Analyzing the Motion of a Washer on a Rod
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This paper investigates the dynamics of a toy known as the chatter ring. Specifically, it examines the mechanism
by which the small ring rotates around the large ring, the mechanism by which the force from the large ring provides
torque to the small ring, and whether the motion of the small ring is the same as that of a hula hoop. The dynamics
of a chatter ring has been investigated in previous work [I3, 14, [I5]; however, a detailed analysis has not yet been
performed. Thus, to understand the mechanisms described above, the equations of motion and constraint conditions
are obtained, and an analysis of the motion is performed. To simplify the problem, a model consisting of a straight
rod and a washer ring is analyzed under the no-slip condition. The motion of a washer has two modes: the one point
of contact (1PC) mode and two points of contact (2PC) mode. The motion of the small ring of the chatter ring is
similar to that of a washer in the 2PC mode, whereas the motion of a hula hoop is similar to that of a washer in the
1PC mode. The analysis indicates that the motion of a washer with two points of contact is equivalent to free fall
motion. However, in practice, the velocity reaches a constant value through energy dissipation. The washer rotates
around an axis that passes through the two points of contact. The components of the forces exerted by the rod at the
points of contact that are normal to the plane of the washer provide rotational torque acting at the center of mass.
The components of the forces parallel to the horizontal plane are centripetal forces, which induce the circular motion
of the center of mass.

I. INTRODUCTION

Some toys, such as tip tops and rattlebacks [T}, 2 [3, 4], exhibit curious and interesting behavior. A chatter ring,
also known as a jitter ring or gyro ring, is a toy with a large loop made from a metal rod on which there are small
rings, as illustrated in Fig. a). Like the aforementioned toys, the small rings of a chatter ring also exhibit interesting
behavior.
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FIG. 1. (a) Jitter ring and gyro ring. (b) Rod with a torus-shaped ring (left) and rod with a washer (right).

The chatter ring is played with as follows. First, rotation of the small rings is initiated by hand, and then the large
ring is rotated by hand to apply a constant rotation to the small rings. The purpose of playing with a chatter ring
is not only to keep the small rings rotating, but also to learn various skills with different levels of difficulty. After
learning individual skills, combining them can result in impressive performances. Videos of such performances have
been uploaded to the Japan Chatter Ring Association [5] website and to YouTube.

* Email: takano@juen.ac.jp


mailto:takano@juen.ac.jp

A phenomenon similar to that of chatter ring motion can be observed in the artwork of K. Sato [6]. For example,
the work Over the Waves (1974) contains three wires, and a wire shaped like a wave is attached to a plate. A small
ring on the wire is rotated by an electromagnetic force provided by the coil of a motor hidden under the plate. The
small ring moves to the edge of the plate and then returns in the opposite direction. The principle of the motion of
the small ring is considered to be the same as that of the chatter ring.

The motion of the small ring of a chatter ring is not well understood. Specifically, it is unclear how the small ring
rotates around the large ring, how the large ring provides torque to the small ring, and whether the motion of the
small ring is the same as that of a hula hoop [7]. The motion is predicted easily to be caused by the frictional force
between the large ring and small ring. But it is necessary to produce and analyze the equations of motion in order to
understand the magnitude and direction of that force in detail.

Tip tops and rattlebacks spin on a flat plane, whereas in a chatter ring, the small ring spins on the curved surface of
the large ring. Thus, the analysis of a chatter ring is more difficult than that of a rattleback. The rolling behavior of a
rigid body moving on a sphere has been studied []], and the equations of motion of a rigid body have been presented
for arbitrary body and surface shapes. An example of the motion of a rigid body moving on a curved surface is the
motion of a ball rolling inside a cylinder. This problem has been discussed in the literature [9] [I0 11} 12]; however,
the behavior of a rigid body, such as the small ring of a chatter ring, has not yet been studied.

Considering the motion of the large ring makes the analysis of the motion of the small ring difficult. As the motion
of the large ring only serves to the height of the small ring fixed, we can replace the large ring with a long rod. We can
then analyze a model that consists of a fixed long rod and small ring, as illustrated in Fig. b). We assume that the
motion of the ring on the rod is essentially the same as that of the small ring of a chatter ring. In fact, photographing
these motions with a high-speed camera and comparing them indicates that they are almost the same. Using the
model consisting of the long rod allows us to perform experiments with rods of various thicknesses and rings with
various inner diameters, thereby enabling detailed analysis of the dynamics [13].

The motion of the small ring has two modes [14]. One is rotation while remaining in a fixed position with one point
of contact (1PC mode). This motion is similar to that of a hula hoop and a ball rolling inside a cylinder [T}, [12]. The
second mode is movement in one direction while rotating with two points of contact (2PC mode). This movement is
similar to that of the small ring of a chatter ring. The trace of the two points of contact is a double helix on the rod
surface [I5]. Videos of these modes of motion are available on the website of Hunt [14].
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FIG. 2. Rod and washer ring whose inner diameter has a sharp tip. (a) l; is the radius of the inner circle C of the ring, while
l5 is the radius of the outer circle of the ring. (b) I3 is the radius of the rod and the d is the thickness of the washer.

For a torus-shaped ring or thick washer, it is possible but difficult to determine the position of the point of contact,
thus complicating the analysis of the equations of motion. Therefore, we consider a special washer ring whose inner
diameter has a sharp tip. The shapes of the washer and rod are illustrated in Fig. [2] We fix the point of contact with
one parameter because the point is on a one-dimensional circle. Using only one parameter makes the analysis of the
equations of motion simpler than in the case of a torus-shaped ring. The radius of the inner circle C of the ring is Iy,
while the radius of the outer circle of the ring is 5, as indicated in Fig. a). The radius of the rod is I3, as illustrated

in Fig. 2|b).
In this paper, we obtain the equations of motion of the washer and rod system when the washer ring moves with

one point of contact and two points of contact. We then analyze the motion to clarify the dynamics of the chatter
ring.



II. WASHER AND ROD SYSTEM
A. Angles between frames that define the configuration of the washer

The washer and rod system is illustrated in Fig. |3} The unit vectors of the principal axes of inertia are &;(i = 1,2, 3),
and the frame E;(i = 1,2,3) is fixed to the rod. The point of contact is denoted by P, the origin of the frame E; is

denoted by O, and the origin of the frame €; is the center of mass denoted by G. The position vectors are r, = OP,
ry = OG, and r = GP. These vectors are related by the following equation:

Tg=T¢—T. (1)

To obtain the angular velocity w, we require a matrix R that relates &; to E;, such as

E,

FIG. 3. Washer and rod system. P denotes the point of contact. The position vectors are r = Cﬁ, Ty = 0?7 and ry = Oﬁ
The unit vectors of the principal axes of inertia are €;(i=1,2,3), and E;(i=1,2,3) represents the frame fixed to the rod.

€, = RijEj. (2)

First, as illustrated in Fig. a), we set E; = &;, and the point of contact P is on the & axis. Then, the washer is
rotated by an angle ¢ around the axis €3 without slipping. The point of contact moves to position P, where the angle
between the position vector GP and unit vector &; is ¢. The unit vector on the line GP is denoted by ega). The axis
egl) is obtained by rotating the axis & by ¢. Point P’ is a point obtained by projecting point P onto the E, E,
plane, and we set the unit vector E; on the line OP’. n denotes the angle between F; and FE;. Next, the washer
is rotated by an angle 1 around axis ega). The axes after rotation by an angle ¢ are denoted by egb)
in Fig. b). The dotted lines represent the original axes ega) before the rotation. Lastly, the washer is rotated by
an angle # around axis egb) without moving the point of contact P. The axes after rotation € are denoted by e; as

displayed in Fig. C). Fig. d) presents the motion of the axes rotated by an angle 6 after rotation by an angle 1.
The axes are related as follows:

as illustrated
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FIG. 4. (a) ¢ is the angle between €; and the rotated axis e§“>, while 7 is the angle between E; and the rotated axis Ei. (b)
1 is the angle between the axes eg}z and the rotated axes eg%. (c) € is the angle between the the axes e% and the rotated
axes e1,3. (d) Motion of the axes rotated by an angle 0 after rotation by an angle 1.

where

cos¢ sing 0 cosn sinnp 0
Rsy = | —sinf cos¢p 0 |, Rz, = | —sinng cosn 0 |, (6)
0 0 1 0 0 1

1 0 0 cosf 0 sind
Ry = 0 cosy siny |, Rog= 0 1 0 .
0 —sinty cosv —sinf 0 cosé



Thus, we obtain the relation between €; and E; as
€=RE, R=R; Ry R;;Rs,, (7)

where we omit the subscript of the matrix. The connection between two reference frames is parametrized by three
Euler angles, although it appears to be described by four independent parameters in Eq. . There are still three
independent parameters since eta, phi, and psi are related by the no-slip condition Eq. , which we will see later
in Section [[ITA] It is suitable to describe the configuration of a rigid body with four parameters and then impose

constraint conditions, in order to describe it that moves without slipping on the surface of a curved rod.

The order of rotation is important. If the washer is first rotated by an angle 6 around the ega) axis as illustrated in

Fig. (a) after the ¢ rotation, then it must be rotated by an angle v around the ega) = F; axis perpendicular to the

surface of rod, but not around the egb) axis as illustrated in Fig. (b) If the washer is rotated around the egb) axis,

(b) (a) (b)
3 1 1

the washer gets stuck. The eéa) = FEj3 axis, the e5’ axis, the e; ' = F; axis and the e;’ axis are in the same plane

as illustrated in Fig. c). Thus it can be seen that Eéb)7 es, ega) = F; and ey, which are obtained by rotating these

axes around the ega) = FE; axis, are also in the same plane as illustrated in Fig. c). Moreover, it can be seen that

Es, Eéb), E5 and es are in the same plane as illustrated in Fig. c). Thus, we have the relation equations below

E, = cosfe; + sinfes, (8)
E?()b) = —sinfe; + cosfes, (9)
E; = costes + sin ’(/JE:S)b), (10)
E; = —sinyes + cos wEéb). (11)

Substitution of Eq. @ into Eq. and Eq. yields the following equations:

E; = —sinvye; + cosies + sin 1 cos fes, (12)
E; = —costysinfe; — sinyes + cos 1 cos fes. (13)

We find that the relation equations Eq. , Eq. and Eq. between the e; axes and the E; axes are the same
as Eq. .

FIG. 5. (a) 0 is the angle between egfg, and the rotated axis egl?;. e;a) = eéb) = E; is the axis of rotation. (b) Dashed vectors

are egw frame. v is the rotation angle around the Ei. (c¢) Motion of the axes rotated by an angle v after rotation by an angle
0.

We present several examples of washer configurations. Fig. [f] illustrates the washer system at a positive value of
0 and ¢ = 0. Fig. |§|(1) indicates that there is one point of contact, while Fig. @(1)(3,) presents the view from above
and the curved line C7, which is obtained by projection of the inner circle of washer C' onto the plane defined by unit
vectors E; and FEs. Fig(l)(b) presents the view from the direction parallel to e;, while Fig. [6{1)(c) presents the

view from the side. Fig. @ 2) illustrates the washer configuration that has two points of contact, P and P, at the value
of . > 0. The value of 6. is determined in Section m Fig. @(3) presents an unrealistic situation at the value of



Cr
@ ==>
a) (a) (a)
> (i D

(b) i (c) (b) — () (b) — ()

—_—

Q

(1) (2) (3)

FIG. 6. Washer configurations at ¢ = 0,0 = 0. (1) One point of contact, P. Cy is a curved line which is obtained by projection
of the inner circle of washer C onto the plane defined by unit vectors E1 and E». (2) Two points of contact, P and P, at the
value of 6. > 0. (3) Unrealistic situation at the value of 6 > 0. in which the washer gets stuck in the rod.

6 > 6. in which the washer gets stuck in the rod. In each of the subfigures of Fig. [0} the view from above is displayed
in (a), the view from the direction parallel to e; is displayed in (b), and the view from the side is displayed in (c).

Fig. 7| displays washer configurations at a positive value of 1) and 6§ = 0. Fig. (1) indicates that there is only one
point of contact, while Fig. 2) illustrates the configuration with . where the curvature of C; at point P is equal
to that of the rod. The value of 9. is determined in Section [[VB] When the absolute value of 1) becomes larger than
¢, the washer gets stuck in the rod, as illustrated in Fig. m(?))
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0. (1) One point of contact, P. (2) Configuration with . where the curvature of
) When the absolute value of ¢ becomes larger than ., the washer gets stuck in

(1)

FIG. 7. Washer configurations at 6 = 0,7 =
C1 at point P is equal to that of the rod. (3
the rod.

We observe the configuration of the washer at a value of ¢ and 6. Fig. [§] presents configurations when 6 > 0.
Fig. 1) presents the configuration with two points of contact while Fig. 2) presents the configuration with one
point of contact when ¢ < 0. Fig. 3) presents the configuration with one point of contact while Fig. [8{(4) presents
the configuration with two points of contact when ¢ > 0. In Fig. 1)7 when ¢ > 0, it follows from Eq. that the
washer moves upward, while in Fig. 4), the washer moves downward. Fig. |§| presents configurations when 6 < 0.
Fig. |§|(1) presents the configuration with two points of contact while Fig. |§|(2) presents the configuration with one
point of contact when i > 0. Fig. @(3) presents the configuration with one point of contact while Fig. |§|(4) presents
the configuration with two points of contact when ¢ < 0. In Fig. @(1), when ¢ > 0, it follows from Eq. that
the washer moves upward, while in Fig. @(4), the washer moves downward. Figs. 1) and @(1) display the same
configuration, and Figs. 4) and |§|(4) also display the same configuration.
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FIG. 8. Washer configurations at § > 0. (1) Configuration with two points of contact, P and P when ¢ < 0. (2) Configuration
with one point of contact, P when ¢ < 0. (3)Configuration with one point of contact, P when ¢ > 0. (4)Configuration with
two points of contact, P and P when 1 > 0.
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FIG. 9. Washer configurations at § < 0. (1) Configuration with two points of contact, P and P when ¢ < 0. (2) Configuration
with one point of contact, P when ¢ < 0. (3)Configuration with one point of contact, P when ¢ > 0. (4)Configuration with
two points of contact, P and P when 1 > 0.

B. Vector Components

We examine the relation between the components of vector A with different coordinates. There is a relation between
the coordinate frame & and y, given by

Yi = Kijmj~

The component of vector A is denoted by «;(8;) with respect to the frame x(y), and in the following discussion, we
use the notation

A = (a1,02,03)0 = (B1, B2, B3)y.
Vector A is expressed as
A =ajxj = Py = BiKijx;.
Then, using K ' = K*, we have the relation

Q5 = ﬁiKij, ﬁ,‘ = Kijaj. (14)



This relation indicates that the transformation rule of the components has the same form as that of the coordinate
frame. Thus, we obtain the relation equations between the components in each coordinate, A = (a;)e = (@i)e =
(A)E = (A) g, as follows:

a; = Rzgijay, (15)
A; = RspijAj, (16)
A; = RiyijRogjrar. (17)

The time derivative of vector A = (a@1,as,as)s = (a1, a2, a3)e is given by

d d_\ _
aA = (dtai) € +wx A. (18)

When we obtain the components of the equation of motion, the expression %A with respect to components a; and
w; of frame e is useful. The first term on the right hand side of Eq. contains a term proportional to ¢> and is

given by
d_\ _ d -1 -1 d 1 -1 -1
(Citai> e = % <R3¢ijaj) Rsmkek = ((dthd’ij aj +R3¢ijaj R3¢ikek
d ) _
= <aj (dtsti) + aaRsm‘i) Ryen
—{ﬁsin(ﬁ (bposqb 0
= ((a1,02,03)c | —dcosd —dsing 0 | +a;Ragi) Ry ipen
0 0 0
= (a1 — das, as + ¢ay, az)e, (19)
where a; = %ai, and we use Eq. and the relations a = R;q}a and R;¢1ij = R34ji;- The second term on the right
hand side of Eq. is given by
w X A = (w2a3 — w3az,wsa1 — W1a3, w102 — Waa1)e, (20)

where the components of the angular velocity w are represented by w = (w1, w2, wW3)e = (w1,w2,w3)e. The components
of the angular momentum L are represented by L = (L1, Lo, L3)s = (L1, Lo, L3)e. In addition, L; represents the
angular momentum along the principal axis of inertia. These components relate to the angular velocity @; as follows:

Ly = Lay, Ly=ILwy, Lo=I3ws, (21)

where I;(i=1,2,3) represents the principal moments of inertia for each principal axis of inertia, and we use I; = Io.
The values L; are given as

Ly = cos¢Ly +sin¢gLy = I;(cos ¢y + sin ¢wn) = Lwy,
L2 = —sin d)il -+ cos (]51_/2 = I_l(,UQ, Lg == ]_3W3, (22)

where we use the relations L; = R3¢ijij and w; = R3gsj0;.
Lastly, we obtain the time derivative of the angular momentum:

d

%L = (L1 — ¢La, Lo + ¢L1, L3)e + (wals — waLlo,wsly — wi L3, w1 Lo — waly)e

= (L1 — ¢wa) — (I — I3)wows, I1 (2 4 dwr) — (I3 — I )wawi, [3653)e. (23)
III. MOTION OF THE WASHER WITH ONE POINT OF CONTACT
A. No-slip Condition

We consider the rolling motion of a rigid body A without slipping on the surface of a rigid body B fixed to a desk
or table, as illustrated in Fig. (a). The principal central axes of inertia of the body A are €;, while O4 is the center
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FIG. 10. Rolling motion of rigid body A without slipping on the surface of rigid body B. (a) Bodies A and B. (b) Locus of the
points of contact P4 and Pg fixed to bodies A and B.

of mass of A. An absolute coordinate frame E; is fixed to body B, and the origin is denoted by Op. Points P4 and
Pg refer to the point of contact P on the surface of bodies A and B, respectively.

The position vectors of the point of contact P from origin O 4 and origin Op are denoted by r and ¢, respectively.
The position vector of the center of mass O4 from origin Op is denoted by 7,.

If body A moves on the surface of body B without slipping, the loci of the points of contact P4 and Pg are
obtained by P41, Pas, Pas and Ppi, Pgo, Pps in Fig. b)7 respectively. The position vector r has the coordinate
r = 7;(t)&;(t). The velocity of P4, which is denoted by v4, is obtained by moving with the coordinate &;(¢) and is
thus

vA = (jtri(t)) &i(t). (24)

Similarly, the vector r; = Fti(t)E_'i moves on the surface of B along the locus Pgi, Pgo, Pg3. In the same way, the
velocity of Pg, denoted by vp, is given by

d _
vn = (rul0)) B (25)
Without slipping, the equation for the constraint condition

VA = VUp (26)

is satisfied, and the direction of v4 p is in the tangent plane at the point of contact P.
For the rod and washer, the position vector r illustrated in Fig. [3]is expressed as

r = (11,0,0)e = (l1 cos ¢, l15in¢,0)s (27)
= l1(cos@,—sinfsint, —sinf cos ) g
= l1(cosncosf + sinnsin O sin ¢, sin 7 cos § — cos 7 sin @ sin 1), —sin  cos ) g
where we use Eqs. , , and . The position vector r; displayed in Fig. [3|is expressed as
ry = (I3,0,2)g = (I3cosn,l3sing, 2) 5, (28)
where z is the height of the point of contact P with respect to axis Es. The relation 7, = r, — r seen in Fig. |§|
indicates that r, becomes the following:
rg = (I3 —1ycosf,lisinysing, z + 1 cosysinh) g (29)
= (Izcosn — l1(cosncos @ + sinnsin O sin 1),
l3sinn — I (sinn cos § — cosnsin O sin ),
z4 11 sinfcost) g (30)



10

Substitution of Eq. into Eq. yields the following equation:

(irxw>éxw:=(—h¢$n¢h¢cm¢xné
= (—llécoswsinn, 116 cos 1 cos n, —llésinz/J)E7

where we use Eq. , which relates & to E. Furthermore, substitution of Eq. into Eq. yields the following
equation:

(jtrn’(t)) E; = (—lsnsinn,lzncosn,3)g.

Thus, using Eq. , we obtain the constraint condition equations:

ligcostp = ils, (31)
Ligsiny = —z. (32)

The equation of the relation between Z and 7 is given as
Z = —nlztan. (33)

If ¢ is a constant, Eq. yields z = —nl3 tan + zg, where z is a constant of integration. This indicates that the
locus of the point of contact is a spiral with pitch ). This case is discussed in Section [V}
Differentiation of Eq. and the use of Egs. and yield

%rg = (:litrm-) E, - ((jtn) €, +w X 7’) =7r X w, (34)

from which we find that the velocity of the center of mass is given by the angular velocity.

B. Angular Velocity
In general, when the relation between & and E is given by a matrix R, as defined by Eq. , comparing %éz- = R” Ej
with %éi = w X g; yields the component of the angular velocity w = (w1, w2, ws3)z as
eijror = (RR) 4,

where € is the Levi-Civita symbol. The matrix RR! is found to be an antisymmetric matrix, and the components of
the angular velocity w are obtained as

@ = (RR')93 = —0sin ¢ — 1) cos 0 cos ¢ + 1(sin ¢ sin 1 — sin  cos ¢ cos V),
@y = (RR')31 = 0 cosd — ) cosfsin g — n(cos ¢ sin h + sin 0 sin ¢ cos ),

w3 = (RRt)lg = —¢ — ¢sinf + 1 cos b cos 1,
and
wi = —thcosf — nsinf cosp, (35)
Wy = 9—ﬁsinw7 (36)
wy = —¢ — hsinb + 1 cos b cosp, (37)

where we use Eq. . We can also obtain the same form of w from the equation as
w = —gf)eg + éeg — ’l/)El + 7’]E3
The transformation rules in Eq. ,

E; = cosfe; +sinfeg,
E3; = —cosysinfe; — sines + cosp cos bes, (38)
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indicate that the components of the angular velocity w = (w1, w2, ws)e expressed in coordinate frame e are as follows:
wp = 71/') cos @ — nsinf cos v,
wy = 60— nsiny,
wg = —d — 1hsind + 1 cos b cosp.

These equations are equal to Eqgs. (35)), , and , respectively.
With the no-slip condition Eq. (31), w becomes

w1 (b —k1 0 —cos@
w2 = M 0 s M = —K2 1 0 5 (39)
w3 " k3 0 —sinf
(;:5 1 —sinf 0 cosf w1
0 = —Kosin€ detM ks cosf wa |, (40)
'& detM — K3 0 —K1 w3
l
detM = l—l cos? — cos ¥, (41)
3
where
o 9 h . _h 2
K1 = l—sm@cos Y, Ko = l—coswsmw, K3 = Z—cosecos P — 1. (42)
3 3 3

C. Equations of Motion

The equations of motion of the washer rolling with one point of contact are given as
d

aL = 7r X f, (43)
d _
mﬁvg = f—mgEs3, (44)

where L is the angular momentum, f is the contact force, v, = %rg is the velocity of the center of mass, and g is the
gravitational acceleration constant. Substitution of Eq. into Eq. and use of the no-slip condition Eq.
yield the equation of motion

d d _
%L =7rX (mdt(r X w) + ngg) . (45)

The three components of %L are already obtained from Eq. . It follows from Egs. and that
%(7’ x w) =11 (dws + wi + w3, s — wiwa, Wy — W1ws)e.
The first term on the right hand side of Eq. can be expressed as
r X a(r x w) = 13(0, wiws — W, —w1Wz — W3)e-
The second term on the right hand side of Eq. can be obtained as

mgr X Es = mg(0, —l1 cos 0 cos ), —l; sin))e

using E3 = E3 = (— cossinf, — sin, cos 1 cos )¢, which is obtained from Eq. . Thus, the three components of
Eq. can be expressed as

. I
wi = ¢wa + (1 - IB) Waws, (46)

1
(I1 + Dwy = —Ipwi + (Is+1— I)wswy — gcosfcosp, (47)
(Is + Dws = —wiws — gsiny, (48)

where I1 3 = I1 3/ml? and g = g/li.
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D. Motion Analysis

In this section, we examine the steady precession of the washer, which can be observed in the rotation of an ordinary

tOIr_)l;he initial conditions at t = 0 are given by
9(0) = o #0, 0(0) =0 #0, ©(0)=0. (49)
We discuss the existence of a steady solution as follows:
0(t) =60, (1) =0, o(t)=go, 6(t)=4(t)=0, 6(t)="4(t)=4(t)=0. (50)

Substitution of Eq. into Eq. yields the equations
wi = —k1d, w2 =0, wz=-rzp. (51)

It follows from Egs. (50) and that 4; = 0(¢ = 1,2,3) because this term is proportional to 6 and w Thus, the
time derivative of Eq. (39) yields

w1 = —mzﬁ — Cos 0@2}, Wwo = é, wg = Hsé — sin ‘91/’ (52)
Substitution of Egs. and into Egs. , , and yields
—/@1(57 cos 0012; = 0, (53)
(L+1)0 = k(I — (I3 + 1 — I))k3)$* — g cos B cos o, (54)
k3o —sinfp) = 0. (55)

We observe that the steady solutions ¢ = ¢ = 0 are consistent with Eqs. and (55). Furthermore, we observe that
the steady solution 6 = 0 is consistent with Eq. when ¢% satisfies the condition

2 glzcosty

0 ;‘4345]1—/@3([34—1—[1).

" likqsinby’

Next, we discuss steady motion with the condition 1y # 0. In this case, the constraint equation Eq. indicates
that the movement in one direction is identical to that in the two points of contact (2PC) mode despite the single point
of contact. In the following, we find that this solution does not exist in the 1PC mode. Because ko = % cos g sin Py #
0, the equation of motion is obtained as

—k1d — cos bt = c19?, (56)
(Iy +1)(0 — k2¢) = ki(I1 — (I3 + 1 — I)k3)? — g cos by cos g, (57)
k3o —sinbol) = cag? — c3, (58)
where
K2 1 g .
=——(I L -1 =——-: = .
c1 I, (I + k3(I1 — I3)), c2 A k2, Cs A sin g

Egs. and can be combined in a matrix form equation for ¢ and ¢:

—K1 —cosby qb c1 qﬁQ
) T = . ) 59
< K3 sm00> (w) <CQ¢2—03 ( )
The existence of the steady solution 7,[1 = O,gfi =0 in Eq. (59)) requires the following relations:

l
K1 sin 0y + K3 cos by = l—l cos? g — cosby # 0, (60)
3

ad? = 0, (61)
c2d? — ¢y = 0. (62)
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Eq. is the determinant of the matrix on the left hand side of Eq. . From the constraint equation Eq.
discussed in Section [[VB] we obtain

l 1
icoszw > st > 1> cosd, (63)

from which we find that

l
l—lcos 1 —cosf >0
3

and that Eq. is satisfied. The condition ¢; = 0 obtained from Eq. yields
11+I€3(11 —13) =0 (64)

using kg # 0. Substitution of ¢ =0, Eq. , Eq. , and ¢? = 2—;, as obtained from Eq. , into Eq. yields

(I + 1)6‘ = —Ki1k3d? — gcosby cos i
= g@ sin g — g cos Oy cos Yy
R2
I3
= —g——— <0,
gll CcOos ’(ﬂo

which indicates that the steady solution 6 = 0 with 1y # 0 does not exist. )
After all, we find that steady precession with a constant value of ¥y = 0,6y # 0, ¢35 =
precession with a constant value of 1y # 0 does not exist.

gls cos g
l11€4 sin 90

exists, but steady

IV. MOTION OF THE WASHER WITH TWO POINTS OF CONTACT
A. Movement of the Washer

We recorded a video with a high-speed camera (CASIO EX-FH20) to observe the movement of the washer. We
turned the washer by hand and recorded the video when the velocity of the washer reached terminal velocity. Fig.
presents sequential photographs taken at 1/105-s intervals from a video recorded at 420 fps. The washer was composed
of 0.7-mm-thick paper, and [; = 10 mm and [, = 2 x [; = 20 mm. The radius of the wooden rod was I3 = 4 mm. The
sequential photographs of the video indicate that it took 36 frames for the washer to rotate around the rod; therefore,
the terminal angular velocity (7);) was approximately 78 rad/s. Fig.[12| presents sequential photographs of a washer
with a smaller radius (I; = 6 mm, Iy = 2 x{; = 12 mm). The time interval was the same as in Fig. The sequential
photographs of the video indicate that the terminal angular velocity (7;) was approximately 156 rad/s. It can be seen
that the smaller the radius [y, the higher the rotation speed.

Fig. displays the contact of the washer (I; = 6 mm) with the rod. It can be seen that there was a small gap
between the washer and rod, and that they were in contact at two points. The contact points P and P are the points
indicated in Fig. d). The exact positions are not known; therefore, the approximate positions are indicated by
arrows in Fig. [[3]

B. Constraint Conditions

When there are two points of contact, the constraint conditions of angles 6 and v are induced from the fact that
the washer does not get stuck in the rod. ) denotes a point on the inner circle of the washer, vector r, denotes
0Q), and vector 5 denotes GQ, as illustrated in Fig. a). The washer is already in contact with the rod at point
P. Vector r; denotes OP, while vector r denotes GP. When we project the inner diameter of the washer and outer
diameter of the rod with radius l3 onto the plane defined by the unit vectors E; and FEs, the curved lines C; and
C5 are obtained, respectlvely, as illustrated in Fig. |1 b The situation in which the washer gets stuck in the rod is
presented in Fig. (1 c Here, curves C'; and Cs intersect at points P1 and P2 The situation in which there are only
two points of contact is presented in Fig. d In this case, points P; and P, coincide with each other and become
point P.



FIG. 11. Sequential photographs of the motion of a washer with radii /; = 10 mm and Iy = 20 mm.

(6)

(1) i (2) + (3) (4) l, (5) {
(7) ‘1 (8) tl‘ (9) (10) l’ (11) (12) l
FIG. 12. Sequential photographs of the motion of a washer with radii [y = 6 mm and /2 = 12 mm.

Vector ry is parametrized by « as follows:

rs(a) = (l1cosa,lysina,0)e (a € [-m,7])

I1(cos arcos @, — cos asin ¢ sin € + sin v cos 1, — cos awcos Y sinf — sinasinY) g.
Vector r, is given by
Tg = Ty —T+7Tg,

from which the components with respect to the frame E are obtained:

rq = 14k,

rq1 = lz3 —1l1cos@+ 1 cosacosd,

rq2 = lisinysin@(l — cosa) + 11 sinacosy,

Tq3 = lycosysing — Iy cosacosysind — ) sinasiny + z.

Thus, curve C; is parametrized by a:

Ci(a) = (rqi(a),72(a)) B, B,
rg(a) = lg — 1y cosf + 1y cosacosb,
re2(e) = lLisinysinf(1 — cosar) + Iy sinacosp,

14

(65)
(66)

from which the curve is found to be an oval by eliminating the parameter «. When o = 0, the point on curve C}

yields

Cl (0) = (137 0)E1E27
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FIG. 13. Small gap between the rod and washer with radius {1 = 6 mm and points of contact P and p.

Ch7 . P (‘ P }3 - P
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15

FIG. 14. Washer system with two points of contact (a) rs = GQ and rq = OQ. Curve C; is an oval representing the inner
diameter of the washer as projected onto the plane defined by the unit vectors E; and E2. Curve C5 is the outer diameter of
the rod. (b) Curve C; contacts curve C2 at one point P only. (c) The washer gets stuck in the rod. Curves Cy and C5 intersect
at points 161 and Pg. (d) Curves C1 and C2 contact each other at point P. This is the case of two points of contact with the

condition P; = Pg = P.

which describes the point of contact P. Since points Py, P>, and P are also points on curve Cs, the solutions

corresponding to these points satisfy the equation
rgl(a) + 1"32(0[) —12=0.
Substitution of Egs. and into Eq. @ yields the equation
(1—u)V(w) = 0,
V() = dyu+ dy + 2b1byy/1 — u2,
where

u = cosaq,
di = —(a®+ 03 —b3), do=—2l3a+a*+b?+ b2,
= lycosf, by =lisinysing, by =11 cosv.

S
|

(67)
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For 1) = 0, the situation changes from Fig. [15(a) to Fig. [L5|e) as the absolute value of 6 increases. Figs. d) and
(e) display the case of becoming stuck in the rod. Fig.[15|c) displays the case of two points of contact, and we find
that cos a takes the value of —1. Substitution of cosa = u = —1 and ¢ = 0 into Eq. yields cos 0, = ;—f

o o A A\ g
G (& & G G
AN Y
(@ (b) (c) (d) (e

)

FIG. 15. C and C3 with ¢ = 0 as || increases. (a) 6 = 0,cosf =1. (b) 0 < |6] < b.,cosb. = ;—? (c) 18] =0.. (d) b < |0] < 5.
(e) 6] = 3.

For 6 = 0, the situation changes from Fig. [16[a) to Fig. [L6{e) as the absolute value of ¢ increases. Figs. (c) and
(d) display the case of getting stuck in the rod. Fig. (b) displays the special case in which Py = P, = P = P at

a = 0. Substitution of @« = 0 and 6 = 0 into V' (u) = 0 yields cos ¢, = ,/%.

(e ~
N TN AT
~ ' 2,
&L (et (D
ﬁ? (& C

@ (b) (© (d)

FIG. 16. C; and Ca with 6 = 0 as || increases. (a) 0 < [1)] < e, costhe = \/§ (b) [¥] = te. (c) e <[] < Z. (d) i)] = Z.

In the case of 0< ¥ <1 and 0 < 6 < 0., when equation V(u) = 0 has multiple roots, the roots correspond to the
point of contact P. Squaring V(u) = 0 gives
(d? + 4b2b2)u? + 2d1dou + a2 — 4b?b2 = 0.
The condition in which the discriminant is equal to zero gives
d? — d3 + 4b7b3 = 0. (69)
The constraint condition obtained from Eq. is

5—3 —cos?pcosf =0 (70)
1

by dividing by the factor 4/§ cos 6 (1 — ﬁ—i’ cos 9) > 0 because ﬁ—? < 1. The physical condition that the washer does not
get stuck in the rod leads to the inequality

5—3 — cos®1pcosf < 0. (71)
1
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FIG. 17. The black curve is drawn at values of [y = 10 mm and I3 = 4 mm. Area A corresponds to the inequality % —
cos?1pcosf < 0, and [, is the boundary line of area A, on which there are only two points of contact. Point g is on the line

with 6§ = 0, at which the value of 1. is given by cos¥. = f—i’ Point g2 is on the line with ¢ = 0, at which the value of 0. is

given by cosf. = o

An area satisfying Eq. corresponds to A in Fig. where x = cos® and y = cosf. The values of [; and I3 are
set to [; = 10 mm and I3 = 4 mm, respectively. The border line is [ 4, corresponding to Eq. . Points ¢; and ¢- are

on the line [4 with y = 1 and = = 1, respectively. Point ¢; has the component ¢; = (cosp, = 1/%‘, 1), corresponding

to Fig. [16(b), while point ¢go has the component g2 = (1, cos 8. = %) corresponding to Fig. |15(c).

C. Equations of Motion

We obtain the equations of motion of the washer at two points of contact P and P without slipping, as illustrated
in Fig. The position vectors of the points of contact P and P are r; and rs, respectively. ~

Because the washer rotates around the axis that passes through the points of contact P and P, the unit vector
with respect to the direction of this axis is €1, as indicated in Fig. a). Axis €3 is the same as e, and axis &5 is
obtained by e; = €3 x é;.

Vector Ej3, is defined by vector Fs3, namely, Eq. projected onto the plane defined by the unit vectors e; and
e, as illustrated in Fig. [L8|(b), and is given by

E3, = (—p1,—p2,0)e,

where p; and p, are defined as
p1 =sinfcosyy, pg =sin.
We find that €; is a unit vector with the opposite direction to that of Es,. Thus, €; is obtained as
- 1
e = ;(p1»p270)e7

where

p = \/p%—l—p%:\/l—p%, p3 = cos B cos 1.
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0

(b)

FIG. 18. Washer with two points of contact with the rod. (a) The two points of contacts are P and 15, while 71 and 72 are the

position vectors at P and ]-:’, respectively. The direction of €; is parallel to the direction from P to P. The axis &; is the same
as e3. (b) Vector Ej3, is defined by the vector E3

It follows from €5 = e3 x €; that € is calculated as

N 1
€ = —(—p2,p1,0)e.
p( )

The relations between €;, e;, and E are obtained as follows:

e, = Rijé]‘, éi:Rglej, (72)

P, 0 N L[ o op2 0

R=—|p pm 0|, R'==| =p2p1 0],
P\Lo 0 »p P\ 0 0 p

E; = RyyijRogjxRrié
1 cos 0py —cosfps sinfp

= — | cos?fcosysineyy sinf  sinicosfp €;. (73)

P —p? 0 p3p

ij

The components of vectors r; and ro with respect to frame €; are obtained using Eq. :

l (p1,p2,0)e. (74)

l
ry = (117070)e: :*;1

1
7(p17*p270)éa T2
P

The forces f; and f5 acting at the points of contact P; and Ps, respectively, have components denoted by
fi = mii(fir, fio, fis)e
The components of the torque N = N;é; are obtained as

N = ri x fi+ry x fo,
2

ml ~ ~
= —71/)2(f13 + fa3),

2
< omii

o

~ mi? x ; ; 5
N3 = —7(P1(—f12 + fa2) = p2(fi1 + fo1))-

=
|

&
|

Pl(f13 - f23)7



19

We obtain the angular velocity components as follows: w = (@1, @2, @3)s. Under the no-slip condition, velocity v, is
expressed as

Vg =71 XWwW="Ty XWw,

from which we obtain the relation

(ri—re) xw=0. (75)
Furthermore, since
I
T —Ty = ;(2p1,0,0)é (76)

from Eq. , we obtain

l

(11 —7m2) xw= E(Ov —2p103, 2p102) . (77)

From Eqgs. and , we find that
Wy =3 =0. (78)

The equation (r1 — r2) X w = 0 signifies that the direction of (r; — 72) is parallel to the direction of w; thus,
(r1 — 7r2) is the rotation axis. Axis €; is parallel to the direction of (r; — r3); thus, @w; has a nonzero value, and the
other directions have zero components: @y = w3 = 0.

Furthermore, we can demonstrate that angles ¢ and 6 have constant values in the 2PC mode under the no-slip
condition. @9 and @3 are the functions of variables ¢, 4,0, and 7 as follows:

1
wo = ;(—P2w1 + prws)

= 7)(pasinfcostp — pysineh) + p16

= ple’ (79)
W3 = w3 = I (—1—3 + cos? 1 cos 0) 4 1) sin 6
cosf [
= ¢sind, (80)

where we use the expression of w; in Eq. (39)), the relation equation between e and € in Eq. , and the constraint
condition in Eq. . From Eq. , Eq. 1@} and @y = W3 = 0 obtained in Eq. , we find that 1/1 =0= 0; thus,
1 and 6 have constant values in the 2PC mode.

It follows from v = 6 = 0 that w; = —nsinf cosy and we = —nsin vy, from which we obtain

1
wp = ;(le + paw2)
= —g(pl sin 6 cos Y + pasine) = —np. (81)

Under the no-slip condition, the angular velocity is as follows:
w = (=iip,0,0). (82)
The angular momentum L = L;é; is obtained using Egs. and :
Ly = Lian, Ly=L3;=0.
It follows from Egs. and that the time derivative of the angular momentum is

d S o = .
L = (hin, 161, 0)e = —1(pil, ppsii®, 0)e,
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where we use Eq. , Eq. , and p = 0 because 1/} — 0 = 0. Thus, the equations of motion with respect to the
angular momentum L = IN can be expressed as

Lipip = %p2(f13+f~23), (83)
Lippsn? = %Pl(fw—f%)» (84)
0 = pi(—fiz + fa2) — p2(fi1 + fo1). (85)

The equation of motion of the center of mass is given by
2

d
mﬁrg = f1 + f2 — ngg

The acceleration j—;rg is calculated from Eq. as follows:
d2

e = —lip2(ijés + pi’és).

The components of E3 in frame € are obtained from Eq. as Es = (—p,0, p3)s. Consequently, the equations of
motion with respect to the center of mass are given by

= fi1 + fo1 + gp, (86)
ppai® = —fi2 — fa, (87)
p2ii = —fi3 — faz + gps. (88)

Egs. and can be combined in the equations for flg and fgg:

5 Lip* (C 7 P Lip* (C 7
f131p<o+ﬂsn>, f23w<op377>, (89)
2\ p2 P1 2 \p2 p1

Substitution of Eq. into Eq. and the use of Eq. yield

fia =222 <7'729>, fon = 222 <772+g)~ (90)
2 p1 2 p1
For each force, f11 and f21 are not given by the equations of motion. Since only the sum is obtained by Eq. . as
f11 + f21 = —gp, we introduce a parameter § and set the force fu and f21 as follows:
fir=—g6p, for=—g(1—0)p. (91)

The forces exerted by the rod are illustrated in Fig.

D. Motion Analysis

We discuss the motion of the washer based on the forces obtained above. In the following discussion, we assume
that the angles have a constant positive value:

90 > 07 11)0 > 07 (92)

as illustrated in Fig. [§|(4) and Fig. [1
Since angles ¢ and 6 are constant Values the components of the center of mass with respect to frame E, given by
Eq. ., are also constant values, from which the motion of the center of mass prOJected onto the plane of E; and

E, is found to be a circular motion with angular velocity 7. The centripetal force is f12 + f22, given by

fiz + fa2 = —pp2i®.
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FIG. 19. Forces exerted by the rod. (a) Dotted lines represent fi and fo. f~13 and fgg are represented by Eq. (89) when fgg
h~as a negative value. We assume that 6 = 0.5; then, fi1 = f21 < 0 because only the sum of these forces is given. (b) fi2 and
fo2 are represented by Eq. .

Substitution of Eq. into Eq. yields the equation

. gp2p3
=C Cop= ——"—. 93
n 0> 0 p%_’_Ipo ( )

It follows from Eq. that po > 0 and p3 > 0; thus, Cy has a positive constant value. The acceleration with respect
to n is constant, from which the motion of the washer is identical to free fall motion. Thus, at time ¢ = 0, when the
washer begins to make contact at two points, 7(¢t) can be obtained as

n(t) = n(0) +(0)t + 3 Cot?, (94)

where 7(0) and 7(0) are the initial values. The constraint condition in Eq. indicates that the locus of the point
of contact is a spiral with a pitch given by the angle ). The angular velocity increases because the potential energy
is converted into kinetic energy as in free fall. In practice, the angular velocity reaches a constant value (terminal
velocity 7;) due to energy dissipation caused by factors such as rolling friction, air viscosity, and sound as follows:

n(t) = n(0) + et (95)

Even if the gravity constant is equal to zero, g = 0(Cy = 0), angle 7(t) increases linearly with time ¢ from Eq. .
This motion can be observed when the rod is placed horizontally and the washer is initially rotated by hand. To be
precise, even if the rod are parallel, gravity acts on the washer, but there is no gravity component in the direction of
motion.

We simulated the motion of a washer with /; = 10 mm, I3 = 20 mm, and I3 = 4 mm using Eqgs. @, , , and
. In this simulation, we required constant values of 7, 1, and 6, and these values were obtained as follows. The
value of 7y ~ 78 rad /s was obtained as described in Section By observing how the thin lines drawn on the washer
every 10 degrees moved, the increase in the angle ¢ was determined. It can be seen from video by which Fig. is
obtained that ¢ increased by almost 7 rad in the time (36 frames) that 7 increased by almost 27 rad. Under the
no-slip condition Eq. , the value of 1 was obtained: approximately 0.64 rad. Using the 2PC constraint condition
Eq. , the value of 6 was obtained: approximately 0.9 rad. For the numerical simulation, the NDSolve command
in Mathematica (Wolfram Research Inc.) was used. The Mathematica file is available on the author’s website [16].
Fig. 20 a) is identical to Fig.[IT}(a). Fig.[20b) presents the numerical simulation, and it can be seen that the behavior
is very similar to that displayed in Fig. [20fa).

The washer falls with 8 > 0, > 0, which can be understood by moving the rod and washer by hand. As displayed
in Fig. when rotating the rod in the direction of arrow A using the left hand (washer rotates in the opposite
direction) and at the same time rotating the washer in the direction of arrow B using the right hand, it can be seen
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FIG. 20. Comparison of photographs and simulation results of washer motion. (a) The same sequential photographs as in
Fig. (b) Sequential images of the washer motion obtained by numerical simulation.

FIG. 21. Rotation of the rod in direction A using the left hand and of the washer in direction B using the right hand. The
washer moves downward as a result.

that the washer moves downward. The combination of the rotation B and opposite rotation of A yields @; # 0 and
wa 3 = 0, as expressed in Eq. .

If the sign of angle ¢» > 0 changes to ¥ < 0 for some reason, the position velocity Z becomes positive with
z = —lIgntany > 0. Then, the phenomenon of the falling washer suddenly moving upward can be observed. This
phenomenon can be seen in the ”rock the baby” movement, which is a trick performed with chatter ring. This
phenomenon has been reported in the case of two washers colliding [17].

V. CONCLUSIONS AND DISCUSSION

To understand the motion of the small rings of the chatter ring, our model, which consists of a straight rod and
a washer ring, is analyzed under the no-slip condition. The equations of motion and constraint conditions in both
the 1PC and 2PC modes are obtained. In the 1PC mode, the motion of the washer is similar to that of a hula hoop,
and the steady precession of the washer occurs under the condition #(0) # 0,4(0) = 0 but not under the condition
6(0) # 0,v(0) # 0. In the 2PC mode, the locus of the point of contact is a spiral with a pitch given by the angle v,
and the acceleration with respect to 7 is found to be constant, from which the motion of the washer is identical to
free fall motion. The motion of the small ring of the chatter ring is similar to that of the washer in the 2PC mode as
observed with a high-speed camera. Thus, the motion of a hula hoop is different from that of the chatter ring. The
motion of the washer consists of rotation around the axis that passes through the points of contact P and P. The
motion of the center of mass projected onto the horizontal plane defined by unit vectors E; and E, is a circle, and the
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angular velocity increases because the potential energy is converted into kinetic energy in the same way as free fall.
In practice, the angular velocity reaches a constant value via energy dissipation due to rolling friction, air viscosity,
sound, and other factors. The components of the forces received from the rod at the points of contact, which are
normal to the plane of the washer, induce part of the acceleration 7. The sum of the components of the forces parallel
to the horizontal plane are centripetal forces, which induce circular motion of the center of mass projected onto the
plane defined by unit vectors E; and E,.

In Section [[VA] the motion of a washer with {; = 6 mm and /; = 10 mm is described. However, under the condition
of Iy = 2ly, other washers with [y =5 mm, 8 mm, 12 mm, 14 mm, 15 mm, 16 mm and 18 mm were also created and
turned. At [; = 5 mm, downward motion was observed with almost no rotation, while at [y = 16 mm and 18 mm,
downward motion with slipping and rotation was observed. Videos are available on the author’s website [16].

In addition, there are two non-dimensional parameters related to the size of the washer and rod: l/l; and l3/l;.
There seems to be a range of the parameters that turns well and does not slip. This has also been reported in a
previous paper [I3]. Future work will clarify the reasons why the washer turns or does not turn well.
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