω1(A2τ)ω2(τ)).
We put

θ(τ) := 1 +
∑
m∈Z

e(m2τ).

There exists an injective homomorphism Γ0(4) → G given by

A 7→ (A, j(A, τ))

with

j(A, τ) :=
θ(Aτ)

θ(τ)
, (A = ( a b

c d ) ∈ Γ0(4)) .

It is known

j(A, τ) =

(
c

d

)(
−4

d

)−1/2

(cτ + d)1/2, (A = ( a b
c d ) ∈ Γ0(4)) ,

where
(
c
d

)
is the Kronecker symbol (cf. [Mi 89, P. 194]).

Let N be a natural number such that 4|N . For k ∈ Z, we denote by Mk+ 1
2
(N) the

vector space of holomorphic functions f , which satisfy the conditions:

(f |k+ 1
2
A)(τ) := j(A, τ)−2k−1f(Aτ) = f(τ)

for any A ∈ Γ0(N) and f 2 is an elliptic modular form of weight 2k + 1 of level N with
the character

(−4
d

)
. In this paper we call f ∈Mk+ 1

2
(N) a modular form of weight k + 1

2

with level N . A function f ∈Mk+ 1
2
(N) is a cusp form, if f 2 is a cusp form. We denote

by Sk+ 1
2
(N) the space of all cusp forms in Mk+ 1

2
(N).

We put the Kohnen plus-space of level 8:

M+
k+ 1

2

(8) :=

{
g =

∑
n

cg(n)q
n ∈Mk+ 1

2
(8) : cg(n) = 0 unless n ≡ 0, (−1)k mod 4

}
.

For k ∈ Z and for r ∈ {1, 3, 5, 7}, such that (−1)k ≡ −r mod 4, we define

M+,−r

k+ 1
2

(8) :=

{
g =

∑
n

cg(n)q
n ∈Mk+ 1

2
(8) : cg(n) = 0 unless n ≡ 0, 4,−r mod 8

}
.

For example, we have θ ∈M+,−7
1/2 (8).
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Remark M+,−r

k+ 1
2

(8) ⊂M+
k+ 1

2

(8). It follows from [U-Y 10, Prop. 4] that

M+
k+ 1

2

(8) =

{
M+,−1

k+ 1
2

(8)⊕M+,−5

k+ 1
2

(8), if k is odd,

M+,−3

k+ 1
2

(8)⊕M+,−7

k+ 1
2

(8), if k is even.

We put S+
k+ 1

2

(8) := M+
k+ 1

2

(8) ∩ Sk+ 1
2
(8) and S+,−r

k+ 1
2

(8) := M+,−r

k+ 1
2

(8) ∩ Sk+ 1
2
(8). Then,

we have

S+
k+ 1

2

(8) =

{
S+,−1

k+ 1
2

(8)⊕ S+,−5

k+ 1
2

(8), if k is odd,

S+,−3

k+ 1
2

(8)⊕ S+,−7

k+ 1
2

(8), if k is even.
(2.2)

2.5. Modular forms of half-integral weight of η-type. We set

Mp(2,Z) :=

{
(A, ω(τ)) : A =

(
a b
c d

)
∈ SL(2,Z), ω(τ)2 = cτ + d

}
.

We regard Mp(2,Z) as a subgroup of G. We quote some facts about Mp(2,Z) from
[B-S 23]. The group Mp(2,Z) is a two-fold central extension of SL(2,Z):

1 → {±1} → Mp(2,Z) → SL(2,Z) → 1.

Two elements T̃ := (( 1 1
0 1 ) , 1) and S̃ := (( 0 −1

1 0 ) ,
√
τ) generates Mp(2,Z). We have

S̃2 = (S̃T̃ )3 =
(( −1 0

0 −1

)
,
√
−1
)
. And S̃ has the order 8 in Mp(2,Z).

It is known that the group of linear characters of Mp(2,Z) is the cyclic group of order
24 generated by ε, where

ε((A, ω)) :=
η(Aτ)

η(τ)ω(τ)
((A, ω) ∈ Mp(2,Z)).

It is known that the definition of ε does not depend on the choice of τ ∈ H. We have
ε(T̃ ) = e(1/24) and ε(S̃) = ε(T̃ )−3 = e(−1/8). For the detail of the group of linear
characters of Mp(2,Z), see [B-S 23, Prop. 1.1].

For k ∈ 1
2
Z and for s ∈ Z (0 ≤ s ≤ 23), we denote by Mk+ s

2
(1, εs) the vector space of

holomorphic functions f , which satisfy the conditions:

f(Aτ) = ε((A, ω))sω(τ)2k+sf(τ)

for any (A, ω) ∈ Mp(2,Z) and f 24 is an elliptic modular form of weight 24k + 12s of
level 1. Since (( 1 0

0 1 ) ,−1) ∈ Mp(2,Z) and since ε((( 1 0
0 1 ) ,−1)) = −1, if such non-zero

function f exists, then 2k + 2s ≡ 0 mod 2. Hence, dimMk+ s
2
(1, εs) = 0 unless k ∈ Z.

Lemma 2.5. For 0 ≤ s ≤ 23 and for k ∈ Z, we have

Mk+ s
2
(1, εs) = ηsMk(1).
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Proof. Let ∆ := η24 be the Ramanujan ∆-function. Then, by transformation formula of
f ∈Mk+s/2(1, ε

s) and by q-expansion of f , we have η24−sMk+s/2(1, ε
s) ⊂ ∆Mk(1). Thus

Mk+s/2(1, ε
s) ⊂ ηsMk(1). The opposite inclusion ηsMk(1) ⊂Mk+s/2(1, ε

s) is obvious.
⊓⊔

Following [Ya 14, P. 6], in this paper we call f ∈Mk+ s
2
(1, εs) a modular form of weight

k + s
2
of η-type. In this paper we treat only the cases s = 3, 9, 15 and 21.

2.6. Hecke operators. Assume k ∈ Z. Let f ∈ Mk+ 1
2
(4). We take the Fourier ex-

pansion f(τ) =
∑∞

n=0 c(n)q
n. For any odd prime p, the Hecke operator T (p2) is defined

by

(f |k+ 1
2
T (p2))(τ) :=

∞∑
n=1

{
c(p2n) +

(
(−1)kn

p

)
pk−1c(n) + p2k−1c(n/p2)

}
qn.

Here, we regard c(n/p2) as 0, if n/p2 is not an integer.
Let f ∈ ηrMk+ 1

2
− r

2
(1) (r = 3, 9, 15, 21). The form f is a modular form of weight

k+1/2 of η-type. The form f has the Fourier expansion f(τ) =
∑∞

n=1 c(n)q
n/8. Remark

that c(n) = 0 unless n ≡ r/3 mod 8. For any odd prime p, we introduce the twisted
Hecke operator T̃ (p2) which is defined by

(f |k+ 1
2
T̃ (p2))(τ) :=

(
−4

p

) ∞∑
n=1

{
c(p2n) +

(
(−1)kn

p

)
pk−1c(n) + p2k−1c(n/p2)

}
qn/8.

Here, we regard c(n/p2) as 0, if n/p2 is not an integer. Remark that the definition of T̃ (p2)
is different from the definition of Tp2 in [Ya 14, Prop. 11]. To show the isomorphism
between ηrMk+ 1−r

2
(1) and a certain space of Jacobi forms of odd weight as Hecke module

(see Prop. 5.2), in this paper we apply T̃ (p2) for ηrMk+ 1−r
2
(1).

We introduce Hecke operators T J(p2) acting on the space of Jacobi forms of index L.
The following lemma follows from [Mu 89, §4].

Lemma 2.6. Let ϕ ∈ Jk,L. We take the Fourier expansion of ϕ:

ϕ(τ, z) =
∑
n′∈Z

∑
r′∈L♯

c(n′, r′)e(n′τ + β(r′, z)).

Let m be the rank of L. Assume p̸ | (2[L♯/L]), and we put

(ϕ|k,LT J(p2))(τ, z) :=
∑
n′∈Z

∑
r′∈L♯

c∗(n′, r′)e(n′τ + β(r′, z)),
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where

c∗(n′, r′) := c(p2n′, pr′)

+pk−m−2c(n′, r′)


((

−1
p

)
p
)m

2
(

[L♯/L]
p

)
δ(n′, r′), if m ≡ 0 mod 2,((

−1
p

)
p
)m+1

2
(

2[L♯/L]
p

)(
n′−β(r′)

p

)
, if m ≡ 1 mod 2,

+p2k−m−2
∑

λ∈L/pL

c

(
1

p2
(n′ − β(r′, λ) + β(λ)),

1

p
(r′ − λ)

)
.

Here, in the summation
∑

λ∈L/pL

, λ runs through a set of representatives of L/pL and there

is only one λ ∈ L/pL such that 1
p
(r′−λ) ∈ L♯. We regard c(n′, r′) = 0 if (n′, r′) ̸∈Z×L♯.

It means that the above summation
∑

λ∈L/pL

consists of at most one term. And here we

denote

δ(n′, r′) :=

{
p− 1, if n′ − β(r′) ≡ 0 mod p,

−1, otherwise.

Then, under the above definition, we have ϕ|T J(p2) ∈ Jk,L. Furthermore, if ϕ is a Jacobi
cusp form, then ϕ|T J(p2) is also a Jacobi cusp form.

In this paper we call ϕ a Hecke eigenform, if ϕ is an eigenfunction with respect to
T J(p) for any prime p such that p ̸ | (2[L♯/L]).

We remark that if m is odd, then the definition of T J(p2) coincides with T (l) (l = p)
in [Aj 15, Thm. 2.6.1].

Theorem 2.7 ([Aj 15, Thm. 4.2.4]). We assume n1 ≡ n2 ≡ 1 mod 2. Then, the
isomorphism

Ij : Jk+⌊n1
2
⌋,L1

∼=−→ Jk+⌊n2
2
⌋,L2

in Theorem 2.4 is compatible with the action of Hecke operators T J(p):

Ij(ϕ|k+⌊n1
2
⌋T

J(p)) = (Ij(ϕ))|k+⌊n2
2
⌋T

J(p)

for any ϕ ∈ Jk+⌊n1
2
⌋,L1

.

2.7. Jacobi forms of index Dr. We quote the definition of lattice Dr := Dr mainly
from [Mo 19b, §3.3]. The lattice Dr is defined by

Dr := {(x1, ..., xr) ∈ Zr : x1 + · · ·+ xr ∈ 2Z}
which is equipped with the Euclidian bilinear form:

β((x1, ..., xr), (y1, ..., yr)) = x1y1 + · · ·+ xryr.
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We have

D♯
r =

{
(x1, ..., xr) ∈ Zr ∪

(
1

2
+ Z

)r }
.

We can take a set of representatives of D♯
r/Dr as

D♯
r/Dr =

{{
0, er,

e1+···+er
2

, e1+···+er−1−er
2

}
, if r > 1,{

0, e1,
1
2
e1,−1

2
e1
}
, if r = 1,

where {ei}i denotes the standard basis of Zr.
We assume that r is an odd integer. Then D♯

r/Dr
∼= Z/4Z as Z-module. The discrim-

inant module DDr of Dr satisfies

DDr
∼=

(
Z/4Z, x+ 4Z 7→ rx2

8
+ Z

)
.

Therefore the discriminant module DDr is determined by r mod 8. By virtue of Theo-
rems 2.4 and 2.7, we have the following corollary.

Corollary 2.8 ([B-S 23, Thm. 2.5], [Aj 15, Thm. 4.2.4]). If r1 ≡ r2 mod 8 and if r1
is odd, then

J
k+

r1+1
2

,Dr1

∼= J
k+

r2+1
2

,Dr2

as Hecke modules.

Therefore it is sufficient to consider the cases r = 1, 3, 5 and 7.
We remark that the space of Jacobi forms of lattice Dr index is isomorphic to the

space of the Jacobi forms of matrix Mr index:

Jk,Dr
∼= Jk,Mr ,(2.3)

where M1 = 2, M3 =

1 u u
u 1 u
u u 1

, M5 =

(
1 u 0 0 u
u 1 u 0 0
0 u 1 u 0
0 0 u 1 u
u 0 0 u 1

)
, and M7 =

 1 u 0 0 0 0 u
u 1 u 0 0 0 0
0 u 1 u 0 0 0
0 0 u 1 u 0 0
0 0 0 u 1 u 0
0 0 0 0 u 1 u
u 0 0 0 0 u 1

, and

where u = 1/2. Here 2Mr is the Gram matrix of Dr with respect to the basis {2e1} for
r = 1 and {e1 + e2, e2 + e3, ..., er−1 + er, er + e1} for r = 3, 5 and 7. We can check that
det(2Mr) = 4 for r = 1, 3, 5 and 7.

3. Ikeda lifting

We denote by Mk(Spn(Z)) the space of Siegel modular forms of weight k with respect
to Spn(Z). Here Spn(Z) is the symplectic group of size 2n. We denote by Sk(Spn(Z))
the subspace of all Siegel cusp forms in Mk(Spn(Z)).
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Theorem 3.1 (Duke-Imamoḡlu [B-K 00], Ikeda [Ik 01]). Let k and n be positive integers,
such that k + n is even. Then, there exists an injective linear map

In : S2k(1) → Sk+n(Sp2n(Z)),
in which In maps Hecke eigenforms to Hecke eigenforms. In the case n = 1, I1 coincides
with the Saito-Kurokawa lifting. For the details, the reader refer to [Ik 01].

We denote by L∗
n the set of all half-integral symmetric matrices of size n. We denote

by Hn the Siegel upper half space of size n. We call a matrix M ∈ L∗
n maximal, if M

satisfies the condition: if A−1M tA−1 ∈ L∗
n with A ∈ GLn(R)∩Mn(Z), then A ∈ GLn(Z).

Here Mn(Z) denotes the set of all n× n matrices with entries in Z.

Lemma 3.2. Let In(f) ∈ Sk+n(Sp2n(Z)) be the image of f ∈ S2k(1) by In. We take the
Fourier-Jacobi expansion of In(f):

In(f)

((
τ z
tz ω

))
=

∑
M∈L∗

2n−1

ϕM(τ, z)e(Mω), (τ ∈ H, z ∈ C2n−1, ω ∈ H2n−1).

Then, ϕM is a Jacobi cusp form of weight k+ n of matrix M index. Moreover, if f is a
Hecke eigenform and if M is maximal, then ϕM is a Hecke eigenform.

Proof. It is well known that ϕM is a Jacobi cusp form of weight k of index M for any
M ∈ L∗

2n−1 (see [Zi 89, Introduction]). The fact that ϕM is a Hecke eigenform follows
from the facts:

(i) Jacobi-Eisenstein series is a Hecke eigenform (see [Aj 15, Thm 3.3.18]),
(ii) M -th Fourier-Jacobi coefficient of Siegel-Eisenstein series is a Jacobi-Eisenstein

series, if M is maximal (see [Boe 83, Satz 7]), and
(iii) Ikeda lift In(f) inherits some relations among Fourier coefficients of Siegel-

Eisenstein series, and since M -th Fourier-Jacobi coefficients of Siegel-Eisenstein
series is a Hecke eigenform, we can conclude that ϕM is also a Hecke eigenform.

We omit the details (see [Ha 11], for example). ⊓⊔
Lemma 3.3. Assume 2n = r+1. If 2Mr is the Gram matrix of Dr (r = 1, 3, 5, 7), and
f is a Hecke eigenform, then ϕMr in Lemma 3.2 is not identically zero. Therefore ϕMr

is a non-zero Hecke eigenform in J cusp

k+ r+1
2

,Mr
.

Proof. Since there exists u1, u2 ∈ D#
r such that β(u1) = 0 and β(u2) = 1

2
, the set

{8(n′ − β(u)) : n′ ∈ Z, u ∈ D#
r } contains all positive integers which are divisible

by 4. It is shown in [Ko 80, Page 260] that there exists a fundamental discriminant
D ≡ 0 mod 4 such that ch(|D|) ̸= 0, where h ∈ S+

k+n+1/2(4) corresponds to f by the

Shimura correspondence and where ch(|D|) is the |D|-th Fourier coefficient of h. Then,
by the construction of Fourier coefficient of the Ikeda lift (cf. [Ik 01, P. 642]), ϕMr is not
identically zero. Thus this lemma follows from Lemma 3.2. ⊓⊔

Therefore, by virtue of the isomorphism (2.3), we obtain the following proposition.
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Proposition 3.4. If k ≡ r+1
2

mod 2 and if k ≥ 2, then there exists an injective linear
map I which is obtained by the composition of the Ikeda lift and the Fourier-Jacobi
expansion:

I : M ϵ1
2k(1) → Jk+ r+1

2
,Dr
.

The map I maps Eisenstein series to Jacobi Eisenstein series, Sϵ1
2k(1) to J

cusp

k+ r+1
2

,Dr
and

commutes with the action of Hecke operators.

Proof. Recall ϵ1 = −
(−4

r

)
. The condition k ≡ r+1

2
mod 2 is equivalent to (−1)k =

(−1)
r+1
2 = ϵ1. Thus we haveM2k(1) =M ϵ1

2k(1) under the assumption in this proposition.
An Eisenstein series in M ϵ1

2k(1) corresponds to a Siegel-Eisenstein series by the Ikeda
lift. And M -th Fourier Jacobi coefficient of a Siegel-Eisenstein series is a Jacobi-
Eisenstein series, if M is maximal. Thus the map I maps Eisenstein series in M ϵ1

2k(1) to
Jacobi-Eisenstein series in Jk+ r+1

2
,Dr

.

The rest of the proof of this proposition follows from Lemma 3.3. ⊓⊔

We now prove Theorem 1.2.

Proof of Theorem 1.2. The vector space Jold
k+ r+1

2
,Dr

denotes the image of the map I in

Proposition 3.4 and Jnew
k+ r+1

2
,Dr

is the orthogonal complement of Jold
k+ r+1

2
,Dr

in Jk+ r+1
2

,Dr

with respect to the Petersson scalar product. Thus Jk+ r+1
2

,Dr
= Jnew

k+ r+1
2

,Dr
⊕ Jold

k+ r+1
2

,Dr

and the fact Jold
k+ r+1

2
,Dr

∼= M ϵ1
2k(1) as Hecke modules follows from Proposition 3.4. ⊓⊔

4. Theta decomposition of Jacobi forms of index Dr

The lattice Dr = (Dr, β) for r = 1, 3, 5 and 7 has been explained in §2.7. We put

v0 = 0, v2 = er, v1 =
e1 + · · ·+ er

2
, v3 =

e1 + · · ·+ er−1 − er
2

for r = 3, 5, 7 and put vj =
j
2
e1 (j = 0, 1, 2, 3) for r = 1. Then, {v0, v2, v1, v3} is a set of

representatives of D♯
r/Dr. We have

β(v0) = 0, β(v2) =
1

2
, β(v1) = β(v3) =

r

8
.

Remark that vj +Dr 7→ j + 4Z gives the isomorphism D♯
r/Dr

∼= Z/(4Z) as Z-modules.
Furthermore, the associated quadratic form of D♯

r/Dr is given by

vj +Dr 7→ β(vj) + Z =
j2r

8
+ Z.

We remark β(vi, vj) + Z = ijr
4
+ Z.

For simplicity, we put

θr,j := θDr,vj .



ISOMORPHISM BETWEEN JACOBI FORMS OF INDEX D2n+1 19

and put Jk,Dr := Jk,Dr . By virtue of Lemma 2.2, we have

θr,j(τ + 1, z) = e(j2r/8)θr,j(τ, z)(4.1)

and

θr,j(−τ−1, τ−1z) =
1

2
τ r/2e(−r/8)e(τ−1β(z))

3∑
i=0

e(−ijr/4)θr,i(τ, z).(4.2)

Let ϕ ∈ Jk,Dr . We have the decomposition

ϕ(τ, z) =
3∑

j=0

hj(τ)θr,j(τ, z).

The functions hj are uniquely determined by ϕ (see Lemma 2.3).
Since 2v0, 2v2, v1 + v3 ∈ Dr, and due to the definition of θr,j, we have θr,j(τ,−z) =

θr,j(τ, z) for j = 0, 2 and θr,1(τ,−z) = θr,3(τ, z). Since ϕ(τ,−z) = (−1)kϕ(τ, z), we have{
h1(τ) = h3(τ), if k is even,

h0(τ) = h2(τ) = 0 and h1(τ) = −h3(τ), if k is odd.

Thus

ϕ(τ, z)

=

{
h0(τ)θr,0(τ, z) + h2(τ)θr,2(τ, z) + h1(τ)(θr,1(τ, z) + θr,1(τ,−z)), if k is even,

h1(τ)(θr,1(τ, z)− θr,1(τ,−z)), if k is odd.

Remark that the constant term of ϕ is the constant term of h0.

Lemma 4.1. Let the notation be as above. A Jacobi form ϕ ∈ Jk,Dr is a Jacobi cusp
form, if and only if the constant term of h0(τ) is 0.

We have dim Jk,Dr − dim J cusp
k,Dr

≤ 1. In particular, if k is odd, then Jk,Dr = J cusp
k,Dr

.

Proof. Let (n′, r′) ∈ Z×D♯
r. If n

′ − β(r′) = 0, then β(r′) ∈ Z and r′ ∈ Dr.
Let c(n′, r′) denotes the (n′, r′)-th Fourier coefficient of ϕ. For (n′

i, r
′
i) ∈ Z × D♯

r

(i = 1, 2), if n′
1 − β(r′1) = n′

2 − β(r′2) and if r′1 ≡ r′2 mod Dr, then c(n
′
1, r

′
1) = c(n′

2, r
′
2).

Thus, if c(0, v0) = 0, then ϕ is a Jacobi cusp form. On the other hand, c(0, v0) is the
constant term of h0(τ). Therefore ϕ is a Jacobi cusp form, if and only if the constant
term of h0 is 0.

Thus, for any integer k, the inequality dim Jk,Dr − dim J cusp
k,Dr

≤ 1 follows.

If k is odd, then h0(τ) = 0 for any ϕ ∈ Jk,Dr . Hence we have Jk,Dr = J cusp
k,Dr

.
⊓⊔

It is known that if k + r+1
2

≡ 0 mod 2 with k ≥ 2, then there exists a Jacobi-
Eisenstein series Ek+ r+1

2
,Dr

∈ Jk+ r+1
2

,Dr
(see [Mo 19a, Thm. 4.1]). In this case we have

dim Jk+ r+1
2

,Dr
− dim J cusp

k+ r+1
2

,Dr
= 1.
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Lemma 4.2. For k ≥ 2, we have Jnew
k+ r+1

2
,Dr

⊂ J cusp

k+ r+1
2

,Dr
. In particular, we have

J cusp,new

k+ r+1
2

,Dr
= Jnew

k+ r+1
2

,Dr
for k ≥ 2.

Proof. If k + r+1
2

≡ 1 mod 2, then Jk+ r+1
2

,Dr
= J cusp

k+ r+1
2

,Dr
. Thus Jnew

k+ r+1
2

,Dr
⊂ J cusp

k+ r+1
2

,Dr

follows.
We assume k + r+1

2
≡ 0 mod 2. Due to Proposition 3.4, we have a Ek+ r+1

2
,Dr

∈
Jold
k+ r+1

2
,Dr

. Let ϕ ∈ Jnew
k+ r+1

2
,Dr

. If the constant term of ϕ is not 0, then ϕ can not be

orthogonal to Ek+ r+1
2

,Dr
with respect to the Petersson scalar product. It is contradiction

to the fact ϕ ∈ Jnew
k+ r+1

2
,Dr

. Hence, the constant term of ϕ is 0 and ϕ ∈ J cusp

k+ r+1
2

,Dr
. ⊓⊔

Lemma 4.3. For k ≥ 2, we have Mnew
2k (2) ⊂ S2k(2). In particular, we have Snew

2k (2) =
Mnew

2k (2) for k ≥ 2.

Proof. It is known that dimM2k(2)−dimS2k(2) = 2 for k ≥ 2. Let E
(1)
2k be an Eisenstein

series of weight 2k with respect to SL(2,Z). Functions E(1)
2k (τ) and E

(1)
2k (2τ) are linearly

independent. For u, v ∈ C, if f(τ) := uE
(1)
2k (τ) + vE

(1)
2k (2τ) belongs to S2k(2), then the

constant term of f is 0. Thus v = −u. For odd prime p, the p-th Fourier coefficient of f is
(1+p2k−1)u up to a constant multiple. Since f is a cusp form, f satisfies the Hecke bound

(1+p2k−1)u = O(pk). Then, u = v = 0. We haveM2k(2) = CE(1)
2k (τ)⊕CE(1)

2k (2τ)⊕S2k(2).

Since CE(1)
2k (τ) ⊕ CE(1)

2k (2τ) is a subspace of old forms, new forms are orthogonal to

CE(1)
2k (τ)⊕ CE(1)

2k (2τ). We conclude Mnew
2k (2) ⊂ S2k(2). ⊓⊔

5. Jacobi forms of odd weight

In §5 and §6, we will consider the cases that weight k + r+1
2

of Jacobi forms is even
and odd separately.

In this section we assume that k + r+1
2

is an odd integer. The purpose of this section
is to show:

Theorem 5.1. For r ∈ {1, 3, 5, 7} and for odd integer k + r+1
2

with k ≥ 2, we have

J cusp

k+ r+1
2

,Dr

∼= η24−3rMk−12+ 3r+1
2
(1) ∼= Snew,ϵ2

2k (2)

as Hecke modules, where we recall ϵ2 = −
(−8

r

)
= −1 or = 1 according as r = 1,

3 or = 5, 7. Here we remark that we apply the twisted Hecke operators T̃ (p2) on
η24−3rMk−12+ 3r+1

2
(1) (see §2.6).

Theorem 5.1 follows from Proposition 5.2 and Corollary 5.4 (Theorem 5.3) below.
For ϕ ∈ J cusp

k+ r+1
2

,Dr
, we write

ϕ(τ, z) = h1(τ)(θr,1(τ, z)− θr,1(τ,−z))(5.1)

(see §4 for the notation).
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Proposition 5.2. For r ∈ {1, 3, 5, 7}, if k + r+1
2

is an odd integer, then the map which
is defined by

J odd
r,k : ϕ(τ, z) 7→ h1(τ)

gives an isomorphism

J odd
r,k : J cusp

k+ r+1
2

,Dr

∼= η3(8−r)Mk−12+ 3r+1
2
(1)

as Hecke modules. It is

J odd
r,k (ϕ|T J(p)) = J odd

r,k (ϕ)|T̃ (p2)(5.2)

for any odd prime p.

Proof. It follows from Lemma 2.5 that η3(8−r)Mk−12+ 3r+1
2
(1) =Mk+ 1

2
(1, ε24−3r).

First we shall show J odd
r,k (ϕ)(= h1) ∈Mk+ 1

2
(1, ε24−3r). By using identities (5.1), (4.1),

(4.2) and transformation formulas of ϕ, we have

h1(τ + 1) = e(−r/8)h1(τ)
and

h1(−τ−1) = τ k+1/2e(3r/8)h1(τ).

Since ε(T̃ ) = e(1/24) and ε(S̃) = e(−1/8) (see §2.5 for the notation), we obtain identities

h1(τ + 1) = ε(T̃ )24−3rh1(τ),(5.3)

h1(−τ−1) = ε(S̃)24−3r
√
τ
2k+1

h1(τ).(5.4)

Since T̃ and S̃ generates Mp(2,Z), the fact h1 ∈Mk+ 1
2
(1, ε24−3r) follows from the above

identities (5.3) and (5.4). It is not difficult to see that the map J odd
r,k is injective.

Next we shall show that J odd
r,k is surjective. Let h1 ∈ Mk+ 1

2
(1, ε24−3r). We put

ϕ(τ, z) = h1(τ)(θr,1(τ, z) − θr,1(τ,−z)). Then, due to the transformation formula of
h1 and that of θr,j (j = 0, 1, 2, 3) (see (5.3), (5.4), (4.1) and (4.2)), the form ϕ satis-
fies the transformation formula (i) and (ii) in Definition 2.1 as weight k + r+1

2
of index

Dr. Since θr,1 satisfies the condition (iii) in Definition 2.1, also ϕ satisfies the condition.
Therefore ϕ ∈ Jk+ r+1

2
,Dr

. It follows form Lemma 4.1 that Jk+ r+1
2

,Dr
= J cusp

k+ r+1
2

,Dr
. Thus

J odd
r,k is surjective.
Finally, we shall show the identity (5.2). We take the Fourier expansion of ϕ ∈

J cusp

k+ r+1
2

,Dr
:

ϕ(τ, z) =
∑
n′∈Z

∑
r′∈D♯

r

C(n′, r′)e(n′τ + β(r′, z)).

Then,

h1(τ) = (J odd
r,k (ϕ))(τ) =

∑
n′∈Z

C(n′, v1)e
((
n′ − r

8

)
τ
)
,
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where v1 =
e1+···+er

2
has been defined in §4. Remark β(v1) = r/8.

For n′ ∈ Z, we write A(8n′ − r) := C(n′, v1). Then, h1(τ) =
∑

m∈ZA(m)qm/8.

Let p be an odd prime. By definition of T̃ (p2) (see §2.6), we have

(h1|k+ 1
2
T̃ (p2))(τ) =

∑
m∈Z

A∗(m)qm/8,

where

A∗(m) =

(
−4

p

){
A(p2m) +

(
(−1)km

p

)
pk−1A(m) + p2k−1A(m/p2)

}
.(5.5)

Since A(m) = 0 unlessm ≡ −r mod 8, we have that A∗(m) = 0 unlessm ≡ −r mod 8.
From the definition of T J(p2) (see Lemma 2.6), by using the facts that r+1

2
≡ k + 1

mod 2 and [D♯
r : Dr] = 4, we obtain

(ϕ|k+ 1
2
,Dr
T J(p2))(τ, z) =

∑
n′∈Z

∑
r′∈D♯

r

C∗(n′, r′)e(n′τ + β(r′, z)),

where

C∗(n′, r′) = C(p2n′, pr′)(5.6)

+pk−1

(
(−1)k+1

p

)(
8(n′ − β(r′))

p

)
C(n′, r′)

+p2k−1
∑

λ∈Dr/pDr

C

(
1

p2
(n′ − β(r′, λ) + β(λ)),

1

p
(r′ − λ)

)
.

Since ϕ belongs to J cusp

k+ r+1
2

,Dr
and since k + r+1

2
is odd, we have ϕ(τ,−z) = −ϕ(τ, z).

Thus C(n′,−v1) = −C(n′, v1). Now we will show C∗(n′, v1) = A∗(8n′−r) for any n′ ∈ Z.
We have pv1 ≡

(
−4
p

)
v1 mod Dr. We remark β(v1) = r/8.

Since C(n′, r′) is determined by the pair (n′ − β(r′), r′ mod Dr), we have

C(p2n′, pv1) = C

(
p2n′ +

1− p2

8
r,

(
−4

p

)
v1

)
=

(
−4

p

)
C

(
p2n′ +

1− p2

8
r, v1

)
=

(
−4

p

)
A(p2(8n′ − r)).

Similarly, if 1
p
(v1 − µ) ∈ D♯

r with µ ∈ Dr, then

1

p
(v1 − µ) ≡ p2

p
(v1 − µ) ≡ pv1 ≡

(
−4

p

)
v1 mod Dr.
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And, since there exists only one µ ∈ Dr modulo pDr such that 1
p
(v1 − µ) ∈ D♯

r, we take

such µ and we have∑
λ∈Dr/pDr

C

(
1

p2
(n′ − β(v1, λ) + β(λ)),

1

p
(v1 − λ)

)

= C

(
1

p2
(n′ − β(v1, µ) + β(µ)),

1

p
(v1 − µ)

)
= C

(
8n′ − r + p2r

8p2
,

(
−4

p

)
v1

)
=

(
−4

p

)
C

(
8n′ − r + p2r

8p2
, v1

)
=

(
−4

p

)
A

(
1

p2
(8n′ − r)

)
.

Therefore the identity (5.6) for r′ = v1 is

C∗(n′, v1) =

(
−4

p

){
A(p2(8n′ − r))

+pk−1

(
(−1)k

p

)(
8n′ − r

p

)
A(8n′ − r) + p2k−1A

(
1

p2
(8n′ − r)

)}
= A∗(8n′ − r).

Since

J odd
r,k (ϕ|T J(p))(τ) =

∑
n′∈Z

C∗(n′, v1)q
(8n′−r)/8

and

((J odd
r,k ϕ)|T̃ (p2))(τ) =

∑
m∈Z

A∗(m)qm/8,

we obtain J odd
r,k (ϕ|T J(p)) = J odd

r,k (ϕ)|T̃ (p2). ⊓⊔

Theorem 5.3 ([Ya 14, Thm. 2]). If r ∈ {1, 3, 5, 7} and if s ∈ 2Z, then

η3rMs(1) ∼=

{
Snew,+
3r+2s−1(2), if r = 1, 3,

Snew,−
3r+2s−1(2), if r = 5, 7,

as Hecke modules. Here, we use the twisted Hecke operators T̃ (p2) of half-integral weight
for the left-hand side (see §2.6) and use the usual Hecke operators of integral weight for
the right-hand side.

Remark that the notation Snew
3r+2s−1

(
2,−

(
8
r

))
in [Ya 14, Thm.2] is equivalent to the

notation Snew,ϵ
3r+2s−1(2) in this paper, where ϵ = −

(
8
r

)
i3r+2s−1 =

(−8
r

)
. Hence, ϵ = 1 or

−1 according as r = 1, 3 or r = 5, 7. In [Ya 14, Thm.2] the usual Hecke operator T (p2)
on η3rMs(1) is applied, while we apply the twisted Hecke operator T̃ (p2). Therefore we
drop the symbol ⊗

(−4
·

)
from Snew

3r+2s−1

(
2,−

(
8
r

))
⊗
(−4

·

)
in [Ya 14, Thm.2].

Remark also that when r = 1 and s = 0, the right hand side Snew
2 (2) of the above

isomorphism must be Mnew
2 (2), and where Mnew

2 (2) = CE(2)
2 (see §7.2, the proof of



24 SHUICHI HAYASHIDA

Theorem 1.4). Here E
(2)
2 has been defined in Theorem 1.4, which is a modular form of

weight 2 with level 2.
By the substitution (r, s) → (8−r, k−12+ 3r+1

2
) into the isomorphism in Theorem 5.3,

we have the following corollary.

Corollary 5.4. If r ∈ {1, 3, 5, 7} and if k + r+1
2

≡ 1 mod 2 with k ≥ 2, then

η3(8−r)Mk−12+ 3r+1
2
(1) ∼=

{
Snew,−
2k (2), if r = 1, 3,

Snew,+
2k (2), if r = 5, 7,

as Hecke modules.

Proof of Theorem 5.1. Theorem 5.1 follows from Proposition 5.2 and Corollary 5.4 (The-
orem 5.3). ⊓⊔

6. Jacobi forms of even weight

Let the notation be as in §4. In this section we assume that k+ r+1
2

is an even integer
and r = 1, 3, 5 or 7. The purpose of this section is to show Theorem 6.1.

6.1. Jacobi forms of even weight of index Dr. The vector space S+,−r

k+ 1
2

(8) has been

defined in §2.4.

Theorem 6.1. Let k + r+1
2

be an even integer with k ≥ 0. Then, we have

J cusp,new

k+ r+1
2

,Dr

∼= Snew,+,−r

k+ 1
2

(8) ∼= Snew,ϵ2
2k (2)(6.1)

as Hecke modules, where we recall ϵ2 = −
(−8

r

)
= −1 or 1 according as r = 1, 3 or r = 5,

7, and where Snew,+,−r

k+ 1
2

(8), which will be defined before Theorem 6.7, is the subspace of

all newforms in S+,−r

k+ 1
2

(8).

The first isomorphism of (6.1) will be shown in Corollary 6.8 of Proposition 6.3,
while the second isomorphism has been essentially obtained by [U-Y 10, Thm. 1] (see
Theorem 6.7).

6.2. Jacobi forms and modular forms of half-integral weight.

Lemma 6.2. The group Γ0(8) is generated by the following two types of matrices:

u(s) :=

(
1 0
8s 1

)
(s ∈ Z), v(a) :=

(
a 1

a2 − 1 a

)
(a = ±1,±3).

Proof. We denote by Γ′ the group which is generated by the above two types of matrices.
We have u(s)v(a)u(s) = v(a+ 8s). Thus v(a) belongs to Γ′ for any odd integer a. Note
that

( −1 0
0 −1

)
= v(1)v(−1) ∈ Γ′ and v(a)−1 = −v(−a) ∈ Γ′.
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We take A =

(
x y
8z w

)
∈ Γ0(8). We can take an odd integer a, such that |ay+w| < |y|.

Since v(a)A =

(
∗ ay + w
∗ ∗

)
, by repeating to multiply such v(a) to A, we can reduce

the absolute value of the right-upper part of A. Thus we can assume y = 0. Then we
have A =

( ±1 0
8z ±1

)
∈ Γ′. Thus Γ′ = Γ0(8). ⊓⊔

We recall from §4 that ϕ ∈ Jk+ r+1
2

,Dr
has the decomposition:

ϕ(τ, z) =
3∑

j=0

hj(τ)θr,j(τ, z),(6.2)

where

hj(τ) =
∑
n′∈Z

C(n′, vj)e((n
′ − β(vj))τ),

and where C(n′, vj) is the (n
′, vj)-th Fourier coefficient of ϕ (see Lemma 2.3). We define

(J even
r,k (ϕ))(τ) :=

3∑
j=0

hj(8τ).(6.3)

Recall that the vector space M+,−r

k+ 1
2

(8) has been defined in §2.4.

Proposition 6.3. Assume that r = 1, 3, 5 or 7 and that k+ r+1
2

is an even integer with
k ≥ 0. Then, the map J even

r,k gives an isomorphism

J even
r,k : Jk+ r+1

2
,Dr

∼=−→ M+,−r

k+ 1
2

(8)

as Hecke modules. It means, for any ϕ ∈ Jk+ r+1
2

,Dr
, we have

J even
r,k (ϕ|T J(p)) = (J even

r,k (ϕ))|T (p2)

for any odd prime p. Moreover, the restriction of J even
r,k on J cusp

k+ r+1
2

,Dr
gives the isomor-

phism

J even
r,k : J cusp

k+ r+1
2

,Dr

∼=−→ S+,−r

k+ 1
2

(8)

This proposition follows from three facts: J even
r,k is an injective map (Lemma 6.4), J even

r,k

is surjective (Lemma 6.5), and J even
r,k is compatible with the action of Hecke operators

(Lemma 6.6). We show these three lemmas.

Lemma 6.4. Let ϕ ∈ Jk+ r+1
2

,Dr
. Then J even

r,k (ϕ) ∈ M+,−r

k+ 1
2

(8). Furthermore, the map

J even
r,k : Jk+ r+1

2
,Dr

→M+,−r

k+ 1
2

(8) is injective. If ϕ ∈ J cusp

k+ r+1
2

,Dr
, then J even

r,k (ϕ) ∈ S+,−r

k+ 1
2

(8).
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Proof. For ϕ ∈ Jk+ r+1
2

,Dr
we put g = J even

r,k (ϕ). Since β(v0) = 0, β(v2) = 1/2 and

β(v1) = β(v3) = r/8, and since h1 = h3, the injectivity of J even
r,k follows from the Fourier

expansion of g.
We show g ∈M+,−r

k+ 1
2

(8). By virtue of Lemma 6.2, it is sufficient to prove the transfor-

mation formula of g for the generators u(s) and v(a) of Γ0(8). To show this, we show
the transformation formula of g(τ/8) =

∑3
j=0 hj(τ) for

u′(s) :=

(
8 0
0 1

)
u(s)

(
8 0
0 1

)−1

=

(
1 0
s 1

)
(s ∈ Z)

and for

v′(a) :=

(
8 0
0 1

)
v(a)

(
8 0
0 1

)−1

=

(
a 8

(a2 − 1)/8 a

)
(a = ±1,±3).

Remark the identity u′(s) =

(
0 −1
1 0

)(
1 −s
0 1

)(
0 1
−1 0

)
. By virtue of the identities

(4.2), (6.2), and by using the transformation formula of ϕ, we have

hj(−τ−1) =
1

2
τ k+

1
2 e(r/8)

3∑
t=0

e(jtr/4)hrt(τ).

For any s ∈ Z, we obtain

hj(−(τ − s)−1) =
1

2
(τ − s)k+

1
2 e(r/8)

3∑
t=0

e(jtr/4)ht(τ − s)

=
1

2
(τ − s)k+

1
2 e(r/8)

3∑
t=0

e(jtr/4)e(t2rs/8)ht(τ).

Hence, by virtue of the identity (4.2), we have

hj(−(−τ−1 − s)−1) =
1

2

(
−τ−1 − s

)k+ 1
2 e(r/8)

3∑
t=0

e(jtr/4)e(t2rs/8)ht(−τ−1)

=
1

4

(
−τ−1 − s

)k+ 1
2 τ k+

1
2 e(r/4)

3∑
t=0

e(jtr/4)e(t2rs/8)

×
3∑

u=0

e(tur/4)hu(τ).

Since (−τ−1 − s)
1
2 τ

1
2 = (sτ + 1)

1
2 e(1/4) and since 2k + 1 ≡ −r mod 4, we have

(−τ−1 − s)
k+ 1

2 τ k+
1
2 = (sτ + 1)k+

1
2 e(−r/4). Since

∑3
j=0 e(jtr/4) = 4δt,0, where δt,0
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denotes the Kronecker delta, we have

3∑
j=0

hj(τ(sτ + 1)−1) =
3∑

j=0

hj(−(−τ−1 − s)−1)

= (sτ + 1)k+
1
2

3∑
u=0

hu(τ).

Therefore g

(
τ

8(sτ + 1)

)
= (sτ+1)k+

1
2 g
(τ
8

)
and we obtain g|k+ 1

2
u(s) = g for any s ∈ Z.

For a ∈ {±1}, we have v′(a) =

(
a 8
0 a

)
. Thus

∑3
j=0 hj(τ + 8a−1) =

∑3
j=0 hj(τ) for

v′(a) (a ∈ {±1}). Therefore g|k+ 1
2
v(a) = g for a ∈ {±1}.

For a ∈ {±3}, we obtain v′(a) =

(
1 a
0 1

)(
0 −1
1 0

)(
1 a
0 1

)
. We have

3∑
j=0

hj(τ + a) =
3∑

j=0

e(−aj2r/8)hj(τ)

and

3∑
j=0

hj(−τ−1 + a) =
3∑

j=0

e(−aj2r/8)hj(−τ−1)

=
1

2
τ k+

1
2 e(r/8)

3∑
j=0

e(−aj2r/8)
∑
t

e(jtr/4)ht(τ).

Thus

3∑
j=0

hj

(
− 1

τ + a
+ a

)

=
1

2
(τ + a)k+

1
2 e
(r
8

) 3∑
j=0

e

(
−aj2r

8

) 3∑
t=0

e

(
jtr

4

)
ht(τ + a)

=
1

2
(τ + a)k+

1
2 e
(r
8

) 3∑
j=0

e

(
−aj2r

8

) 3∑
t=0

e

(
jtr

4

)
e

(
−at2r

8

)
ht(τ).

It is straight-forward to check that

3∑
j=0

e

(
−aj2r

8

)
e

(
jtr

4

)
e

(
−at2r

8

)
= 2 e

(
−ar
8

)
.
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Since (a− 1)(2k + 1 + r) ≡ 0 mod 8, we have

3∑
j=0

hj((aτ + (a2 − 1))(τ + a)−1) =
3∑

j=0

hj(−(τ + a)−1 + a)

= (τ + a)k+
1
2 e((1− a)r/8)

3∑
t=0

ht(τ)

= (τ + a)k+
1
2 e((a− 1)(2k + 1)/8)

3∑
t=0

ht(τ).

Thus

g

(
aτ + (a2 − 1)

8(τ + a)

)
= (τ + a)k+

1
2 e((a− 1)(2k + 1)/8)g

(τ
8

)
.

Since j(v(a), τ) = (8τ + a)
1
2 e((a− 1)/8) for a ∈ {±3}, we have g|k+ 1

2
v(a) = g.

Therefore g ∈ Mk+ 1
2
(8). Since β(v0) = 0, β(v2) = 1/2 and β(v1) = β(v3) = r/8, and

by the construction of g, we obtain g ∈M+,−r

k+ 1
2

(8).

Now, we assume that ϕ is a Jacobi cusp form. Since the constant term of ϕ is zero,
the constant term of h0 is zero. Thus, by using transformation formula of {hj}j, we
have the fact that |Im(τ)−k/2−1/4g(τ)| is bounded on H. Hence g is a cusp form and
g ∈ S+,−r

k+ 1
2

(8). ⊓⊔

Lemma 6.5. Let g ∈M+,−r

k+ 1
2

(8). We write

g(τ) =
∑
n∈Z

n≡0,4,−r mod 8

cg(n)q
n =

∑
m=0,4,−r

fm(8τ),

where fm(τ) :=
∑
n∈Z

n≡m mod 8

cg(n)q
n/8. We put (J(g))(τ, z) :=

3∑
j=0

hj(τ)θr,j(τ, z), where we

set

hj(τ) :=

{
f2j(τ), if j = 0, 2,
1
2
f−r(τ), if j = 1, 3.

Then, J(g) belongs to Jk+ r+1
2

,Dr
. Moreover, the map J is the inverse map of J even

r,k . If

g ∈ S+,−r

k+ 1
2

(8), then J(g) ∈ J cusp

k+ r+1
2

,Dr
.

Proof. For simplicity, we write ϕ = J(g). The transformation equations in Defini-
tion 2.1(ii) and (iii) for ϕ follow directly from the definition of ϕ. Thus it is suffi-
cient to show the transformation equation in Definition 2.1 (i) for ϕ. The formula
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ϕ(τ + 1, z) = ϕ(τ, z) follows from the definition of ϕ and from the transformation equa-
tion of θr,j with respect to ( 1 1

0 1 ). Therefore it is sufficient to show the transformation
equation of ϕ with respect to ( 0 −1

1 0 ):

ϕ(−τ−1, τ−1z) = τ k+
r+1
2 e(τ−1β(z))ϕ(τ, z).(6.4)

To show (6.4), we show

f0(−τ−1) =
1

2

√
τ
2k+1

e(r/8) {f0(τ) + f4(τ) + f−r(τ)} ,(6.5)

f4(−τ−1) =
1

2

√
τ
2k+1

e(r/8) {f0(τ) + f4(τ)− f−r(τ)} ,(6.6)

f−r(−τ−1) =
√
τ
2k+1

e(r/8) {f0(τ)− f4(τ)} .(6.7)

Since

1

4

∑
a mod 8
(a,2)=2

g

(
τ + a

8

)
= f0(τ) + f4(τ),

we have

f0(−τ−1) =
1

8

∑
a mod 8

g

(
−τ−1 + a

8

)
=

1

2

(
f0(−τ−1) + f4(−τ−1)

)
+

1

8

∑
a mod 8
(a,2)=1

g

(
aτ − 1

8τ

)
.

Thus

f0(−τ−1)− f4(−τ−1) =
1

4

∑
a mod 8
(a,2)=1

g

(
aτ − 1

8τ

)

=
1

4

∑
a=±1,±3

g

((
a (a2 − 1)/8
8 a

)(
1 −a
0 8

)
· τ
)

=
1

4

∑
a=±1,±3

j

((
a (a2 − 1)/8
8 a

)
,

(
1 −a
0 8

)
· τ
)2k+1

g

(
τ − a

8

)
.

Now, by using the formula

j

((
a (a2 − 1)/8
8 a

)
,

(
1 −a
0 8

)
τ

)
=

√(
−4

a

)−1(
8

a

)√
τ = e

(
a− 1

8

)√
τ
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for any odd integer a, we have

f0(−τ−1)− f4(−τ−1) =
1

4

√
τ
2k+1

∑
a=±1,±3

e

(
(a− 1)(2k + 1)

8

)
g

(
τ − a

8

)
=

1

4

√
τ
2k+1

∑
ri=0,4,−r

∑
a=±1,±3

e

(
(a− 1)(2k + 1)− ari

8

)
fri(τ).

From this identity, since 2k + 1 + r ≡ 0 mod 4, we obtain

f0(−τ−1)− f4(−τ−1) =
√
τ
2k+1

e(r/8)f−r(τ).(6.8)

Since
√
−τ−1

−1
= −i

√
τ , the substitution τ → −τ−1 into (6.8) gives the identity (6.7).

Since − 1
τ+1

= −1 + τ
τ+1

, the substitution τ → τ + 1 into (6.8) gives

f0

(
τ

τ + 1

)
+ f4

(
τ

τ + 1

)
=

√
τ + 1

2k+1
f−r(τ).(6.9)

Since − 1
−τ−1−1

= τ
τ+1

, the substitution τ → −τ−1 − 1 into (6.8) gives

f0

(
τ

τ + 1

)
− f4

(
τ

τ + 1

)
=

√
−τ−1 − 1

2k+1
e

(
1

4
r

)
f−r(−τ−1).(6.10)

Hence, by adding both sides of (6.9) and (6.10), we obtain

f0

(
τ

τ + 1

)
=

1

2

{√
τ + 1

2k+1
f−r(τ) +

√
−τ−1 − 1

2k+1
e

(
1

4
r

)
f−r(−τ−1)

}
.

Since
√
−τ−1 − 1

√
τ = e(1/4)

√
τ + 1, we have

f0

(
τ

τ + 1

)
=

1

2

√
τ + 1

2k+1
{
f−r(τ) +

√
τ
−2k−1

e

(
1

4
(2k + 1 + r)

)
f−r(−τ−1)

}
.

By virtue of (6.7) and since 2k + 1 + r ≡ 0 mod 4, we obtain

f0

(
τ

τ + 1

)
=

1

2

√
τ + 1

2k+1
{
f−r(τ) + e

(r
8

)
(f0(τ)− f4(τ))

}
.

The substitution τ → τ − 1 into this identity gives the identity (6.5). The identities
(6.5) and (6.8) provide the identity (6.6).

The identity
h0(−τ−1)
h2(−τ−1)
h1(−τ−1)
h3(−τ−1)

 =
1

2

√
τ
2k+1

e(r/8)


1 1 1 1
1 1 −1 −1
1 −1 e(r/4) −e(r/4)
1 −1 −e(r/4) e(r/4)



h0(τ)
h2(τ)
h1(τ)
h3(τ)


follows from the identities (6.5), (6.6) and (6.7) and from the fact hr = h−r.
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This identity and the transformation law of {θr,j} (see (2.1)) provide the identity
(6.4). Thus the transformation law in Definition 2.1 (i) for ϕ follows. We therefore have
J(g) = ϕ ∈ Jk+ r+1

2
,Dr

.

If g ∈ S+,−r

k+ 1
2

(8), then the constant term of f0 is zero. Thus the constant term of h0 is

also zero. Hence ϕ is a Jacobi cusp form (see Lemma 4.1) and J(g) ∈ J cusp

k+ r+1
2

,Dr
.

By the construction of J , it is clear that J is the inverse map of J even
r,k . ⊓⊔

Lemma 6.6. The map J even
r,k is compatible with the action of Hecke operators:

J even
r,k (ϕ|T J(p)) = (J even

r,k (ϕ))|T (p2)

for any ϕ ∈ Jk+ r+1
2

,Dr
and for any odd prime p.

Proof. The proof of this lemma is similar to the case of J odd
k,r (see the proof of Proposi-

tion 5.2). We show the identity between the Fourier coefficients of J even
r,k (ϕ|T J(p)) and

those of (J even
r,k (ϕ))|T (p2).

We take the Fourier expansion of ϕ ∈ Jk+ r+1
2

,Dr
:

ϕ(τ, z) =
∑
n′∈Z

∑
r′∈D♯

r

C(n′, r′)e(n′τ + β(r′, z)).

Since k+ r+1
2

is even, we have ϕ(τ,−z) = ϕ(τ, z). Therefore C(n′,−r′) = C(n′, r′) holds

for any (n′, r′) ∈ Z×D♯
r.

From the definition of T J(p2) (see Lemma 2.6), we obtain

(ϕ|k+ 1
2
,Dr
T J(p2))(τ, z) =

∑
n′∈Z

∑
r′∈D♯

r

C∗∗(n′, r′)e(n′τ + β(r′, z)),

where

C∗∗(n′, r′) = C(p2n′, pr′)(6.11)

+pk−1

(
(−1)k

p

)(
8(n′ − β(r′))

p

)
C(n′, r′)

+p2k−1
∑

λ∈Dr/pDr

C

(
1

p2
(n′ − β(r′, λ) + β(λ)),

1

p
(r′ − λ)

)
.

Remark that the second term of the right-hand side is different from the one in (5.6).
For simplicity, we write g = J even

r,k (ϕ). Then g has a Fourier expansion of the form

g(τ) =
∑∞

m=0A(m)qm. The Fourier expansion of g|k+ 1
2
T (p2) is

(g|k+ 1
2
T (p2))(τ) =

∞∑
m=0

A∗∗(m)qm,
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where

A∗∗(m) = A(p2m) +

(
(−1)km

p

)
pk−1A(m) + p2k−1A(m/p2).(6.12)

By the construction of J even
r,k , we have

C(n′, r′) =

{
A(8(n′ − β(r′))), if r′ ≡ v0, v2 mod Dr,
1
2
A(8(n′ − β(r′))), if r′ ≡ v1, v3 mod Dr,

for any (n′, r′) ∈ Z×D♯
r. Remark that C(n′, v1) = C(n′, v3).

By comparing the right-hand sides of (6.11) and of (6.12), we obtain

C∗∗(n′, vj) =

{
A∗∗(8(n′ − β(vj))), if r′ = v0, v2,
1
2
A∗∗(8(n′ − β(vj))), if r′ = v1, v3.

We therefore conclude J even
r,k (ϕ|T J(p)) = (J even

r,k (ϕ))|T (p2). ⊓⊔

Proof of Proposition 6.3. Proposition 6.3 follows from Lemma 6.4 (injectivity of J even
r,k ),

Lemma 6.5 (surjectivity of J even
r,k ) and Lemma 6.6 (compatibility of J even

r,k with Hecke
operators). ⊓⊔

6.3. Shimura correspondence and newforms. The newforms in S+
k+ 1

2

(8) has been

introduced by [U-Y 10, Introduction]. We recall the definition of operators U(d) and
Uk(4) = U(4)℘k:

(
∑
n∈Z

anq
n)|U(d) =

∑
n∈Z

adnq
n, (

∑
n∈Z

anq
n)|℘k =

∑
n∈Z

(−1)kn≡0,1 mod 4

anq
n.

for any formal power q-series
∑

n∈Z anq
n. It is shown in [U-Y 10, Thm. 1 (1), Prop. 6]

that S+
k+ 1

2

(4)|Uk(4) :=
{
f |Uk(4) : f ∈ S+

k+ 1
2

(4)
}
is a subspace of S+

k+ 1
2

(8). We define

Sold,+

k+ 1
2

(8) := S+
k+ 1

2

(4) + S+
k+ 1

2

(4)|Uk(4).

The space of newforms Snew,+

k+ 1
2

(8) is defined by the orthogonal complement of Sold,+

k+ 1
2

(8)

in S+
k+ 1

2

(8). It is known in [U-Y 10, Thm. 1 (1)], that

Sold,+

k+ 1
2

(8) = S+
k+ 1

2

(4)⊕ S+
k+ 1

2

(4)|Uk(4),

S+
k+ 1

2

(8) = Snew,+

k+ 1
2

(8)⊕ Sold,+

k+ 1
2

(8).

We put

Snew,+,−r

k+ 1
2

(8) := Snew,+

k+ 1
2

(8) ∩ S+,−r

k+ 1
2

(8).

The following theorem essentially follows from [U-Y 10, Thm. 1, Prop. 4, Cor. 2].
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Theorem 6.7 ([U-Y 10]). For any k ∈ Z and for any r ∈ {1, 3, 5, 7}, we have

Snew,+,−r

k+ 1
2

(8) ∼= Snew,ϵ2
2k (2)

as Hecke module, where we recall ϵ2 = −
(−8

r

)
.

Proof. By virtue of [U-Y 10, Thm. 1 (3)], there exists an isomorphism map

Jk : Snew,+

k+ 1
2

(8) → Snew
2k (2)

as Hecke module. That is,

Jk(g|T (p2)) = Jk(g)|T (p), Jk(g|Uk(4)) = Jk(g)|U(2)
for any g ∈ Snew,+

k+ 1
2

(8) and for any odd prime p, and where T (p) is the usual Hecke

operator acting on S2k(2).
Due to [U-Y 10, Cor. 2, Prop. 4], it is known that the identity

21−kg|Uk(4) = −ϵg
is equivalent to the condition

ag(n) = 0 if

(
8

(−1)kn

)
= −ϵ,

where ag(n) is the n-th Fourier coefficient of g.
We assume g ∈ Snew,+,−r

k+ 1
2

(8) and assume that g is a Hecke eigenform. We need to

show Jk(g) ∈ Snew,ϵ2
2k (2). Since g ∈ Snew,+,−r

k+ 1
2

(8), we obtain g|Uk(4) = 2k−1
(

8
(−1)km

)
g,

where

m =


−5, if r = 1,

−7, if r = 3,

−1, if r = 5,

−3, if r = 7.

We recall that k + r+1
2

is even. Hence, (−1)k = (−1)(r+1)/2 and g|Uk(4) = −
(
8
r

)
2k−1g.

We put f = Jk(g) and take the Fourier expansion f =
∑
anq

n. We have f |U(2) = a2f .
Since Jk(g|Uk(4)) = Jk(g)|U(2), we have a2 = −

(
8
r

)
2k−1. It is known that

f |2k ( 0 −1
N 0 ) = cf

with c = −21−ka2 (see [Zh 13, Introduction], for example). Thus

c =

(
8

r

)
= (−1)k(−1)

r+1
2

(
8

r

)
= −(−1)k

(
−8

r

)
= ϵ2i

−2k.

We therefore conclude Jk(g) = f ∈ Snew,ϵ2
2k (2). ⊓⊔

The following corollary follows from Proposition 6.3 and Theorem 6.7. Recall the
conditions r ∈ {1, 3, 5, 7} and k ≥ 0.
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Corollary 6.8. We have

J cusp,new

k+ r+1
2

,Dr

∼= Snew,+,−r

k+ 1
2

(8).

as Hecke modules.

Proof. We put

S
(1),−r

k+ 1
2

:= J even
r,k (J cusp,new

k+ r+1
2

,Dr
), S

(0),−r

k+ 1
2

:= J even
r,k (J cusp,old

k+ r+1
2

,Dr
).

Then, by virtue of Proposition 6.3, we have S+,−r

k+ 1
2

(8) = S
(1),−r

k+ 1
2

⊕ S
(0),−r

k+ 1
2

. It is sufficient

to show S
(1),−r

k+ 1
2

= Snew,+,−r

k+ 1
2

(8).

We put Sold,+,−r

k+ 1
2

(8) := Sold,+

k+ 1
2

(8) ∩ S+,−r

k+ 1
2

(8).

Since S+
k+ 1

2

(8) = Snew,+

k+ 1
2

(8)⊕ Sold,+

k+ 1
2

(8), we have S+,−r

k+ 1
2

(8) = Snew,+,−r

k+ 1
2

(8)⊕ Sold,+,−r

k+ 1
2

(8).

Due to Theorem 6.7 and due to the strong multiplicity one theorem (see [Mi 89, Coro.

4.6.30]), we obtain S
(0),−r

k+ 1
2

⊂ Sold,+,−r

k+ 1
2

(8). Namely, if ϕ ∈ J cusp,old

k+ r+1
2

,Dr
is a Hecke eigenform,

then there exists a Hecke eigenform f1 ∈ Sϵ1
2k(1) such that the eigenvalues of ϕ are

those of f1. If J even
r,k (ϕ) ∈ Snew,+,−r

k+ 1
2

(8), then there exists f2 ∈ Snew,ϵ2
2k (2) such that the

eigenvalues of ϕ are those of f2. But, then the eigenvalues of f1 and f2 coincide, and it
is contradiction.

It is known in [U-Y 10, Thm. 1 (1)] that

dimS+
k+ 1

2

(8) = dimSnew,+

k+ 1
2

(8) + 2 dimS+
k+ 1

2

(4) = dimSnew,+

k+ 1
2

(8) + 2 dimS2k(1),

where the last identity follows from [Ko 80]. Due to (2.2) we have

dimS+
k+ 1

2

(8) =

{
dimS+,−1

k+ 1
2

(8) + dimS+,−5

k+ 1
2

(8), if k is odd,

dimS+,−3

k+ 1
2

(8) + dimS+,−7

k+ 1
2

(8), if k is even.

First, we treat the cases r = 1 and r = 5. We have

dimS
(1),−1

k+ 1
2

+ dimS
(0),−1

k+ 1
2

+ dimS
(1),−5

k+ 1
2

+ dimS
(0),−5

k+ 1
2

= dimS+
k+ 1

2

(8)

= dimSnew,+

k+ 1
2

(8) + 2 dimS2k(1).

By virtue of Proposition 3.4, we have dimS
(0),−1

k+ 1
2

= dimS
(0),−5

k+ 1
2

= dimS2k(1).

Since S
(0),−1

k+ 1
2

⊕S(0),−5

k+ 1
2

⊂ Sold,+,−1

k+ 1
2

(8)⊕Sold,+,−5

k+ 1
2

(8) = Sold,+

k+ 1
2

(8), and since dimSold,+

k+ 1
2

(8) =

2 dimS+
k+ 1

2

(4) = 2 dimS2k(1), we have S
(0),−1

k+ 1
2

= Sold,+,−1

k+ 1
2

(8) and S
(0),−5

k+ 1
2

= Sold,+,−5

k+ 1
2

(8).

Therefore S
(1),−1

k+ 1
2

= Snew,+,−1

k+ 1
2

(8) and S
(1),−5

k+ 1
2

= Snew,+,−5

k+ 1
2

(8).

The cases r = 3 and r = 7 follows from the same argument. ⊓⊔
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Proof of Theorem 6.1. Theorem 6.1 follows from Corollary 6.8 (isomorphism J cusp,new

k+ r+1
2

,Dr

∼=
Snew,+,−r

k+ 1
2

(8)) and Theorem 6.7 (isomorphism Snew,+,−r

k+ 1
2

(8) ∼= Snew,ϵ2
2k (2)). ⊓⊔

7. Proof of Theorems 1.1 and 1.4

7.1. Proof of Theorem 1.1.

Proof of Theorem 1.3. Theorem 1.3 follows from Theorem 5.1 (isomorphisms

J cusp

k+ r+1
2

,Dr

∼= η24−3rMk−12+ 3r+1
2
(1) ∼= Snew,ϵ2

2k (2)

for k + r+1
2

≡ 1 mod 2) and from Theorem 6.1 (isomorphisms

J cusp,new

k+ r+1
2

,Dr

∼= Snew,+,−r

k+ 1
2

(8) ∼= Snew,ϵ2
2k (2)

for k + r+1
2

≡ 0 mod 2). ⊓⊔

Remark that if k+ r+1
2

≡ 1 mod 2, then it follows from Theorem 1.2 that Jold
k+ r+1

2
,Dr

=

{0} and J cusp,new

k+ r+1
2

,Dr
= J cusp

k+ r+1
2

,Dr
.

Proof of Theorem 1.1. Theorem 1.1 follows from Theorem 1.2

(isomorphism Jk+ r+1
2

,Dr
= Jnew

k+ r+1
2

,Dr
⊕ Jold

k+ r+1
2

,Dr

∼= Jnew
k+ r+1

2
,Dr

⊕M ϵ1
2k(1))

and from Theorem 1.3 (isomorphism Jnew
k+ r+1

2
,Dr

∼= Sϵ2
2k(2)). ⊓⊔

7.2. Proof of Theorem 1.4.

Proof of Theorem 1.4. We first show the identities.

dim J2,D1 = dim J3,D3 = dimM+,−1
3/2 (8) = dim η15M−6(1) = dimM−

2 (2) = 0.(7.1)

The identities dim J2,D1 = dim J3,D3 = 0 have been obtained by [B-S 23] (see [Mo 19b,

Thm. 3.29]). Due to Proposition 6.3, we have dimM+,−1
3/2 (8) = dim J2,D1 = 0. The iden-

tities dim η15M−6(1) = dimM−6(1) = 0 are obvious. One can check that dimM2(2) =
dimM+

2 (2) = 1 and dimM−
2 (2) = 0. Thus we have the identities (7.1).

To show the rest of the claims in Theorem 1.4, we calculate the Hecke eigenvalues of
η3 ∈ η3M0(1) and those of E4,D5 ∈ J4,D5 .

It is well-known that η3 has the Fourier expansion η3(τ) =
∑∞

n=1

(−4
n

)
nqn

2/8. There-
fore, for any odd prime p, we have

η3|T̃ (p2) = (1 + p)η3

after a straight-forward calculation, where the twisted Hecke operator T̃ (p2) is defined

in §2.6. The Eisenstein series E
(2)
2 of weight 2 of level 2 has the Hecke eigenvalue 1 + p

for any odd prime p. Thus Cη3 ∼= CE(2)
2 as Hecke modules.

The identity dim J4,D5 = 1 has been obtained by [B-S 23] (see [Mo 19b, Thm. 3.29]).
The form E4,D5 belongs to J4,D5 , and hence E4,D5 is a Hecke eigenform. The constant
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term of E4,D5 is not zero, thus the eigenvalue of E4,D5 is obtained by computing the
constant term of E4,D5|T J(p) (see §2.6, for the definition of T J(p)). Hence, it is straight-

forward to check E4,D5|T J(p) = (1+ p)E4,D5 for any odd prime p. Thus CE4,D5
∼= CE(2)

2

as Hecke modules.
Due to Proposition 5.2, we obtain the identities

dim J5,D7 = dim η3M0(1) = dimM+
2 (2) = 1

and

Cψ5,D7
∼= Cη3 ∼= CE(2)

2

as Hecke modules, where ψ5,D7 ∈ J5,D7 .
The identity dim J4,D5 = 1 has been obtained by [B-S 23] (see [Mo 19b, Thm. 3.29]).

Due to Proposition 6.3, we obtain the isomorphismM+,−5
3/2 (8) ∼= J4,D5 . Since dim Jold

4,D5
=

dimM−
2 (1) = 0, we have J4,D5 = Jnew

4,D5
. Thus M+,−5

3/2 (8) ∼= Jnew
4,D5

. We recall E
(8)
3/2 ∈

M+,−5
3/2 (8) and E4,D5 ∈ Jnew

4,D5
. We have CE(8)

3/2
∼= CE4,D5 .

We therefore conclude

dim Jnew
4,D5

= dim J cusp,new
5,D7

= dimM+,−5
3/2 (8) = dim η3M0(1) = dimM+

2 (2) = 1

and

CE4,D5
∼= Cψ5,D7

∼= CE(8)
3/2

∼= Cη3 ∼= CE(2)
2

as Hecke modules. ⊓⊔

8. Fourier coefficients of Jacobi-Eisenstein series

In this section we give an explicit formula of the Fourier coefficients of the Jacobi-
Eisenstein series Ek+ r+1

2
,Dr

∈ Jk+ r+1
2

,Dr
for k ≥ 2 (see Definition 8.3 and Theorem 8.4)

and we prove Theorem 1.5.

8.1. Cohen type Eisenstein series of level 8. Let Hk (k ∈ N) be the Cohen Eisen-
stein series of level 4 of weight k + 1

2
which is defined by

Hk(τ) := ζ(1− 2k) +
∑
N>0

H(k,N)qN .

(see [Co 75, PP. 272–273] for the definition of H(k,N)). If k ≥ 2, then Hk ∈M+
k+ 1

2

(4).

If N is written by (−1)kN = Df 2 with a fundamental discriminant D and f ∈ N,
then H(k,N) satisfies

H(k,N) = H(k, |D|)
∑
d|f

µ(d)

(
D

d

)
dk−1σ2k−1(f/d)(8.1)

and H(k, |D|) = L(1− k,
(
D
∗

)
), where L(s, χ) is the Dirichlet L-function.
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Let r ∈ {1, 3, 5, 7}. We assume (−1)k ≡ −r mod 4. If k is odd, then r ∈ {1, 5}, and
if k is even, then r ∈ {3, 7}. We have k + r+1

2
∈ 2Z.

We define the Cohen type Eisenstein series of level 8 by

H ∗
r,k(τ) := ζ(1− 2k) +

∑
N>0

H∗
r (k,N)qN ,

where we set

H∗
r (k,N) := H(k,N) +

H(k,N)−H(k, 4N)

2k−1
((

8
r

)
+ 2k

) .

By definition, we have

2k−1

((
8

r

)
+ 2k

)
H ∗

r,k =

(
1 +

(
8

r

)
2k−1 + 22k−1

)
Hk − Hk|Uk(4),

where the operator Uk(4) is explained in §1.4. Since the fact Hk|Uk(4) ∈ M+
k+ 1

2

(8)

(k ≥ 2) follows from [U-Y 10, Prop. 6], we have H ∗
r,k ∈M+

k+ 1
2

(8) for k ≥ 2.

The vector space M+,−r

k+ 1
2

(8) has been defined in §2.4.

Proposition 8.1. Assume k + r+1
2

is even with k ≥ 2. Then, we have

M+,−r

k+ 1
2

(8) = CH ∗
r,k ⊕ S+,−r

k+ 1
2

(8).

In particular, H ∗
r,k ∈M+,−r

k+ 1
2

(8).

Proof. We assume N ≡ 4 − r mod 8. Since ((−1)kN)2 ≡ r2 − 8 mod 16, we obtain(
8

(−1)kN

)
= (−1)(((−1)kN)2−1)/8 = (−1)(r

2−9)/8 = −
(
8
r

)
. By virtue of the property (8.1),

we have

H(k, 4N) =

(
1 + 22k−1 −

(
8

(−1)kN

)
2k−1

)
H(k,N).(8.2)

Thus we obtain H∗
r (k,N) = 0 for N ≡ 4− r mod 8.

Since H ∗
r,k ∈M+

k+ 1
2

(8), we obtain H ∗
r,k ∈M+,−r

k+ 1
2

(8).

By virtue of Proposition 6.3 and Lemma 4.1, we have

dimM+,−r

k+ 1
2

(8)− dimS+,−r

k+ 1
2

(8) = dim Jk+ r+1
2

,Dr
− dim J cusp

k+ r+1
2

,Dr
≤ 1

and H ∗
r,k ̸∈S

+,−r

k+ 1
2

(8). Thus this proposition follows. ⊓⊔

Lemma 8.2. Let N be a positive-integer such that N ≡ 0, 4,−r mod 8. There ex-
ists (n′, r′) ∈ Z × D♯

r such that N = 8(n′ − β(r′)). We write (−1)kN = Df 2 with a
fundamental discriminant D and f ∈ N.
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Then, if f ≡ 1 mod 2, we have

H∗
r (k,N) =

(
1 +

(
8
r

) (
8
D

))
H(k,N)(

1 +
(
8
r

)
2k
) .(8.3)

We remark that if N ≡ −r mod 8, then f ≡ 1 mod 2 and
(

8
D

)
=
(

8
(−1)kN

)
=
(
8
r

)
.

If f ≡ 0 mod 2, we have

H∗
r (k,N) =

H(k,N) +
(
8
r

)
2kH(k, N

4
)(

1 +
(
8
r

)
2k
) .(8.4)

We remark that if N ≡ 0 mod 4, then D ≡ 0 mod 4 or f ≡ 0 mod 2.

Proof. The formula (8.3) follows from the identity (8.2) in the proof of Proposition 8.1
under the assumption f ≡ 1 mod 2.

The formula (8.4) follows from the identity(
1 + 22k−1

)
H(k,N)−H(k, 4N) = 22k−1H

(
k,
N

4

)
under the assumption f ≡ 0 mod 2. ⊓⊔

8.2. Jacobi-Eisenstein series.

Definition 8.3. For k ≥ 2 and for r ∈ {1, 3, 5, 7} such that k + r+1
2

is even, we define

Ek+ r+1
2

,Dr
(τ, z) :=

∑
A∈SL(2,Z)/Γ∞

∑
λ∈Dr

1|k,Dr(λ, 0)|k,DrA,

where we put Γ∞ := {± ( 1 n
0 1 ) : n ∈ Z}.

For the convergence of Ek+ r+1
2

,Dr
, see [Aj 15, Prop. 3.3.6] or [Mo 19b, Thm. 2.6].

Remark that the definitions of E4,D5 (case (r, k) = (5, 1)) and E4,D7 (case (r, k) =
(7, 0)) are not involved in Definition 8.3. The functions E4,D5 and E4,D7 are constructed
by using a theta function (see [Mo 19b, §3.3.1], for example. For the Fourier coefficients
of E4,D5 , see also Theorem 8.5).

We now obtain an explicit formula of Fourier coefficients of Jacobi Eisenstein series
Ek+ r+1

2
,Dr

of index Dr for k ≥ 2. As for notation β(r′), see §4.

Theorem 8.4. Assume that k+ r+1
2

is an even integer with k ≥ 2. The Jacobi-Eisenstein
series Ek+ r+1

2
,Dr

∈ Jk+ r+1
2

,Dr
has the Fourier expansion:

Ek+ r+1
2

,Dr
(τ, z) =

∑
n′∈Z

∑
r′∈D♯

r

er,k(n
′, r′)e(n′τ + β(r′, z)),
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where N = 8(n′ − β(r′)) and

er,k(n
′, r′) =


1, if N = 0,
H∗

r (k,N)

ζ(1− 2k)
, if N > 0 and N ≡ 0 mod 4,

H∗
r (k,N)

2ζ(1− 2k)
, if N > 0 and N ≡ −r mod 8.

(8.5)

Proof. The function Ek+ r+1
2

,Dr
(resp. H ∗

r,k) is an eigenform for Hecke operator T J(p)

(resp. T (p2)) for any odd prime p with the eigenvalue 1+p2k−1 (see [Aj 15, Thm.3.3.18],
for example). Thus, by virtue of Theorems 1.2 and 1.3, both Ek+ r+1

2
,Dr

and H ∗
r,k corre-

spond to E2k, where E2k denotes the usual Eisenstein series in M2k(1) with the constant
term 1. Therefore Ek+ r+1

2
,Dr

and H ∗
r,k correspond each other by Proposition 6.3. We ob-

tain J even
r,k (Ek+ r+1

2
,Dr

) = cH ∗
r,k with a certain c ∈ C. By comparing the constant terms,

we have c = ζ(1 − 2k)−1. The formula of er,k(n
′, r′) in (8.5) follows from the definition

of the map J even
r,k (see (6.3)).

⊓⊔
Remark dim J4,D5 = 1. There exists a E4,D5 ∈ J4,D5 which corresponds E

(2)
2 by

Theorem 1.4. Such a function E4,D5 in J4,D5 has been defined in [Mo 19b]. The explicit
formula of Fourier coefficients of E4,D5 is written in [Mo 19b, PP. 76–77]. We quote this
result. By using the identity

#

{
(x1, x2, x3) ∈ Z3 : −2D =

3∑
i=1

(x2i + xi) +
3

4

}
= r3(−8D)

for −8D ∈ N such that −8D ≡ 3 mod 8, we have the following theorem.

Theorem 8.5 ([B-S 23, Mo 19b]). Let E4,D5(τ, z) =
∑

n′,r′ e5,1(n
′, r′)e(n′τ + β(r′, z)) be

the Fourier expansion of E4,D5 ∈ J4,D5. Then,

e5,1(n
′, r′) =

{
r3(N), if N ≡ 0 mod 4,
1
2
r3(N), if N ≡ 3 mod 8,

where N = 8(n′ − β(r′)).

We remark that there is a misprint in the formula of C4,n(D, r) in [Mo 19b, P. 77].

Because of the condition
∑8

i=1 xi ∈ 2Z of the lattice E8, the term

#

{
x ∈ Z8−n : −2D = x21 + x1 + · · ·+ x28−n + x8−n +

8− n

4

}
in [Mo 19b, P. 77] must be halved.

We will show r3(N) = 12(H(1, 4N)− 2H(1, N)) in §8.3. By using this identity, since
ζ(−1) = − 1

12
and since H∗

5 (1, N) = 2H(N)−H(4N) = − 1
12
r3(N), Theorem 8.4 is also

valid for (r, k) = (5, 1) by Theorem 8.5.
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8.3. Zagier type Eisenstein series of level 8. We now consider the case k = 1 of
H ∗

k . We define

H1(τ) := − 1

12
+
∑
N>0

H(N)qN ,

where we set H(N) := H(1, N). We define the Zagier Eisenstein series F of weight 3/2
of level 4 by

F (τ) := H1(τ) +
1

16π
√
v

∑
n∈Z

α(n2y)q−n2

,

where v = Im(τ) and where we put α(t) :=
∫∞
1
e−4πutu−3/2 du. By a straight-forward

calculation, we have

F |U1(4)− 2F = H1|U1(4)− 2H1 =
1

12
+

∑
N>0

N≡0,3 mod 4

(H(4N)− 2H(N))qN .

We define

H ∗
1 (τ) := H ∗

5,1(τ) = −(F |U1(4)− 2F ) = − 1

12
+

∑
N>0

N≡0,3 mod 4

(2H(N)−H(4N))qN .

We now prove Theorem 1.5.

Proof of Theorem 1.5. First, we show the identity

r3(N) = 12(H(4N)− 2H(N))(8.6)

for any N ∈ N∪{0}. Here we defined H(N) = 0 for N ∈ N such that −N ≡ 2, 3 mod 4.
The identity r3(4N) = r3(N) follows from the definition of r3. For N such that

−N ≡ 0, 1 mod 4, the identity H(16N)− 2H(4N) = H(4N)− 2H(N) follows from the
property (8.1). Furthermore, we obtain

H(4N)− 2H(N) =


H(N), if N ≡ 0 mod 4 and N

4
≡ 1, 2 mod 4,

2H(N), if N ≡ 3 mod 8,

0, if N ≡ 7 mod 8.

It is shown in [Co 75, P. 274] that the right hand side of the above identity equals to
1
12
r3(N) for N which satisfies the above conditions. Therefore, for −N ≡ 0, 1 mod 4,

the identity (8.6) holds.
If −N ≡ 2, 3 mod 4, then H(4N) − 2H(N) = H(4N) = 1

12
r3(4N) = 1

12
r3(N). Thus,

for any N ∈ N, the identity (8.6) holds. If N = 0, then H(4N) − 2H(N) = −H(0) =
1
12

= 1
12
r3(0). We conclude the identity (8.6) for any N ∈ N ∪ {0}.
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We now have

(θ3|U1(4))(τ) =
∑
N≥0

N≡0,3 mod 4

r3(N)qN = 12
∑
N≥0

N≡0,3 mod 4

(H(4N)− 2H(N))qN

= −12H ∗
1 (τ).

Remark that the constant term of θ3|U1(4) is r3(0) = 1.
By virtue of Proposition 6.3 and Theorem 8.5, we have

θ3|U1(4) =
∑

N≡0,3,4 mod 8

r3(N)qN = J even
5,1 (E4,D5) ∈M+,−5

3/2 (8).

Since dimM+,−5
3/2 (8) = dim J4,D5 = 1 and since the constant terms of θ3|U1(4) and of E

(8)
3/2

are both 1, we have −12H ∗
1 (τ) = θ3|U1(4) = E

(8)
3/2 ∈ M+,−5

3/2 (8). Therefore, we conclude

the proof of Theorem 1.5.
We remark that, since θ3 ∈M3/2(4), the fact θ

3|U1(4) ∈M+
3/2(8) follows from [U-Y 10,

Prop. 6]. Since r3(N) = 0 for N ≡ 7 mod 8, the fact θ3|U1(4) ∈M+,−5
3/2 (8) also follows.

⊓⊔

9. Maps from Jacobi forms to elliptic modular forms

In this section we prove Theorems 1.8 and 1.9.
Theorems 1.8 and 1.9 follow essentially from the facts that the Hecke eigenvalues of

ϕ ∈ Jk+ r+1
2

,Dr
coincide with the Hecke eigenvalues of f ∈ Mnew

2k (N) (N = 1, 2), if ϕ

corresponds to f by Theorem 1.2, 1.3 or 1.4. And the Hecke eigenvalues of f coincide
with the Fourier coefficients of f up to a constant.

Proof of Theorem 1.8. We assume ϕ ∈ Jk+ r+1
2

,Dr
and assume that ϕ is an Hecke eigen-

form. We put g = J even
r,k (ϕ) ∈M+,−r

k+ 1
2

(8) and take the Fourier expansion g =
∑
A(m)qm.

For any odd prime p and for any discriminant m, due to (6.12), we have

λpA(m) = A(p2m) +

(
(−1)km

p

)
pk−1A(m) + p2k−1A(m/p2),(9.1)
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where λp denotes the Hecke eigenvalue of ϕ with respect to T J(p). Thus, if we assume
p2 ̸ |m, then

∞∑
u=0

u∑
l=0

pl(k−1)

(
(−1)km

pl

)
A(p2(u−l)m)Xu

= (1− pk−1

(
(−1)km

p

)
X)−1

∞∑
t=0

A(p2tm)X t

= (1− pk−1

(
(−1)km

p

)
X)−1

1− pk−1
(

(−1)km
p

)
X

1− λpX + p2k−1X2
A(m)

=
A(m)

1− λpX + p2k−1X2
.

Since λp is the Hecke eigenvalue of ϕ, the value λp is the Hecke eigenvalue of f ∈
Mnew,ϵ2

2k (2)⊕M ϵ1
2k(1), where f is a modular form which corresponds to ϕ by the isomor-

phism in Theorem 1.1. Without loss of generality, we can assume f =
∑
af (n)q

n with
af (1) = 1. Then,

A(m)

1− λpX + p2k−1X2
= A(m)

∞∑
l=0

af (p
l)X l.

Thus
u∑

l=0

pl(k−1)

(
(−1)km

pl

)
A(p2(u−l)m) = A(m)af (p

l).(9.2)

Since af (∗) is a multiplicative function, by assuming m is not divisible by p2 for any odd
prime p, we obtain∑

d|n

dk−1

(
(−1)km

d

)
A(n2d−2m) = A(m)af (n)(9.3)

for any odd integer n.
We now need to show (9.3) for any even integer n. Since Sd0 is a linear map, it

is sufficient to consider three cases that ϕ is in J cusp,new

k+ r+1
2

,Dr
, ϕ is in J cusp,old

k+ r+1
2

,Dr
or ϕ is a

Jacobi-Eisenstein series Ek+ r+1
2

,Dr
.

First, we consider the case ϕ ∈ J cusp,new

k+ r+1
2

,Dr
and we show Sd0(ϕ) ∈ Snew,ϵ2

2k (2). In this case

f belongs to Snew,ϵ2
2k (2). Then g|Uk(4) = λ2g, where g = J even

r,k (ϕ), and where λ2 = af (2)

by Theorem 6.7. Due to the definition of Uk(4), we have A(4lm) = λ2A(4
l−1m) =

λl2A(m) = af (2)
lA(m) for any integer m.

By assumption, (−1)kd0 is a fundamental discriminant with d0 ≡ 0 mod 4. Thus(
(−1)kd0

2

)
=
(

8
(−1)kd0

)
= 0 by the definition of the Kronecker symbol. Therefore, for any
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odd integer n and for any natural number l, we have

af (2
ln)A(d0) = af (2)

l
∑
d|n

dk−1

(
(−1)kd0

d

)
A(n2d−2d0)

=
∑
d|2ln

dk−1

(
(−1)kd0

d

)
A((2ln)2d−2d0).

Thus Sd0(ϕ) = A(d0)f ∈ Snew,ϵ2
2k (2). The case ϕ ∈ J cusp,new

k+ r+1
2

,Dr
is completed.

Next, we consider the case ϕ ∈ J cusp,old

k+ r+1
2

,Dr
and we show Sd0(ϕ) ∈ Sϵ1

2k(1).

In this case f belongs to Sϵ1
2k(1). A Fourier-Jacobi coefficient of the Ikeda lift of f

is ϕ (see §3). We take a Hecke eigenform h =
∑

n≡0,(−1)k mod 4 b(n)q
n ∈ S+

k+ 1
2

(4) which

corresponds to f by the Shimura correspondence. Let λ2 be the Hecke eigenvalue of h
with respect to the Hecke operator T (22). We put h∗ =

∑
n≡0,(−1)k mod 4 b

∗(n)qn, where
we denote

b∗(n) := b(4n)− b(n)

{(
8

r

)
2k−1 + λ2

}
.(9.4)

Since h∗ is a linear combination of h and h|Uk(4), due to [U-Y 10], we have h∗ ∈ S+
k+ 1

2

(8).

Since h is a Hecke eigenform, we have

λ2b(n) = b(4n) +

(
(−1)kn

2

)
2k−1b(n) + 22k−1b(n/4).(9.5)

If n ≡ 4 − r mod 8, then
(

(−1)kn
2

)
=

(
(−1)

r+1
2 (4−r)
2

)
= −

(
8
r

)
and b(n/4) = 0. Thus

b∗(n) = 0 for n such that n ≡ 4− r mod 8. Therefore, h∗ belongs to S+,−r

k+ 1
2

(8).

By using the identities (9.4) and (9.5), it is straight-forward to show the identities

2b∗(4n)− 2k−1

(
8

r

)
b∗(n) = λ2b

∗(n)

for n such that n ≡ −r mod 8, and

b∗(4n) + 22k−1b∗(n/4) = λ2b
∗(n)(9.6)

for n such that n ≡ 0 mod 4.
The Hecke eigenvalue λ2 of ϕ at p = 2 is also the Hecke eigenvalue of f at p = 2.

Thus λ2 = af (2).
We recall the assumption that (−1)kd0 is a fundamental discriminant with d0 ≡ 0

mod 4. Thus
(

(−1)kd0
2

)
= 0. Since the identity (9.6) is similar to (9.1), by using (9.6)
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and by a similar argument to (9.2), we obtain

u∑
l=0

2l(k−1)

(
(−1)kd0

2l

)
b∗(22(u−l)d0) = b∗(d0)af (2

l),(9.7)

where
(

(−1)kd0
2l

)
= 1 or 0 according as l = 0 or not.

The functions h∗, h and ϕ have the same Hecke eigenvalue for any odd prime p. There
exists a ψ ∈ J cusp

k+ r+1
2

,Dr
such that J even

r,k (ψ) = h∗. Then ϕ and ψ have the same Hecke

eigenvalue for any odd prime p. By the strong multiplicity one theorem for S2k(2) and
by Theorem 1.1, ψ coincides with ϕ up to a constant multiple. Hence g(= J even

r,k (ϕ))
coincides with h∗(= J even

r,k (ψ)) up to a constant multiple. Thus there exists a constant c
such that A(m) = c b∗(m) for anym ∈ N. Hence the identity (9.7) also holds if we replace
b∗(∗) by A(∗). Thus, by a similar argument to the case of ϕ ∈ J cusp,new

k+ r+1
2

,Dr
, the identity

(9.3) holds for any n ∈ N and for any fundamental discriminant m = (−1)kd0 such that

d0 ≡ 0 mod 4. Therefore we conclude Sd0(ϕ) = A(d0)f ∈ Sϵ1
2k(1) for ϕ ∈ J cusp,old

k+ r+1
2

,Dr
.

Finally, we consider the case ϕ = Ek+ r+1
2

,Dr
. We write

Ek+ r+1
2

,Dr
(τ, z) =

∑
n′∈Z

∑
r′∈D♯

r

er,k(n
′, r′)e(n′τ + β(r, z)).

The explicit formula of er,k(n
′, r′) has been obtained in Theorem 8.4.

If (r, k) ̸= (5, 1), then Ek+ r+1
2

,Dr
corresponds to the Eisenstein series E2k ∈ M2k(1).

This fact follows from Proposition 3.4. If (r, k) = (5, 1), then E4,D5 corresponds to

E
(2)
2 ∈ Mnew

2 (2). This fact follows from Theorem 1.4. For any pair (r, k), by the same
argument to the above, the identity (9.3) follows for g = J even

r,k (Ek+ r+1
2

,Dr
) =

∑
A(m)qm,

for any n ∈ N and for any fundamental discriminant (−1)kd0 with d0 ≡ 0 mod 4.
We consider the case (r, k) ̸= (5, 1). The case (r, k) = (5, 1) follows similar.

We put G2k =
ζ(1−2k)

2
E2k. We take the Fourier expansion of G2k:

G2k(τ) =
ζ(1− 2k)

2
+
∑
n≥1

σ2k−1(n)q
n,

where σm(n) =
∑

d|n d
m. Then, the Fourier coefficient of Sd0(Ek+ r+1

2
,Dr

) at qn is

A(d0)σ2k−1(n) for any n ≥ 1 due to the identity (9.3).
To show the identity Sd0(Ek+ r+1

2
,Dr

) = A(d0)G2k, it is sufficient to show that the

constant term of both sides coincides.
The constant term of Sd0(Ek+ r+1

2
,Dr

) is A(0)

2(1+( 8
r )2k)

L(1− k,
(

(−1)kd0
∗

)
) due to the defini-

tion of the map Sd0 . On the other hand, the constant term of A(d0)G2k is A(d0)
ζ(1−2k)

2
.
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Thus we need to show

A(d0)

A(0)
=

L(1− k,
(

(−1)kd0
∗

)
)

(1 +
(
8
r

)
2k)ζ(1− 2k)

.(9.8)

We recall that A(0) = er,k(0, 0) and A(d0) = er,k(n
′, r′) for d0 = 8(n′ − β(r′)). By

virtue of Theorem 8.4 and Lemma 8.2, and by assumption on d0, we have A(0) = 1 and

A(d0) =
H(k,(−1)kd0)

(1+( 8
r )2k)ζ(1−2k)

. Since, H(k, (−1)kd0) = L(1 − k,
(

(−1)kd0
∗

)
), the identity (9.8)

holds. Therefore we have Sd0(Ek+ r+1
2

,Dr
) = A(d0)G2k ∈M2k(1).

Since Sd0 is a linear map, for any ϕ ∈ Jk+ r+1
2

,Dr
= J cusp,new

k+ r+1
2

,Dr
⊕ J cusp,old

k+ r+1
2

,Dr
⊕CEk+ r+1

2
,Dr

we obtain Sd0(ϕ) = A(d0)f with a f ∈Mnew,ϵ2
2k (2)⊕M ϵ1

2k(1). We conclude Theorem 1.8.
⊓⊔

Proof of Theorem 1.9. The proof is similar to the proof of Theorem 1.8. By virtue of
the identity (5.5), we have

λpA(m) =

(
−4

p

){
A(p2m) +

(
(−1)km

p

)
pk−1A(m) + p2k−1A(m/p2)

}
,

for m ≡ −r mod 8 and for any odd prime p, where λp denotes the Hecke eigenvalue of
ϕ for T J(p).

Let f ∈ Snew,ϵ2
2k (2) be a Hecke eigenform which corresponds to ϕ ∈ J cusp,new

k+ r+1
2

,Dr
by

Theorem 1.3. We take the Fourier expansion f =
∑
af (n)q

n and assume af (1) = 1.
By an argument analogous to the calculation of (9.3), if m is not divisible by p2 for

any odd prime p, we have(
−4

n1

)∑
d|n1

dk−1

(
(−1)km

d

)
A(n2d−2m) = A(m)af (n1)

for any odd integer n1.
On the other hand, since f belongs to Snew,ϵ2

2k (2), we have f |2k ( 0 −1
2 0 ) = ϵ2i

−2kf . And
it is known that f |2k ( 0 −1

2 0 ) = −21−kaf (2)f (see [Zh 13, Introduction]). Thus we have

af (2) = −ϵ2i−2k2k−1 =

(
−8

r

)
(−1)k2k−1 =

(
−8

r

)
(−1)

r−1
2 2k−1 =

(
8

r

)
2k−1.

Here we used the assumption k + r+1
2

≡ 1 mod 2. The arithmetic function af (∗) is
multiplicative and the identity af (2

e2) = af (2)
e2 holds. Therefore,((

8

r

)
2k−1

)e2 (−4

n1

)∑
d|n1

dk−1

(
(−1)kd0

d

)
A(n2d−2d0) = A(d0)a(2

e2)a(n1)

= A(d0)a(2
e2n1)

for any fundamental discriminant (−1)k−1d0 such that d0 ≡ −r mod 8 and d0 > 0.
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We conclude Sd0(ϕ) = A(d0)f ∈ Snew,ϵ2
2k (2) for any Hecke eigenform ϕ ∈ J cusp,new

k+ r+1
2

,Dr
.

Since the map Sd0 is linear, we conclude Theorem 1.9. ⊓⊔
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