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1. INTRODUCTION

The aim of this exposition is to explain our recent work on a certain
lifting from pairs of two elliptic modular forms to Siegel modular forms
of half-integral weight of degree two [H1la, H11b]. The existence of
this lifting has been conjectured by Ibukiyama and the author [HI05]
as follows.

Conjecture 1 ([HIO5]). Let k be an integer. Let f € Sop_o(SLa(Z)),
g € Sop_4(SLy(Z)) be elliptic modular forms of weight 2k —2 and 2k—4,
respectively. We assume that f and g are normalized Hecke eigenforms.

Then, there ezists F' € S;“_%(F((f)(él)) such that F is an eigenform

for any Hecke operators, and the L-function of F' satisfies the identity
L(Sa F) = L(S>f) L(S - 179)

Here S , (T (()2) (4)) is a generalization of the Kohnen plus space for
2
Siegel modular forms of degree two, and where L(s, F') denotes the
L-function of F' € S;_l(f‘((f)(él)), and where L(s, f) and L(s,g) de-
2

note the usual L-functions of f and g, respectively. We remark that
the L-function of modular forms of half-integral weight was first in-
troduced by Shimura [Sh73], and was generalized by Zhuravlev [Zh84]
for Siegel modular forms of half-integral weight. The above L-function
L(s, F) contains the Euler 2-factor which is introduced in [HI05] for

Sh l(F((]Q)(Zl)). Some numerical examples of Euler factors have sup-
2
ported the above conjecture.

The following theorem is the main result of this exposition.

Theorem 2. Let k be an even integer. Let f and g be as in the above
congjecture. Then we obtain a Siegel modular form Fy, € S;il(Fé?) (4))
2

from the pair of f and g. And if Fy4 does not vanish identically, then
Fr.q satisfies the properties in the above conjecture.



2. CONSTRUCTION OF Fj g

From now on we assume that k is an even integer, and we assume
that f € Sor_2(SLo(Z)) and g € Sop_4(SLy(7Z)) are normalized Hecke
eigenforms, namely, the first Fourier coefficients of f and g are both 1.

The purpose of this section is to explain the construction of the Siegel
modular form Fr, € S, /2(F(()2) (4)) which will satisfy the properties
in Theorem 2. This construction was suggested by Prof. T. Ikeda to
the author in 2001 at the Hakuba conference.

We denote by Sk(Sp,(Z)) the space of Siegel cusp forms of weight

k of degree 4, and denote by S, , (F(()3) (4)) the generalized plus space

of weight k — 3 of degree 3 (cf. [Ib92]), which is a certain subspace of

Siegel modular forms of weight k — % of degree three.
Let I(g) € Sk(Sp4(Z)) be the Duke-Imamoglu-Tkeda lift of g. We
consider a Fourier-Jacobi expansion of I(g):

[(g>( 7';3: jl Z\P T3, 2 277\/7nw1

n>0

where 73 € )3, wy; € $H; and z € M;,(C). Here we denote by $,, the
Siegel upper half space of degree n and by M,, ,,(K) the matrices of
size n by m with entries in a commutative ring K. We remark that
the form W, is a Jacobi form of index n of weight k of degree 3. For
the definition of Jacobi forms of higher degree the reader is referred to
[7i89)].

By the isomorphism between the generalized plus space and the space
of Jacobi forms of index one (cf. [Ib92]), there exists G € S]j_ ! (F(()g) (4))

which corresponds to the Jacobi form ¥y of index 1.
We consider the following expansion of a pullback of G:

T20 §
G OW1 .thTQ

where 75 € £y and w; € $H1, and where h runs over all elements in
a basis which consists of Hecke eigenforms in the Kohnen plus space

S’j_l(f‘[()l)(él)). We see that Fy, , belongs to S’j_l(f‘((f)(él)) for any h. In
2 2
particular there exists f € S,j_; (F(()l) (4)) which corresponds to f by the
2

Shimura correspondence. Therefore, we define
ffvg = Ff,g’

then the form F;, belongs to S:_l(l“éz) (4)).



To complete the proof of Theorem 2 we need to show that the form
Frg is an eigenform for any Hecke operators under the assumption
Frg # 0, and we need to show that the L-function L(s, Fy,) of Fy,
coincides with L(s — 1,¢)L(s, f). We shall show these facts in the
following sections.

3. FOURIER-JACOBI EXPANSION OF (

Let G € S, (F(()S) (4)) be the form defined in the previous section.
2
We consider a Fourier-Jacobi expansion of G:
G( Ti wzl Z¢m To, 2 27r\/j1mw1’
m>0

where 75 € 2, w1 € H; and z € My ;(C).
The purpose of this section is to give a certain relation among ¢,,,
which plays an important role in the proof of Theorem 2. We remark

that the form ¢,, is a Jacobi form of index m of weight k — 5. Here,

Jacobi forms of index m of weight k — % of degree 2 are holomorphlc

functions on £ x M, 1(C) which satisfy a certain transformation for-
mula (cf. [H11a].) We denote by ‘]]iQ_)l . the space of Jacobi forms of

index m of weight k — % of degree 2.
For any prime p we define two maps Vl(;) and VQ(;) which are maps

from JIEZ_)i . to J, @, mp? , (the reader is referred to [H11a] for the precise
2 )
definition of Vifp ), Where J;E—f is a certain subspace of .J. (2_)1 .- These
2 k)

V1 » and VQ(;) are certain generalizations of the Vj-operator in [EZ85,

p.43]. We also define the map U : ng — ng 2 defined by
27

(61U1) (r2, 2) = (m2,12) for any ¢ € ¥, |
Now we obtain the following relations.

Theorem 3. Let ¢, be as above. For any prime p we have
omlVS = pb(p) omlU, +¢mpz+< p ) F72 6| Uy + 9?3 6 | Uy
and

OmlVay = <>(¢mpz+( p ) K72 6| Uy + 9?2 6 | Uy )

+(p* = p0) ¢, |U,,

where b(p) is the p-th Fourier coefficient of g.



We remark that the above identities can be translated to relations
among Fourier coefficients of GG. The outline of the proof of Theorem 3
will be given in Section 5. We also remark that the above identities can
be regarded as certain generalizations of the Maass relation for Siegel
modular forms of half-integral weight of degree three.

4. PROOF OF THEOREM 2

In this section we assume Theorem 3 and shall prove Theorem 2. We
use the same symbols in Section 2, 3.
For a prime p, let X;(p) and X5(p) be Hecke operators which generate

the local Hecke ring acting on S]:il(FéQ) (4)). For the precise definition
2
of these Hecke operators the reader is referred to [HI05, p.513]. By the

virtue of the definitions of Vl( and Vz(p), we can obtain

(62 (,0) = 5 50(m,0)1X: (p)

and
(61Vs3)) (72,0) = (72, 0)|Xa(p)

for any ¢ € Jliz_)im, and where we regard ¢(72,0) as a function of
27

T2 € 92

Therefore, due to Theorem 3, we obtain

PG (3 5)) X ()
>0 (72, 0))| X (p)) 27 T

= X (a1 0) eV
Z{pb (bm T2, ) +¢mp2<7—270)

(T2 20 0) + 2 (0 Y
= pb)G((T2))+G((F2)) M0
Similarly we have
G (%)) [Xa(p)
= bp)G((32)) 110+ @ =™ )G ((B0))-



Because G ((%0)) = Yp Frg(m) h(w1) and because of the above

0 wi
identities, we obtain

P Fr X)) = (pb(p) + alp)) Fry

and
FrglXalp) = (alp)b(p) + p** = p*5) Fpy,

where a(p) is the p-th Fourier coefficient of f. Hence Fy, is an eigen-
form for any Hecke operators. Moreover the eigenvalues of F;, fol-
low from the above identities. Let A(p) = p*~2 (pb(p) + a(p)) and
w(p) = a(p)b(p) + p**~* — p?*=6 be the eigenvalues of F;, with respect
to X1(p) and Xs(p), respectively. Then we obtain

L(s, Frg) = [] (1 — AP+ (pw(p) + 0P (L + )

P
_)\(p>pk+%—3s I p4k—6—4s) -
= L(57 f) L(S - 179)

5. PROOF OF THEOREM 3

In this section we shall give the outline of the proof of Theorem 3.
The steps for the proof of Theorem 3 are as follows.

(1) By the virtue of the Duke-Imamoglu-Tkeda lift, it is enough to
show Theorem 3 for the case of generalized Cohen-FEisenstein
series. Here, the generalized Cohen-Eisenstein series are certain
Siegel modular forms of half-integral weight, which are not cusp
forms (cf. [Co75] for degree one, and [Ar98] for general degree).

(2) Show certain linear isomorphisms between the space of certain
Jacobi forms of half-integral weight of integer index and the
space of Jacobi forms of integral weight of matrix index.

(3) Show a compatibility between the linear isomorphisms in (2)
and certain operators which shift the indices of Jacobi forms.

(4) We need a certain relation between Fourier-Jacobi coefficients
of Siegel-Eisenstein series and Jacobi-Eisenstein series of matrix
index shown by S.Boecherer [Bo83].

(5) Calculate the action of shift operators on Jacobi-Eisenstein se-
ries of matrix index explicitly.

(6) Show Theorem 3 for the case of generalized Cohen-Eisenstein
series by using (2), (3), (4) and (5).

In this section we will explain the above steps more precisely.



5.1. Generalized Cohen-Eisenstein series. Let k&’ be an even in-
teger. We denote by H](j)_ , the generalized Cohen-Eisenstein series of
2

weight k' — % of degree 3, which is a certain Siegel modular form of

weight &' — £ of degree 3 (cf. [Co75, Ar98]). More precisely, the form
7-[,(5) 1 corresponds to the Jacobi-Eisenstein series E,i, , of index 1 of
welght k" of degree 3 by the isomorphism between Siegel modular forms
of half-integral weight and Jacobi forms of index one (cf. [EZ85, 1b92].)

By the virtue of the Duke-Imamoglu-Ikeda lift, the Fourier coeffi-

cients of G satisfy the similar relation which the Fourier coefficients of

7—[1(:,’) , satisfy. Hence, it is enough to show Theorem 3 for the case of
2
H,(C, ! for sufficiently many k'
We take a Fourier-Jacobi expansion of ’Hgl
2

HO (7)) = Y6, () etn/ e

m>0

where 75 € 2, wy € H; and z € My ;(C). The form e](C )1 m is a Jacobi
2

form of index m of weight k — % of degree 2, which belongs to Jli)i .
27
We need to show the following theorem.

(2

. be as above.
k‘—a,m

Theorem 4. Let k > 5 be an even integer and let e

For any prime p we have

2 2 — 2 2
ez(c—)%,m“/l(,p) = p(L+p* 5)612—)%,m|UP+€§c—)l,mp2
—m
+ (—> P 122_1 Uy +p*° (2)1 n |Up
p 27 2752

and

_ —m
27 H/Qp _ (1+p2k 5) {e](f)%’mpZ—i_ (_) pk 2 (2)7 |Up

1
5.Mm P k72,m

+p2k 3 l(€2) |Up2} + (ka—4 _ ka—G) 6(2)2

m\»—-
§IE

Theorem 3 follows from this theorem.

5.2. An isomorphism between two spaces of Jacobi forms. Let
M;(Sp,,42(Z)) be the space of Siegel modular forms of weight & of even
degree n + 2, and let M} (Sp,;2(Z)) be the subspace of My (Sp,,4(Z))
which consists of all Duke-Imamoglu-Ikeda lifts in My (Sp,,,»(Z)). We
remark that the subspace M; (Sp,,5(Z)) contains the Siegel-Eisenstein
series.



Let J,gﬁﬂ)* be the subspace of J,Eﬁ“) which consists of all Jacobi
forms of index 1 obtained by the Fourier-Jacobi expansion of the Siegel
modular forms in M} (Sp,..(Z)). We denote by Mzil(f‘(()nﬂ)(ll)) the

2

subspace of the generalized plus space M, , (F(()”H)(él)) of degree n+1
2

which corresponds to J,ETI)* by the isomorphism between two spaces
M;_l(f‘(()nﬂ)(él)) and J,gnlﬂ). Now, we have the following diagram.
2 b

Mk(SpI—&—Q(Z)) 2 M;(Spiﬁ-Q(Z))
s = M 1)

Let ¢ € J,ETLIH). We regard the function ¢ (7,11,2) €™ ~1¢1 as a

. Tnil Z
function on ("%} wl) € Hpyo, where 7,41 € Hpp1, w1 € H and 2 €

M,,+11(C). We consider the expansion:

¢1(7—n+17 Z) 62w¢?1w1 _ Z ¢S(Tn7 Z,) 62w¢?1tr(8w2)
SeSyms}
s=(31)

where Sym; denotes the set of all half-integral symmetric matrices of
size 2, and where (i [ ) = <f", Z/> € Nnt2, Tn € Ny, w2 € H2 and

zZ w1 z' wo

2 € M,2(C). We remark that ¢s € J,Efg, where J,g%) is the space of
Jacobi forms of weight k of index S of degree n (cf. [Zi89], [H11la]).
We consider the map

Flis: 05 — I via ¢ s,

We denote by J,E%)* C J,gns) the image of J,ETLIH)* by the map FJ;s.

Namely, the Jacobi forms in Jérg* are obtained by the Duke-Imamoglu-
Ikeda lifting and by the Fourier-Jacobi expansion.

Let m be an integer such that —m =0, 1 mod 4. We take a matrix
M € Symj, such that M = (1) and det(2M) = m.

Lemma 5. The space J,EMM* is linearly isomorphic to the space Jlin)f
) 7§’m

and this isomorphism is given by a correspondence between Fourier co-
efficients. We denote by tpq this map. Moreover, the following diagram



15 commutative.

n41)x* % n+1
T —— My (T ()

Fis !

k:—fm

where the map of the down arrow in the right hand side is given by the
Fourier-Jacobi expansion.

Due to the above lemma the m-th Fourier-Jacobi coefficient e(")

k,,
of ’H corresponds to a certain Jacobi form e,(C 1 of index M. Here
el(i)%’m e J" - e € iy and 7{"“ c M;7%<rg"+l><4>>. In

particular, we can say that the form el(c,/)\/l is the M-th Foureir-Jacobi
coefficient of the Siegel-Eisenstein series of weight k of degree n+2 (see
§5.4 below).

Now we want to translate the relation among e

the relation among efj}w We need to show a compatibility between the

2)

. in Theorem 4 to
k—5,m

above isomorphism ¢ : J,i"/{j 2 J™7 and certain operators acting

k—%,m
on each space. In the next subsection we will explain this compatibility.

5.3. Compatibility between isomorphisms of Jacobi forms and
certain operators. We can define certain operators

(m) . g(n) (n) -
Vi’(p1> .Jk’M—>Jk7M[(p1)] (i=1,...,n).

Namely, the operator V; ) changes the matrix of the index of Jacobi
(n
ir(
p.43]. For the precise definition of V;(EL;)D
[H1la].

("
forms. The operator V. 1)[, ) is a generalization of Vj-operator in [EZ85,

) the reader is referred to
1

Lemma 6. Let M be a matriz in Lemma 5. Then, the form
(n) 1y, ()
Emi(? 1)](61@,M|Vi7(p 1))

18 the same to 6;(:_);,,1“/;(;) up to constant. Namely, the isomorphism
2’ ).

M- J,in)M* = Jlin)f and the operators Vl(p), V(?z, ) are compatible.
) —35,m i, 1



k that th v " t be i
We remark that the form ek7M|V;7(p ) € Jk’M[(p ) may not be in

J(”)*

(n)
k(P )] but we can extend the map Lpi(P )] to Jk’M[(p Nk

Due to Lemma 5 and 6, we can translate the relation among 6](62_)1
2

(m € Z) in Theorem 4 to the relation among el(jjw (M € Symj). Hence,

it is enough to show the same relation in Theorem 4 for e,(f}\/l. For the

calculation of e,(f}w Vi(Q),, , we need relations between 615;23\/1 and Jacobi-

Eisenstein series. We will explain this relation in the next subsection.

5.4. Fourier-Jacobi coefficients of Siegel-Eisenstein series. We
denote by E,(;HQ) the Siegel-Eisenstein series of weight k of degree n+2.

We take the Fourier-Jacobi expansion:

EFP (L) = 3 el(ra,2) etry o),

Z wo
MeSym}

where 7, € $,,, wy € 2 and z € M, »(C).
We denote by Sym; the set of all positive-definite half-integral sym-

* 3k

metric matrices of size 2. We let M = (¥7) € Symj. We put
m = det(2M), and let Dy be the discriminant of Q(v/—m), and put

f= _Dﬂ We remark that f is a natural number.
0
We set gr(m Z w(d) by 1 < d2> where (d) is the M6bius func-
dlf

tion and hy,_ %(d) denotes the d-th Fourier coefficient of the Cohen-

Eisenstein series of weight k& — 1 (cf. [Co75].)

We denote by E,Efg the Jacobi-Eisenstein series of index S € Symg;
of weight k of degree n (cf. [Zi89].) The following proposition follows
from [Bo83, Satz 7].

Proposition 7. For M = (1) € Symjy we put m = det(2M). Let
Dy, f be as above. If k > n + 3, then

= 2o <d2> (7 2Wa),
daf
where we chose a matric Wy € GLy(Q)NMao(Z) for each d which satis-

fies the conditions det(Wy) = d and I/Vd_l./\/lWVd_1 —(F T
The above summation is well-defined, namely it does not dependent on

the choice of matriz W.

€ Symy .



Hence, relations among 61(3\4 is translated to the relations among

E,(CQ/)VI Namely, for the calculation of 65623\/(|V(2; ) it is enough to cal-
I’ y Z, 1

(2) (2) C)N :
culate EkvM[th,llﬂ/;’(p oy because Vi?(p ) is a linear map.

5.5. Jacobi-Eisenstein series Elizj)w and operators V(. Let E,?/)M

be the Jacobi-Eisenstein series of weight k of index M € Symg of
degree 2, which is a holomorphic function on £, x C2.

Proposition 8. We assume M = (7). Then, the form El(jj)vl“/;@)

("1)

(1 =1,2) is written as a linear combination of three forms

(2) 0 ()
Ek,M(T7Z (g 1))7 Eh/\/t[(’é (1))](7_7 Z),
and
B (2 (59) X (59)).

eMX (5 0) )

explicitly. Here, if p|f, then X = (19) is a 2 x 2 matriz with an integer

x, such that M[X (P ?)_1] € Symy , and if p[f, then the third form
of the above does not appear.

By Lemma 5, 6 and Proposition 7, 8, we obtain Theorem 4. Thus,
we can conclude Theorem 3.

6. EXAMPLES OF NON-VANISHING OF Fj,

In Theorem 2 we need the assumption that F;, does not identi-
cally vanish. In this final section we shall give some examples of non-
vanishing of Fy,.

For even integer k < 24, the dimensions of the spaces Sa,_4(SL2(Z)),

Sak—2(SLa(Z)) and 5;71/2@(()2) (4)) are given as follows.

k 2,46 8 10 12 14 16 18 20 22 24
dimSy, 4+(SLy(Z) | 0 1 1 1 2 2 2 3 3 3
dim S 2(SLo(Z)| 0 0 1 1 1 2 2 2 3 3

dimS, ,@CP@)| 0 0 1 1 2 4 4 6 9 10

We remark that the dimension formula for S, /2(F82) (4)) is given
in [HIO05].

Lemma 9. Let k = 10, 12 or 14. Then, the form Fy, € S,j_l/z(I‘éz) (4))
does not vanish identically for any normalized Hecke eigenforms f €

SQk_Q(SLQ(Z)) and g e Sgk_4(SL2(Z))



Proof. We assume k = 10, 12 or 14. Then, dim So;_o(SLa(Z)) = 1.
Let g € Sor—4(SLa(Z)) be a normalized Hecke eigenform, and let

G ¢ 5;71/2(F(()3) (4)) be the Siegel modular form of weight k& — 1/2 of

degree 3 which is constructed from ¢ in §2. Let f € Sy o(SLa(Z))

be a normalized Hecke eigenform, and let h € S, l(I‘él)(él)) be the
2

modular form of weight k£ — % which corresponds to f by the Shimura

correspondence. Here S:_ 1 (F(()l)(4)) denotes the Kohnen plus space.

Because dim S;_l(f‘(()l)(él)) = 1, we have

(% 2)) = Fratmmnen,

where 75 € $9 and w; € $H;. Hence, it is enough to show that
G ((TQ 0 )) does not vanish identically. We take the expansion

0 wo
T2 0 _ 2v/ =T tr(N7) 27v/—Tmws
G((O M)) = Z K(N,m)e e ,
NGSymg',mEZ

and we take the Fourier expansion of G:

G(Z) — Z C(M) e27r\/j1tr(MZ).
MESym;
Then
o = ¥ e((32)
lEMle(Z)
4ANmM—I1t>0

The Fourier coefficients of G can be calculated by the formula of
the Fourier coefficients of the Duke-Imamoglu-Tkeda lift. By numer-
ical calculations we obtain K (($1),3) # 0. Therefore, we conclude
Frg70. U
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