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Introduction

The relation between the spinor L-function of Siegel modular forms of
integral weights and Siegel ® operator was studied by Zharkovskaya [8].
She showed the commuting relation between the Siegel ® operator and the
Hecke operators acting on the space of Siegel modular forms of integral
weights, moreover she showed that the homomorphic map from Hecke ring
of degree n to of degree n — 1 is surjective, consequently she showed that the
quotient part of the spinor L-function of Siegel modular form F of degree
n was written by using the quotient part of the spinor L-function of Siegel
modular form ®(F) of degree n—1 where ®(F) is the image of F' by Siegel ®
operator. This Zharkovskaya’s theorem was generalized for arbitrary level
by Andrianov [1].

The even zeta function of Siegel modular forms of half integral weights
was studied by Zhuravlev [6] [7]. It was also known by Oh-Koo-Kim [4] that
the commuting relation between the Siegel ® operator and Hecke operators
acting on the space of Siegel modular forms of half integral weights , and
also they showed that the map from suitable Hecke ring of degree n to of
degree n — 1 is surjective.

In this article we showed the relation between even zeta functions of
Siegel modular forms of half integral weights of degree n and of degree n —1
(Theorem 2). As attention, this theorem 2 has been already treated in
the case degree n = 2, level ¢ = 4 and character Y = 1, by Hayashida-
Ibukiyama [3], but in this article main result is deduced from theorem of
Oh-Koo-Kim[4].

Notation We let Z,Q,R and C denote the ring of rational integers, the
field of rational numbers, the field of real numbers, and the field of complex
numbers. Let M,,,(A) be the set of all m x n matrices over a commutative
ring with unit A, and we put M,,(A) = M, ,(A). For matrices N € M, (A)
and M € M, .(A), we define N[M| ="M NM where *M is the transpose



of M. We put M* =!M~'. Let E, be the identity matrix and let GL, (A)
be the group of invertible matrices in M, (A) and SL,(A) the subgroup
consisting of matrices with determinant 1. If A C R, and A7 is the group
of positive units of A, then we put

GSpf(A) = {M € My, (A)|'"MJ,M =~y(M)J, , 4(M) € AX},

where J, = EO _OE" . We denote positive determinant matrices in
M, (A) by M;(A). We define Sp,(A) as follows,

Spa(A) = {M € GSpt(A) | 7(M) = 1}
We put e(M) = exp(2mioc(M)), o(M) is the trace of the matrix M.
3. = {Z=X+iY eM,(C)|Z="2,Y >0}

is the Siegel upper half-space of degree n. We denote the action of Sp,(R)
on 3, by

M{(Z) = (AZ+B)(CZ+ D)!

where M = (4 58) € Sp,(R), and Z € 3,.
For positive integer ¢, we put

Io(q) ={M = (2 5) € Spa(Z) | C=0(modq)}

is the congruence-subgroup of the symplectic group Sp,(Z).
We set (a,b) = ged(a, b) for integers a and b. We let (n) = n(n+1)/2
for n € Z.

1 Hecke rings

The Hecke ring i;(/ﬁ) was introduced by Zhuravlev [6], [7] to interpret
the even zeta function of Siegel modular forms of half integral weights for
general degree. The aim of this section is to describe this Hecke ring IA/Z(/{)
according to Zhuravlev [6], [7].

1.1 Hecke pair and Hecke ring

Let T" be a group and let S be a semigroup in the multiplicative group G.
(T',S) is called a Hecke pair if 'S = ST' = S and if for any g € S the
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quotient sets ['\I'g[" and ['gI'/T" are finite. Let L(I',.S) be the C-module
spanned by the left cosets (I'g), g € S. By the Hecke ring D(T", S) we mean
the I'-invariant submodule of L(I", S) consisting of X = ). a;(I'g;) such that
X-y=X forany v € I', where X -v=>".a;,(I'g;y). f X =>.a;(I'g;) and
Y = >b;(Thy) in D(T', S), then by definition, X - Y = >, - a;b;(L'gihy).
D(T',S) is an associative ring with generators (I'gI') = > ,(I'g;), where
g € S and I'gl' = U;I'g; is the left coset decomposition.
We put I'f§(¢q) and T'j, these are subgroup of Sp(n,Z), as follows,

Io(q) = {M=(&3)e€Sp(n,Z) | C=0(q)}
I = {M=(27)€Spn2Z)| C=0}

We denote Z[p~!] by Z[p~!] = S €Qlare Z}. We put Sy, S); and
So.p, these are multiplicative set in GSp, (Z[p~']), as follows

Sy o= {AM = (48)eGSp;(Zp™]) | C=0(q), v(M) =p’},
Sy = {M=(48)eGSp;(Zp™) | C=0(q), v(M) =p*},
S, = {M=(&3)eS) | C=0}

)

We put A, = SL(n,Z) and G ={D € M,(Z) | det D =p°,6 =0,1,2,...}.

It was known that (Fg(q),Sg), (Fg(q),SI’}Q), (FQ,S&p) and (An,GZ) are
Hecke pairs. We shall denote the corresponding Hecke rings by L} (q) =
D(I'5(q), Sp), LZQ(q) = D(Ty(q), S;g), Ly, = D(I'y, Sg,) and H = D(A,,, G7).

1.2 universal covering group

The universal covering group & for GSp;r(R) consists of pairs (M, (7)),
where M = (A B) is in GSp;f(R), ¢(Z) is a holomorphic function on 3,
and |p(Z)|? = det M~1/2|det(CZ + D)|, with the group operation

(M, 0(2)) - (L, 9(2)) = (ML, p(L{Z))(Z2)).

We define the standard theta series and a function j

0"2) = Y elZm), (Z€3)
mezZn
4 o"(M({Z))
M7Z) = ——12 Mely4), 7 n
]( ) ) @n(Z) ’ ( < 0( )7 63 )
We define an injective homomorphism j;I'j(g) — & by setting j(M) =
(M, j(M, Z)). We put subgroups T3(q) = j(T(q)), [ = j(T}), these are
subgroups of &.



We define projection P : & > (M,p(Z)) — M € GSp;(R) and we
put Sp = P~'(S}), e = P*I(Sgg), S, = P71(Sg,). It is known that

T2(q), 5’;), T2(q), 5’;2) and (T2, S(’{p) are also Hecke pairs. We put Hecke
rings Lg(q) = D(I'y(q), S;L), L;LQ (q) = D(I'y(q), S;g) and Ly, = D(T'g, S&p).

1.3 The reduction of the Hecke ring

We define homomorphism £, : ﬁg(q) — f/g,p,

£ € Sg, there exist some elements v = ['(¢) and & € S7 such that £ = 7&,
we define

as follows; for any element

éo(Th(q)€Tn(q)) = Tn&ly.

For odd integer 2k — 1, we define homomorphism Py 1 : i’g,p — L3,p by

) ) Z —2k+1
Pra(Chgolm) = (%) (rpMy),

where £ = (M, ¢(Z)) € S&p and the function ¢(Z)|p(Z)]™! does not de-
pend on the choice of representative element &, because of the definition
I, moreover o(Z)|¢(Z)|~! is constant function on Z € 3, because of the
definition of S&p’
The surjective homomorphism ,; Ly, — H,' [t*1], where ¢ is transcen-

dental over H}', is defined as follows; for X € Lg, written in the form

X = Eiai (Fg (p‘siOD;‘ IB;Z>>’ we set
0(X) = ) ait’(ADy).

Let o, ..., z,, be algebraically independent over C, let h = ). a;t’ (A, D;)
be in H} [t*1], and suppose that for D; we take upper triangular matrices
with diagonal elements p%', ..., p%n. Then we define the injective homomor-
phism ¢ : HP [t*'] — Clzg", ..., 2] by setting

aey n

p(h) = Y ay [ [(ap )™
i j=1
If it collects, the above maps are as follows,

e S H ) Sl 2,



1.4 Hecke ring ZALZ(/-@)

We consider the commutative subring IA/;L(/{) (C ﬁ ,(q)) which is gener-

ated over C by the elements T/(Ky), ..., T(K,_1), T(Kn) , where T'(K,) =
(fg(q)stg(q)), K, = diag(E,_s,pEs; p*E,_s, pE,) and Ks (K, pn=)/2)
are the corresponding elements of &. We define L7 (k) = Par_14,, o(ﬁ (K)).
Let C"2[xF!, ..., 2] be the ring of Wa-invariant polynomials, where W, is
the automorphism group generated by the permutations of zq,...,x,, the
transformations zo — zoz;, ¥; — x; ', 1; — 1;(j # 0,4;i = 1,...,n), and the
transformation zo — —x¢,z; — x;(i # 0). Then the homomorphism map
p o, gives an isomorphism of L7 (x) with the respective polynomial ring
C"™2[zFt, ..., 2. (see Zhuravlev [7])

rn

Namely, there exist the isomorphisms as follows,

n

ZA;Z(FL) ~ LK) ~ C"[ag!, .. 2] (1)

2 Siegel modular forms of half integral weights
and Hecke operators

In the theory of modular forms, the Hecke rings give a representation on
the space of modular forms, and this representation is important to consider
the multiplicative property of Fourier coefficients of modular forms. In this
section we describe the representation of Hecke rings on the space of Siegel
modular forms of half integral weights according to Zhuravlev [7].

2.1 Siegel modular forms of half integral-weights

Let k be an integer, let y be a Dirichlet character modulo ¢, and let 4|q.
Then a holomorphic function F(Z) on 3, is said to be a Siegel modular
form of weight k — 1/2 and character x belongs to I'f(q) if

F(M(Z)) = x(det D)j(M, Z)***F(Z), for any M = (4 B) € Ti(q),

and in the case n = 1 the function F(Z) is holomorphic at all cusps of
I'i(q). We denote the set of such functions by M1 2(¢;x). I n =0 then

we denote MY | s2(¢,x) = C for k > 0. Siegel modular forms have a Fourier
expansion

> f(N)e(NZ

NeNy,



where 1, is the set of symmetric positive semi-definite half-integral matrices
of size n. From the definition of M}, »(q, x) it follows that f(N[U]) = f(N)
for U € SL,(Z).

For any function F(Z) on 3, and for € = (M, ¢(Z)) € T(q) we set

Flicijza€ = y(M)"P D0y (det A)p(Z) 2 F(M(Z)).

It follows from the definition that F'|p_1/2,&1|k—1/2x82 = Fli—1/2x&1&2, and,
if '€ My, 0(q, ), then Fly_1,§ = F for any § € I'j(q).

2.2 Representations of Hecke rings on Siegel modular
forms of half-integral weights.

For FF e M}, /Z(q, X), we define representation of the Hecke ring ﬁzg(q) by
setting

F|k—1/2,XX = ZaiF|k—1/2,XMi

(2

where X = 3. a;(T%(q) M;) € iZQ (q). We define representation of the Hecke
ring Ly, by setting

Fle12,X = Z b F |12 M;
J

where X =} b;(I'gM;) € Lg,,, and where

0,p»
Fly12 M = F‘k—l/ZxM and M = (M,V(M)7”/4\detD|1/2)

for a matrix M = (4 B) € GSp,/ (Q).
The following equation was shown by Zhuravlev [7]; for any F' € M}, (¢, X)

and any X € ﬁgg(q), we have

F|k71/2,XX = F|k71/2,XP2k—1éq,0(X)- (2)

By virtue of the above equation, we can consider the action of Hecke ring
LZQ(q) on Siegel modular forms M, (¢, x) as the action of corresponding
Hecke ring in Lg .



3 The V¥ operator and Siegel ®-operator

The ¥ operator was introduced by Andrianov [1] to generalize the theorem
of Zharkovskaya [8] for arbitrary level. This W operator was also considered
for Siegel modular forms of half integral weights by Oh-Koo-Kim [4]. In this
section we review this U operator , and introduce the theorem of Oh-Koo-
Kim[4].

Let X = >, a;(I'§g;) € Lg, where g; = <p6i0D; g:) We can take this
i ’;

D; upper triangular and set D; = (l()) ), D; is also upper triangular. We

(3

set homomorphism W(X,u) : Ly, — L§ ' [u*™] by
V(X,u) = Y au " (up ) (T ),

P BZ}), B; denotes the
0 D
block of size n — 1 in the upper left corner of B;. If n = 1, we set U (X, u) =
> aiu (up )%,
We define C-linear homomorphism n,.,, : Clzi?, ..., #] — ClzZ?, ... 2t u*!]
by following condition

where v is an independent variable and g; =

nn,u(xO) = 'I'Ou_1 ) nn,u(xn) =u, nn,u(xz) =T (Z = 17 ey — 1)

then the following diagram is commutative :

Ly, w2 Clag!, ...,z
w(—u) | O M | (3)
2 (s I o Sy

where ¢ o (2,1 x 1 is the ring homomorphism defined by o Q, 1 x 1 =

pof€, 1 on L&;l, (0o Qg x 1)(u*h) = u*l.

) Let I/ € M}, 5(q, x). We define the map & : M}, (g, x) — iij/z(q, X)
Y

Z 0

this @ is called Siegel ®-operator.
The following theorem was shown by Oh-Koo-Kim [4].

Theorem 1 (Oh-Koo-Kim).
Let FF € My, 5(q,x) and X € Lx(q). Then we have

O(Fli1joxX) = O(F)|r_1/ox (X, p"FV2x(p)™), (4)
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where X = Py_16,40(X) € LG oo (If n =1, then the right hand side of
above equation is the action of L&pg =C on 9)7271/2((], X) = C, which is just
the multiplication of complex numbers.)

Moreover, the map W(x,p*~*=1/2y(p)~1) Ly (rk) — L2~ (k) is a sur-
jective ring homomorphism. If F is eigenfunction for the action of Ly (k)
and if ®(F) is not zero function then ®(F) is also eigenfunction for the
action of L' (k).

4 The even zeta function of half integral weights
Siegel modular forms

The even zeta function of Siegel modular forms of half integral weights was
studied by Zhuravlev [7], this is generalization of the theorem on degree 1
case of Shimura [5] for general degree. In this section we review his result
according to [7].

Let v(z) be the polynomial defined by

n

W) = [I0- @2 -2,

i=1
then light hand side of this equation has expansion

2n

1) = SR
=0
where R? € C"2[zF!, ..., 2], Because of the isomorphism of ¢ o Q, (see
eq(1)), there exists Hecke operator R}, € Ly (k) such that poQ,(R},) = R}
Let F(Z) =>_ f(M)e(MZ) € M;_, 5(¢, x) be an eigenfunction for the

action of Ly (k). We denote eigen values of I for Hecke operators Rf, by

Ap(R},). Since Ry, , = R} and A\p(R3, ) = 1, we define p-parameters
{afg} of F as follows,

n 2n

[10 - i)t —aipz) = Y (—1)Ap(RE,)2

i=1 =0

Now we describe the result of Zhuravlev [7]. Let A be a completely
multiplicative function which grows no faster than some power of argument,
and let N be positive definite matrix in 91,. When the real part of s is



sufficiently large, The following series has Euler expansion, this series is
called the even zeta function,

A(det M) f(N['M]) P, (N, X\, p~)
Z (det M)sth—3/2 - H Qrp(\,p)

MES Ly (Z)\M;f (Z) piprime
(det M,q)=1

()

where Pp,(N, A, z) is the polynomial of z which degree is at most 2n (al-
though this polynomial were written in the more explicit form in his paper,
since this is not needed here, we omits), Qr,(A, ) is the polynomial of z
which degree is 2n. Especially Qg,(A, 2) is not depend on the choice of N.
The polynomial Qr,(A, z) was defined as follows,

Qrp(\, 2) = H(l — aipX(P)A(P)2) (1 — oy x(P)A(P)2), (6)

:I:l

where oy, are the p-parameters of F.

5 Main theorem

Let F be a Siegel modular form of weight k& — 1/2 belongs to I'j(q) , where
q > 0 is an integer divisible by 4. We assume that F' is an eigenfunction for
the action of ﬁ;(m) (§1.4). Let A be a completely multiplicative function
which grows no faster than some power of argument.
We put (s, A, F) = [ 1 Qa0 7427 (see eq(5), ea(6)
Then we obtain the following theorem, this is an analogy of the theorem
of Zharkovskaya8]

Theorem 2. We assume ®(F) # 0, then we have
L(s, M F) = Li(s—n—+1,\ Eyony2)L(s, A, &(F)),
where Ly (s, X, Eygony2) = [ (1= A@p™) 7' (1 = Ap)x(p)*p™ )"

p,(p,a)=1
If k > n+1 then Li(s, A\, Egy_opn2) is the L-function of Eisenstein series

of degree 1 of weight 2k — 2n with character x? twisted by \.

proof.
We define R} (2) € Ly (k)[z] by
2n
Ri(z) = Y (-1)Rp7
i=0



where R}, are elements of L} (x) defined in §4.
By using compatibility (3) and eq(4), we have

O(Fle-12xRp(2)) = B(F)|k-1/2xP(Ry(2), 0" * P x(p)™)
= (1=p" I (p) ") (1 = p* Ty (p)2)
X (O(F)|k-1/2: R0 (2))

besides,

O(Flr-1/2xBy(2) = (H(l —a;,2) (1= ai,p2)> O(F),

i=1

+

where «;, are p- parameters of F. From above we can take o by at

(X(p)_lp" (k= 1/2)) , and we can regard aivp (1 = 1,2,...,n — 1) as p-
parameters of ®(F).
Above all, we have

Qrp(N\p 32y = (1= Ap)p~ ™) (1 = Mp)x(p)*p st 2)
X Qu(r) p(\, ).

Consequently we proved theorem 2.
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