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1. Take the principal axes at the centre of gravity as axes of coordinates, so that OZ is
directed vertically downwards in the position of equilibrium: of OX,0Y the former is to be

the axis of less moment of inertia.
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In the neighborhood of the point of contact the equation of the surface may be expressed

in the form
.1 2 2
z=h 2(0@3: + 2B12y + 11y°), (3.2)

and if p, ¢, r be in the direction-cosines of the normal at (x,y, z), we shall have

p q r
o+ iy Prix+mny 1 (3:3)
and
r=~p—PBq, y=-PBp+dy, (3.4)
where
W_B_ A1 s
ar B o oo -6
_ J

TNy ZEREDEERE P LU, HLODPODER P ETOMERY ML E x, &35,
RLEBENRZ MV x, DT DIV 7 DROEMEMIZET S0 DiEEZ Zn Tz, g BLOZ &L,
EMEEICBET 2D DiEEZ ZN T 2y, 2 £ TD L, ALENT ML, FIRAD X S 1ZRE 5,

x, = IT€,+jé,+ Zé,=1xe,+ye,+ ze,. (3.6)

XD x,y, 2 1T ZTD 2, y, 2 1T LTWS,
ZDRNZ BEEERDPDPD LS nEile LT, MAD LS I2ESZ LITT 5,

Ly = (i‘7g’ 2)é = (I, Y, Z)e- (37)

F72k, THOBONL— L2l TIRARD IS ITHEL Z2IZT 5,

€
z = @59 & |, (3.8)
e,
e
= (z,9,2)| e |- (3.9)
e
A GD 22X BI) ITRATEERAZERES,
€ cosf) sinf O ey
x, = (2,9,2)| € | =(2,9,2)| —sinf cosf 0 ey (3.10)
é. 0 0 1 e-



XEBI) KT EZ LT, 2,y,2 & 2,9, ODRNTIRADRILT 5 Z &30 h 5,

cos@ sinf O

(x,y,2) = (%,9,2) | —sinf cosf 0 | = (Tcosf —ysinh, zsinh + ycosh,z), (3.11)
0 0 1
cosf —sinf 0

(,9,2) = (z,y,2) | sin@ cosf 0 | = (rcosfd+ysinh, —zsinf+ycosh,z) (3.12)
0 0 1
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1
z=h-— §(a1x2 + 2612y + 11y%), (3.15)
Z Z T,

cos?f  sin%0

ap = h ( 2 + 2 > , (3.16)
B , 11

f1 = —hcosfsind 22 (3.17)

sin?f  cos?@
n = h <a2 +t ) (3.18)
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3 (3.19)
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f(x,y,2) = f(x + dx,y + 0y, 2 + 02) = 0. (3:20)
ZZT. flx,y,2) &

1
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Thbd, f(x+0r,y+0oy,z+2)=0%REHAT DL,

f(x,y, 2) + fodx + fy0y + f.02 =0,
kb, TIT,

_of _of _of
fx:%7 fy:@7 fzzgu

Thd, flx,y,2) =072DT,

fzdz + fyoy + f.02 =0,

(3.22)

(3.23)

(3.24)

L%, ¥IZAT, (6x,0y,02)e FBRTOERZ MVRDT, X G2 1ERZ MV (fr, fy, [2)e
WZHER T MVICEERFERRGRORYZ MV THBEI EERLUTWD, L= THERGROEA

NZ Mbu = (p,q,r)e 1 FIRALRB,

u = ;(fmafyafz)e-

IR+ R+ f2

A B2D &Y

fI = oz + 612/7
fy = Bix+my,
fz = 17

Y55, L <Y<l GID ~& GID &b
lvarz| < 1, |yl < 1,|v/Biz| < 1, |\/Biyl < 1,

(3.25)

(3.26)
(3.27)
(3.28)

(3.29)
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x = Tcosf—ysinb, (3.35)
y = Zsinf+ gcosb, (3.36)
p = az+ by, (3.37)
qg = bizx+my, (3.38)
ThHotz, zilildy=0DEMKLRDOT, X @36 £b
- o

785, 0>0LRELTVWSDTHBD x i 725, T72bbe, AAITHH, KBI(b) TRL
EDTHD, Ak yilildes=0DEMBEOTHED vl 75b, plilildqg=0DEHELDT,

By -5
y=-——r=tanf——= g (3.40)
M1 1 +tan® 6
L%, 22T @I BIR) zflio7,
v? v?
1—a§<1+mﬁeﬁ, (3.41)

DT, ZOEMOMEE IEtand L V/INI W, y = tanbx DEARIE €, HBRDT, pIZXED
koize, ik e, HAIDORIZH 5,

[FEIRRIZ g #iliE
y:—%x (3.42)
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If X,Y,Z be the components of the reaction at the point of contact, the equations of

motion consist of two groups of (t)hree, of which the following are types:

Aw; — (B —CQlwaws = yZ —zY ...... (1), (3.43)
U—ovws+wwy = gp+X...... (2). (3.44)

There are also two groups of geometric equations:

p—qws+rwy = 0...... (3), (3.45)
u—yws+zwy = 0...... (4). (3.46)

7 MV 7 OB & ENTS B 7o DITIHEE) SRR 2RO D BB D D, [FHERIZEE S S SR
B4D &, ELMET L LA BAR) THEHH, TNETNIRATEE S,

d
—L = N A4
- , (3.47)
d

mo Vg = F + mgu, (3.48)

ZZT, LIifERRE, NIZhVo miZeEE, vy FELOEE, FIERIIKR? SE< I,
gRENNMHEETHD, TD2O00FHBKITEETHEO 3 dDOH I LENETNE DD 3 2D
%, ODLDOHDOBEA ZHXTD (1)(2) TRUTWS, 7z, HEERARZ ML w ZFEICED» S ®BE
FHUZ AW T W THRHEZED RN e S FRHEANRTTL %, ZOVEDHDOHED i XHD (3)
TRLUTWS, 5612, T MAY ZERIFBEOBRWEGZEZATVWT, 2O &6 54K
MTTL B, ODEDHDEAZHXHD (4) TRLTWS, #LLHATWI 5,

ST, BT R D S < ok (EMEEENCET2) 2EEm TH-72502F R T
WC, F=m(X,Y,Z)e LT3, 7 M NyI7OAETEE L35 &, HETEHIZETS
EFIRATEZ 5N 5,

L = m(Aw;, Bws, Cws)e. (3.49)

ZIZT, ABCLuws3ENEe 3BT HEMEE—A N (ZmThoZzbD) &ff
HETHE, FMUNNYIZIEHS PV IE N LETEHE, ZHIEFRATEZOoNS,

N = z,xF, (3.50)

= m(yZ —z2Y,z2X —xZ,2Y —yX)e. (3.51)

T e 13T MUY ZIZEEINTWADT, 7 MLy I W EEET 5 & Z Ul &bETH)

< ° bf:ﬁs‘ﬁ f‘lﬁ"l‘ﬁfﬂé$ﬂ] €; Iz Liﬁ%ﬁﬁﬁzﬁé“ﬁblﬁ) 50 ZDZ 375’6\ 4@’\& }\ VA= (al, ag, ag)e
DIFEB BRI 2T 57213 TR, RAD K 51T e; DRHEBA BFIET 5,
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g ;(dtaz) ez—l—;aZ <dte¢) (3.52)



(LA, FUHRAFHD o bS5 Y0 OBREPBEL WIRHIZLT, Y0 28T 3, (7

Ay akAyOMK)) —H, B e, ORI & MEE ITIZIRNDOBEFRNDH 5,

d

%ei = WX € = WEeE X €; = WE€kij€j = €ijkWEE; .

(3.53)

ZIT, g 3L E - FERDLSTH S, (ijk DRIZEU TN, €103 =1,e130 = —-1) £

T, A BR2 ZzHATRRT DL, RALLD,

d . . .
%A = (a1 — (azw;g — ago.)g), as — (a3w1 — alwg), as — (a1w2 — agwl)))e .

ZIT, 4 =4%a; THD,
IoRELLIEATS e, X B2 & hxkzE5,

iL =m (Ad)l — (B — C)U)ng, Bd)g — (C — A)OJ3OJ1, Cdj3 — (A — B)wl(.UQ,)

dt e’

X @55 &R G5 % 4L =NIZRALCHERICBT 2B G %255,

Aw; — (B —Cwaws = yZ —zY
Buwy — (C — Awswy = zX —zZ
Cws — (A— Bluwwy, = zY¥ —yX

X @IE) AR (1) (X GID) HET 5.

(3.54)

(3.55)

(3.56)
(3.57)
(3.58)

RIZELDEHZ R TNV S, BLOHEE v, = (u,0,w)e LTS, X @A) DAL

A B5A) 2EMHT e, BT 2EB AREAL L TRA2E5,

U+ wow —w3v = pg—+ X,
U+ wsu —ww = qg+Y,

W4 wv—wu = rg+ 2.

X BB HEwxxHo (2) (X @) (2t d 5,

(3.59)
(3.60)
(3.61)

RS DV w EH R S BE SNV TOTRHZES RN Z 2h 5 Su=0TH 2.

ZoRIZA BL) 2iEHT L, kAz2R/(5,

p+w27"*w3q — Oa
g+wsp—wir = 0,
r+wig—wyp = 0

X BB »Ewxedho (3) (X @4E)) (Zxitd 5,
BARDE O 72 0S4

Vg —Tp X w =0

10

(3.62)
(3.63)
(3.64)



Thb, ZORX. BEELPBEOREEHROE 2> TEMT, HERIZ L > TELMLEIWTWS LWV
ST EEWRT S, EBHTEICEL TR ERT I RAE2ES,

u—yws + 2wy = 0, (3.65)
v—zw +rwy = 0, (3.66)
w—xws +yw; = 0. (3.67)

X B6H) 2awxXHoR (4) (X BI6)) IZHIET 5,

4 HF2E
-

2. As long as the oscillations about the state of steady motion remain small,
x,Y, P, q,u, v, w,wy,ws will be small quantities, and by (2) X,Y, (Z + g) will also be small.
Hence by (1) ws will, if squares of small quantities may be neglected, have a constant value
and may be replaced by n.

There are now four pairs of equations of which

Aw; — (B —C)nwy = —gy — hY, (4.1)
t—nv = gp+ X, (4.2)
p—ng+wy = 0, (4.3)
u—ny+hwy = 0 (4.4)

are specimens.

J

BN AR AL E AT LY T WARRIZE - TWI S LTWwWb, 3D0Z M p, ¢, n(~
w3) TRIZELEZHMIZLTWS,

TNy T % eslllEDLDIT, Do D EEUIADRNEEZEZ B L, 2L WIRE) % &
XTI, T xboTWVb, ZORWTIE, MOXSITHEMD 2 JEEIZIZIEA DL ZAITH
%, A BZD cExEE>C E Mg Yo g WRBTHE MO D EE LGS IRILTIE
EHITNIVETHD, ZNOD2RDIFRFEEELEEZONS, EHL T, X B30 G3D
X0, p,q I NSVETHY

T o~ 17 (45)

EFEAZOND, DD WHIREITRDDE e 1 ex il 0 0 DIRE) (ZNENARED wy,wy
XIS B) BINIVWEEZ NS, THITIRIISU TEHLEEEZ S DA, TOREIZET
Euv,wB/NIVEEFZOND, FERIXIZIFELDOET ~ (0,0,h) IZH2DTKRN? LD
HFFFEEFNDPEDTWNT, X, Y IZNXWETH D,

Z+g~0, (4.6)
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REEZOND,
X BE) £, wiws B2MODEB LV 2Y —yX £ 2ROEL D WHTE T,

Gz ~ 0, (4.7)

EB, LD o T ws RZDRIMTIRERLEEZOSNE NS, ZOEREn 2T 5, ELAT
»H5

ro~ 1, (4.8
z =~ h, (4.9)
wy ~ N, (4.10)

Z, A @50 BED ITRALTIRAZE5,
Ay — (B—-C)nwy = —gy—hY, (4.11)
Buwy — (C— A)nwy = hX + gz. (4.12)

A @ID 2o @) e d 5, BENMET2EF LFEATHLX BED ~ BEID)
WAL, 2IRQIHZE L T L IRA2E 5,

“—nv ~ pg+ X, (4.13)
bty ~ qgtY, (4.14)
W o~ 0. (4.15)

X @I 2o @2 TINS5, HEHRANZ Lo BRI S5 anwX B62) B63)
PO RRIRAZ1F5,
p+ws—ng ~ 0, (4.16)
g+np—w; ~ 0. (4.17)

u—ny—+hwy ~ 0, (4.18)
v—hw; +nz ~ 0. (4.19)

A @I »EmXtoX @D iR d 5,
HEN AR 2,9, 0,0, 01,0 R XY BRHEIDT, ZTNHTARTZE p,g TEEERLTHL,

3 pogn,z,y (EZORMMAE) TRLU, X B33) 26oTa,y ZHEL, p,ql
B9 5 EE SR Z 5,
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On eliminating in succession X, Y, u, v, w1 (w1), w2(w2) we obtain

(A+ h2)(d +np)+(B-C+ h2)(np — n2q) —nhi + (g + n2h)y — ghgq = 0,(4.20)
(B + h?)(p — ng) + (C — A — h*)(ng + n*p) + nhy + (g + n*h)x — ghp = 0.(4.21)

If 2,y be expressed in terms of p, q and the substitutions

A+hn =A", B+h'=B, C+h=C, A+B -C =D, (4.22)
o —h=a, ~—h=7v g+n’h=4¢, (4.23)

be effected, there result the equations

A'§+nhBq+{(C' = B)n® +ag'tq+ (D — hynp—g'Bp = 0, (4.24)
B'p —nhBp+{(C" — A)n® +v¢'}p — (D — ha)ng—g'Bg = 0 (4.25)

wi,ws Z p,q,n TXT &, X @I6) EID £v.

wi ~ ¢+np, (4.26)
o ~ ng—p (4.27)

&b, ¥z, u,v Zpogn,x,y TRI &, X @EIR) @EIWD Lo,

u =~ yn — hws
yn — h(ng — p) (4.28)
v ~ hw —nx
~ h(¢+ np) —nx (4.29)
LiRb, £/, 2RDETH 5 w &
w = Twe — ywy ~ 0, (4.30)

LEPTES, PN X, Yk S @I @I o @2y @29 2RALT

X ~ —pg+i—nv

= —pg+ (n — h(ng — ) = n(h(g + np) - n2)

= —pg + hp+n(y — 2hg) — n*(hp — x) (4.31)
Y ~ —q9g+0v+nu

= —qg+ h(§+np) — ni +n(yn — h(ng — p))

= —qg + hi — n(i — 2hp) — n*(hq — y) (4:32)

L85,
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X @ID ok, X @20 X @20 Zfio TIRX%2E5,
Awy — (B — C)nwe = A(§+ np) — (B — C)n(ng — p). (4.33)
X EID ofdi, X @32 LovikXeks,

yZ —2Y = —yg— h(—qg+ h(§+np) —nz +n(yn — h(ng — p)))
= —ylg+ n2h) + hqg — hQ(Ej + np) + nhi + nhZ(nq —p)
B, FHbHE
(A+h2)(G+np) + (B — C + h?)(np — nq) — nhi + (g + n*h)y — ghq = 0 (4.34)
ey, wmxtoR @20 MESNz, Bz 2N G5 KELTEIRS &, @M+t o
A E2D %155,
z,y ZHET A0 B3 2N @3 ITRALT, p,q BT 2 EELHRENICTE L,
g\ ZBAT % 2DMa HERE LTikX %2155,
A'(G+np) + (B' = C' + 1) (np — n°q) — nh(y'p — Bq)
+(g +n*h)(a'q — Bp) — ghq =
A'§+nhBq+ (—n*(B' = C") 4+ /(g + n®h) — gh)q
(A + B —C' +h*—hy)np— (g +h*h)Bp =
A'§+nhBq+ ((C'— B +ag)g+ (D —hy)np—g'Bp = 0 (4.35)

(Y
(Y
o)

A'=A+h?, B =B+h?, C'=C+h:, D=A+DB -,
o =a+h ~=~v+h ¢ =g+n’h

Thsd, A @35 »iwxhoX @2 IZH6T 5,

wo 12T 2 EE AR @R oW THEZRZEE2 T 2L, pIllBLT2HEOMS HFER
GaxoX @28) 275,

B RAPBoNY, T n=0TBELV MR B =07, kAR5,

Aj+adq = 0, (4.36)
B'p+~¢'p = 0. (4.37)
CHIHRZRZEHORNTH D, W=D EFH%2ERL TWE, X [@30) 13EH e B h DIRE) (A

7=0372) KL, XN @37 135G es M1 0 OIRE) (23725372) 2RLTWD,
RIZn X BHRA- 56 DIREIE Z RKDTWI 5,
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a I
Thus p, ¢ may be replaced by quantities varying as e, where \ is given by
{A'N2 4 nhfBX + (C' — B)n? + ag’ H{B'\? — ngBA + (C' — A')n? +~¢'}
+{(D — hy)n\ — ¢'BH(D — ha)n\ + ¢'8} =0, (4.38)

or, expanded in powers of (3,
[A'(C — A) + {B'(C — B) + (D — hy)(D — ha)}n? + (A'y + B'a)g'|\?

+A'B'X + {(C — B)n? + ag'H(C — A)n? + 4’}

+(B — A)nhA(A2 +n2)B — (n2h2X2 + g% =0...(5). (4.39)
\_ )

X @2 @E2H) 1F 2 BoMIEmS HRERLO T, 1Oy HERNCEEET, 0720,
FLUWEHE LT,

d d
EERT D, 45X @20 @20 3k a5,
d
aoQ = @Q+aqtal+top, (4.41)
d
by ﬁP = boP + bsp+ d1Q + dog. (442)
Z Z T,
ay = A, ay=-nhf, a3=—((C"—B)n®+ag), (4.43)
aa = —(D—hy)n, c2=4p, (4.44)
by = B, by=nhB, by=—((C"—A)n?>+~g) (4.45)
di = (D—ha)n, ds=dgpB, (4.46)
Thbd, Q,PDEREANERX @A) @2 FRAD X 517N L > THEE S,
4q 0 0 1 0 q
d
4, 0 0 0 1 D
gt = as c2 a2 c1 (4'47)
i I A
d
al bbb b P

DL 1 OB HRREXZMEICIX, GUOEEMEZRDZBENDH B, ZIUTITIRNA
DIFFIR 2 fREFIE LW,

-A 0 1 0 -2 0 1 0

0 -\ 0 1| 1]0 - 0 L (4.48)
% c% % -2 (% a1b1 as Co ag — a1>\ C1 ‘ ‘

@ k4 By dy b3 dy by — b1 A



ZORFIRICEALIEFE Z LTS,

-A 0 1 0 1 0 A 0
0 =X 0 1 0 1 0 =X
= (4.49)
as Co ay — al)\ C1 as — a1/\ C1 as C9
dy b3 dy ba — b1 A dy by —b1A do b3
1 0 0 0
0 1 0 —A
_ (4.50)
as — al)\ C1 as + )\((12 — al)\) Co
dy by — b1 A do + di A bs
1 0 0 0
0 1 0 0
= = 0. (4.51)
as — a1 Cc1 as + /\(ag — a1/\) co+ A
dq by — b1 A do + di A bs + )\(bz — bl)\)

X @I TiEL, 250E 3, 4522z nNTRANEATVS, X @50 T 150 N E%E 35

MATW5, X @D TE2FIDNEE 4FITMAZ TS, X @D OFEBEOERNL kA%
'f%l:éo

(ag + /\(GQ — al)\))(b;; + )\(bQ — blx\)) — (02 + 01)\)(d2 + dl)\) (4.52)

= (a1 )* — agh — a3)(byA? — bod — b3) — (c2 + 1)) (d2 + di)\) = 0. (4.53)

ZoRizX @43 ~ @26 =RAL T, ’RAz2H5,
(A'X2 + nhfBX + (C' = B)n? + ag')(B'A2 — nhBX + (C' — A')n? + ~g')
+((D = hy)nA — ¢'B) (D — ha)n\ + ¢'B) = 0. (4.54)

ZoR @FD AHhoR @3N ITHET 5,
BORETEEDD L,

{A(C— A)+ (B'(C - B) + (D — hy)(D — ha))n® + (A'y + B'a)g'} \?
+A'B'M + ((C = B)n® + ag')((C — A)n* 4 ~g')
+(B — A)nhA(A2 +n2)3 — (n®h2X2 + ¢?)B% = 0, (4.55)

£7%%, ZOX @B »amxXHoR (5) @3D ZxET 5,

OPININEE, B (pf—p)0Il72B DT, BOREIFZOIDRELE UL LD, T5H& cosh ~
I,sinf~02LTX @HY) @B &V, a~p —h+pb? y~p—h+p0%2,, 6D2RDIH
WEENTL 2, LizhisoT, & @3N D N2 DEBOHIZ (A'y+ B'a) ~ A(p—h) + B'(p —
h)+ A%+ Bpf2 05 0 D 2IRDENEGEND, ZIVSHEKSHLTIDRETELD
2hHMBEN, LU, D2REDT, BrODIRETEEZDDRSIDEXTEL,
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If the principal raddi of curvature at the original point of contact be p, p/, and if the line

whose radius of curvature p is greatest have direction cosines(cos @, sin 6,0), then we find

o = psin?0+ p cos®0,
B = —(p—p')sindcosb,
v = pcos?+ p sin? 0.

(4.56)
(4.57)
(4.58)

Also, denoting by k? the moment of inertia with respect to the plane XY, the value of

Dis (A+ B —C + h?) or (h? + 2k?).

J
A @32 12 BI6) ~ GBI 2fRATLE
o = psin®0+ p' cos? 4, (4.59)
B = —(p—p)sinfcosb, (4.60)
7' = pcos?f+ p sin? 6. (4.61)
&b, 2T
2 , b2
P = B P = i (4.62)
Thb, X @D ~ @D »awmxXHDX @LE) ~ ELR) (BT S, Ldi>T, dwxH
OfE0IFN BI) TEELEZMAETHL ZEDVbND,
—RIZFEM & R IR
2 22
B U THIEREEE p(2) 1 2(2) = /1 — 22 /a2 E LT,
1+ 2/)3/2
play = L2 (4.64)
2"
rFEED, 22T/ =0 chzs, X @ED B THALT
T 4
A
2 = — (4.66)
NEoNd, 6Tz THILT
1 (Z/)Q P
St gt =0, (4.67)
1 c?
"= ;(2’2 ﬁ) (4.68)



b, MEXOIRAZ2E5,

M@Z‘_%ﬁig” (4.69)
z =0 COMBLRDIMIL S =0,2" = - S BROTp=2 b, A @ED T BT eh
5 plde WHATOEEL TWAEMM TOIMBLEREILZL WS Zehbhrd, X612 de il
HOMBERTHEZ b5,
HoT-lZ
_A4+B-C

2
F 2

(4.70)

ThbLR422=D L2 E2EH LTS,

5 /3=
-

3. Hence, for a body in which 8 = 0, and the line of least curvature is parallel to the

axis of least moment of inertia, the equation (5) becomes

[{A(C — A)+ B'(C — B) + (hp — 2h* — 2k*)(hp' — 2h* — 2k*)}n?
+{A(p—h)+ B'(p —h)}gIN\2 + AB'\
+H{(C = B)n* + (o = h)g' H(C = A)n® + (p = h)g'} = 0,...(6) (5.1)

and for such bodies as we are considering p’ is usually greater than 4h, and h? greater than

5k2, so that the coefficient of \? is positive.

J
BH OBV, Ho TERMKNZELNTWNT, 1EM: R e, &R0 e, A3 CGE4T)
DEGEEFERD, THhbH0=08=0) ODHEEEINCIHEZTWL, WX Tk, BuhhiE (%R
PEEDVEA) D line, ThbE € DAMEEMEE—A Y S R/NOE] (A BT 28, T742b
Hel DHAMETOGREE2FR 5 LBIN TV,
X @23 &N @R EEID &V v, aldA N THo 7z,

v = o —h=pcost?+p'sinb?®—h
a = o —h=/pcost?+psint*—h
L72h35 T
D—hy = 2k*+2h* — h(pcosf? + p'sin 6?)
D—ha = 2k*+2h? — h(p cos6? + psin 6?)
2%, 0=0(8=0)THH5DT

vy = p—h, a=p —h, (5.2)
D—hy = 2k?+2h%— hp, (5.3)
D—ha = 2k*42h* —hy/, (5.4)
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4%, XA @oR) 1I28=0%2MRAL. X B2 ~ G z2fi> kX z2E5,

ABM+EN+F=0, (5.5)

(Y
(Y
o)

E = {A(C—A)+ B (C— B)+ (hp —2h* — 2k*)(hp' — 2h* — 2k*)}n?
+{A'(p = h) + B'(p' — h)}g'
F = {(C=B)n*+ (' = h)gH(C - A)n® + (p - h)g'}

THbd, A ER) it GBI T 5,

N OEIFZZDOREMBHEONZD, T ZTOMOEAEEZR D, M DOFTA>TVEDT,
N>0BSIENIEEDEBIENTTET, ERSIFRENPKEL 2D, AR5 IFREINNE <
%5, —H. N < 061, MTEAOMEBIEZRO T, REIfEERT I LIlkD,

BRBAB >0 THrZ 2T <hond, MIZNDOBRMEDEEAEREZ XD,

BHEODRFESTWVWEILREEVOHENRITNIX, 7 MUY ITOBEMEE—ATV N (ZEHEm
Tho7z) A B,CIIFIFHEMAKRDENEE—RA Y b ARETIRATEE S,

b? + h? a® + h? a’ +b?

A~ =0, B~ . O~ (5.6)
IhedXEa>b>h &0
A+B—C~§m,kﬁv§ (5.7)
C—Awﬁ_m>m CB~w;m>Q (5.8)
Nbond, EDOHIZH D n? DEREZED, p =b2/h2 2D T
hﬂ—2#—2#~m%4?#, (5.9)

b, LIzRoTHixXhTlEb > 2805 T MNY 7% EFEZTWEDT hp' —2h% —2k? > 0
EWVWIFEMENT - END, /2, a>bHRDT,

12
m—2ﬁ—2ﬁ~a%rgﬁ>0, (5.10)

birzEnd, ZoDRFERNEA G LV ERETHL Z b5,

2_h2 b2_h2
p—h:a}l >0, p—h=""">0, (5.11)

KD F>0ThosIl bbb,
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\
If (6) be written in the form A’B’A\*4+ EX2+ F = 0, and its roots be A2 = —m?,\? = —m2,

it is essential for the statibility of the motion that mi; and msy be real: the ordinary condition

for this requires that an expression containing

{A'(p—h)+ B/ — W)Y2g> — 4A'B'(p— h)(p — h)g" (5.12)

2 n* shall be positive. The equations thus show, as might have

together with terms in n
been expected, that a symmetrical body such as this will spin stably in either direction if

the square of the angular velocity be not too great.

J

A GH) OHHRDBEDEGSE. Thbb E2—4A'B'F > 000 TlE, 2 00FEBHE L
D, ¥z

E >2 B g (5.13)

Il y4 2 _ ! 2 _
ABXN+EN+F = AB <)\ + 5 a5 T

LERTEDLDT, oifm > 0,F >0 XMz N2 2Lz ABX + ENX+ F D27 713MME
DEIITRB I eDbnd, ZORPSMRIIADERREEZ 2 DL DI VLN DE, TNENMED
N=—mi N=—mdllTmi>mildd, INSIFADERMMTHEDT, NFMERL &
DEESREEZHS5DLTND,

6: AB'N + EXN2+ FDJ5 7L ZDf#f —m?2, —m3
n AN K TRETEDLAEIXHBIRIFRAE 2D, ETHE I OIREEILZETHD I L
nbhnsd,

E? —4A'B'F = {A(p—h)+B'() = h)}’g? —4A'B'(p—h)(p' = h)g*,  (5.14)
= §*(A(p—h)—B'(p) —h))* >0, (5.15)

A EID »EchoX GEID ITHIET 5,
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m2mi MES WS L BPERLS, & GID £

_E+E? —4A'B'F
AZ — 2A/B/ , (516)
—g' (A'(p—h)+B'(p' —h)) £g'(A'(p—h) = B'(p) = h))
= Y , (5.17)
g p=h) g —h)
B A

LB, EHONKREWMIEZ LB THS M, A < B HOT, —HICMN piEsrkE Rz
3, A, BIZHLRA G &> &,

(5.18)

g/(p,—h) B 59/ b2 — h2
Al " h b2+ 6h2
g(p—h) _ 5¢ a®—h?
B " h a?+ 6h2
LD, TS DMEDKINED, IROBEBNZNERD S,
r—1
m(m):x+6

ZOBSIE, BERINARDT, a>bT L) S SN w2, UatsT,

/ —h //_h

nﬁ:gO% X Wé:go;,>

Thd, ZOMEIFR @30 @3ID »5BHERTE S, p It T 2HREED m (IZIELTWS
DT, EWifl, OX DAMNIZH > 72#RE) (OYfliEFb b D) BNEL W L2bhrb,

(5.19)

6 HF44E

0 # 0 DIGEDIRBDLZEN, TROLIRENHKT 50, FPTLE02BHKL THL,

~

4. Let us now consider the effect of a small angle 6 between the line of least curvature and
the dynamical axis of least moment. Corresponding to a root A\g of A’B'A* + EA? + F = 0,
there will be a root \g + € of the equation (5)

A'B'X\ 4+ EN 4+ F 4+ (B — A)nhA(A\? 4+ n?)p =0, (6.1)
(neglecting squares of ), where € is a small quantity given by
4A'B' e + 2EXNge + (B — A)nhhg(A\2 +n?)3 = 0. (6.2)

Hence

2¢(2A'B' )\ + E) = —(B — A)nh(\2 +n?)B. (6.3)
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X @EY) TRDOIREFEKEmMS L, faxxhoX @I 745, X=X +eZfRAL. ¢
DINEVRTHBZ L L,

ABXN+EN+F ~0, (6.4)

2SS emXHOAX (2 255, eTEeddemXHDOR @3 2755,

~
If my, ms be real and m? > m3, we shall have
2A4'B'm? —E = +/E?2—4A'B'F, (6.5)
2A'B'm3—E = —+\/E?2—4A'B'F, (6.6)
so that the values €1, ez of € corresponding to A2 = —m%, )\3 = —m%, respectively will be
given by
21\ E2 —4A'B'F = —B(A— B)nh(n? —m?), (6.7)
260/ E2 —4A'B'F = —B(A— B)nh(m3 —n?). (6.8)
- J
X @) DI,
—E+VE? —4A'B’
2
Ao = ST (6.9)
EROOENDDT, —L+TENTH —m?, —m3 & LTRAEH5,
9 —FE —VE? —4A'B'F
—-m; = SA'B y (610)
—E+VE? —4A'B'F
2
—-m5; = AT . (6.11)
TNEFNERL TR e 5,
2A'B'm? —E = +/E2—-4A'B'F, (6.12)
2A'B'm3 - E = —+\/E?2—4A'B'F. (6.13)

X B2 GI3) »wmx+oxX @) @6 HEds, ZhoDRzh @3) ITRATSE,
X hoX @D BI) 2155,

For the motion to be completely stable, both €; and eo must be negative. Hence nf must
be positive and the value n? intermediate between those of m? and m2, provided that such

a value does not make mi, mo imaginary.

ZIZTOXEIIUTDI L ZBRT WS,
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IBEIOMTIZ M DEIIZRINBEDT, A=imi+e &05B &,
e)\f — eim1t6€1t7 (614)

Y25, e WIEOFERE LIRIEDPER UARLZEICR D, ADERE LIRIENHD LZE L w5, L
7205 T, IRIEDPLETHB720121F €1, 60 DM APEADFELRTRITNITZR 520, X @1 D
LD, —(A-B)>0RKDTnE>0k&51F, HEE X

n? —m? <0, (6.15)

ThoRENDHD, —F. X G "5l
m3 —n? <0, (6.16)

THE2BENDD, LAELD, FHEB 2 1Emd & m? Ol mi < n? <m? IZRIFNIER SR,
FEEE n? Mldn-T< B e, X @R DR E, FIZn? MNE0woTWbADT, fif A2 IZAD
TR ERZ L BB LN, T5E N ~a+ibla,blEdHBFEH) L0500, HRIEX
J5T % a DIELHRITIEATL %, e DIEE o DIEDOW 5525 2 CTLEMZHERT DHBENTT
PRZULLBR2TL B, TIWIRMIZHRS2IFIE EFTORMRNTLENZIRIET 5,

We have seen that if § be positive [ is negative: hence the condition that ng shall be
positive is equivalent to the requirement that the direction of rotation shall be such as is
obtained by passing from the direction of the line of least curvature to the dynamical axis

of least moment. This is the direction which has been described as the steady direction.

KX EED £9. p=C > ) =L RDT, >0%51F. f<0L0SIenbrd, ko
T.nB>0&WVWS5Z2,lEn<097bb, & (the direction of the line of least curvature) 7* 5
ei(the dynamical axis of least moment) ~NDSFIZ[EERT 5 Z L 2R L TWD, HBID X 7%
BHYOfER S, o RTKKEEED (BDF by 72 SEAENWT WS TE) 12
ZRMTH 2, ZDSFAZE "steady” FHHEFERZ LI12F 5,

7 HBHE

n2DREIIZL T, LEMDE S RBDBEKL T W5,

If n2 be less than m3, then for the steady direction ¢ is negative and e positive: thus the
amplitude of the more rapid oscillations will diminish indefinitely, while that of the slower

will increase. The rotation will thus set up violent oscillations of the longer period.
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n2Dm3 KD/NS WS, 6 FADMHEDEEED, e WIEDMHL 5, e ICHIET 5 ey [0 D
DIRE) (REEH my(> me) TRINTWVWS DT rapid” OIRE)) OIREIZNS 2> TRET
LM, e FHLDDYD>L D ("slower”) & UZ2HRE) (REEAD ma HS5HLINTWVWD) DIRIEAK
ELRoTVL, TRUF=PRFELTWE LIRIFENREL R BIZO2NT 2 ISR, O
IH0ekb, IREAIZL > TKENVIZDBEUNIEKEEL n >02780 T MUy ZIZ ERSR
THRFHE D2l 0 723, EBICKEE NV BEL D0 E D PR IRETHMT 5.

~

With the top is rotating in the unsteady direction with n? less than m3, €1 is positive
and €5 is negative: oscillations of the shorter period will arise. To compare the degrees
of instability of the motions in opposite directions with numerically equal values of n, we
notice that the ratio of the positive value of €5 for the steady direction to that of €; for the
opposite is (m3 — n?) to (m? — n?). Hence, if n be small enough to render motion in each
direction unstable, the unsteady direction will give rise to more violent oscillations than the
steady direction: we should further expect that an extremely small value of § might give

rise to oscillations when the top was spun in the unsteady direction, while motion in the

opposite direction continued unimpeded.

J

REEFEI D 2| > TWA A (Tunsteady” ). n > 07D T, e BIEDHEERD, e IFED
He75, §5&, e ITXHIBT 5 ey M0 D rapid” Z&kE) (JEAHAIZ/NZ W “shorter period” ) D
RENPKELR->TL B,

el ellbLoRkEVhENWS L, AURPOMEEZE, X @D G DEZE L > TRAD
"ronhs,

al_|mi=n" (7.1)
€ m3 — n?

P2 DBINZ T NIE My > me £ D € > e £BDT, “unsteady” JSHTHE U 2 IRE D HRIE D L E
DR et 137 steady” S5 THE U 2 IRE)DIRIFD R DT e2! KO LWL <A 2 (“violent
oscillation”), #DZ MV Ny Z DD F2 LY Ialb—Y a P o bR TE 5, (BD
7NNy 2 DGG, BEERH LD THR LT 5 0DN)
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8 6=
4 ™

Oscillations about the position of equilibrium

6. With the same axes as before, the equations of motion are represented by
(1),(2),(3),(4). As long as the oscillations remain small, wy,ws,ws,u, v, w,z,y,p,q, X,Y

will be small. The equations thus become, if squares of small quantities be neglected,

Ain =yZ —hY, Bin=hX —xZ, Cin=0, (8.1)
u=gp+X, v=gq+Y, w=g+7Z, (8.2)
Ptwr=0, G—uw =0, (8.3)
u+hwy =0, v—hw =0, w=0. (8.4)

Eliminating X,Y, Z, u, v, w1, ws from these equations, and substituting for x,y in terms

of p,q we find

A'G+ (g — Bp)g =0, (8.5)

B'p+(yp—Bq)g=0...... (6). (8.6)
N J

FrELTWAS T MUY I DiiaE B DDz & YDL 5 MVIDPEL 2 2ERT 5,
FIADEHLIEEZ TWRWD T, wy=n~0&9 5, AFTHE T8> 72 w1, wa, w3, u, v, w, 2, Y, 0, ¢, X, Y
FNTVET, ZNSDHD 2IFE LT LW EMEHES,

wiwi 2 =nwi o~ 0 THY 2RDIATH D wiwe FEEED, TNODEPE 2~ h Z2HS &

Aiy = yZ-—hY (8.7)
By = hX —aZ (8.8)
Cis = 0 (8.9)

»EoNS, X, Y ICBLTIE, X @30 @32 icn=0&2RALEZb DL, X @2R) EHZ9
Zn=0%2RALEZHDEMS &, RAVFSND,

X ~ —pg+u=—pg+hp (8.10)
Y ~ —qg9+u=—qg+hj (8.11)

ZIZHELTER @8 (Z+g~0) THD2, wolBLTE, X @20 E2D Zn=0%/RA
L. A%2155%

i

L)
I
—
)
~—

w1

wy ~ —p (8.13)
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FRRIZu, v IZBALTEn=0Z2KRAL., XAZE1G5,

u =~ —hwy >~ hp, (8.14)
v =~ hwp ~hq. (8.15)

wiZBLTiE, X @30 CTw~0Tho7z, X BD ~ IR »iwmxXtFoxX @D ~ B4
Y %,
X RBD izyoX B3N, X @I X @) LA BBID 2RAT2E2A%2E5,

A+ (aqg—Bp)g=0 (8.16)
FRkIz T 5 kN %E2H5,
B'p+ (vyp— Bg)g =0 (8.17)

ZhooRiFX @2 E2ZH) Tr=02LTEHEONE, n=02DTRX @) b=y

ARGy

a N

Hence p, ¢ may be replaced by quantities varying as e’ where X is given by
(AN + ag) (BN 4+ vg) — B2¢* =0...... (7) (8.18)

Corresponding to 8 = 0 there are oscillations, in which p, ¢ are separately involved, of

periods 27 /k1, 27 /Ko given by
B'r? —vg=0, Ak3—ag=0. (8.19)
If in (7) we write —I? for A2 and treat 32 as a small quantity, we obtain roots 12, 12(of the
equation in [?) which can be put in the form

B=ri4e 1B=r:—c¢ (8.20)

where € = 32g/A,A = A’y — B'a.
J

X o B3R 1Zn=02RATZ L, Xt BIR) »Eo5N5, A BIR) 1I245=0
2RAT DL

(A'X? + ag)(B'A% + vg) = 0 (8.21)
£%, ZOHBRADOME N = -k} N3 =—r3 &BL L,

B'k? — g =0, (8.22)
A'k2 —ag =0, (8.23)
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LY. HRLhOR @I BESND, &2,k EKDD L,

79 ag

LB, ki e BARIEUE DT, ABIZENTN /5, 2n/ry L T2 B . B AIAS FHEDIRIE k2
PETIUTNT N =B N =B Lip2EHTDL,
B = ki+e, (8.25)
I3 = myte (8.26)

LB, TDe, kkDES, X BT 2R G CRALT S EEEL L, X BZD
€2 %I

2
61:%, (8.27)
N"Eonhd, ZZITA=Ay—-BaThbb, HAKIZTEE,
_ P
nEoNns, LoT,
2
ez%, (8.29)
tE#ETHEA BIR) OffIFIRAD LS IzRINT, wxXhoX @20 %=1EF5,
B=kr+e I5=r3—¢ (8.30)

AFEDEIBMETDHA DD A B a,y 137 My 20 EMREE AR RIZEDE LT, g%
MEWaoiE, X GEE) X @59 ~ EeD &b

A = A+h2:b2 +56h2, (8.31)

B = B+h2:a226h2, (8.32)

a = o/—hwp/—h:bQ;Lhz, (8.33)

y = 7’—h~p—h:a2;h2 (8.34)
X0,

A=A~—-Ba= %h(a? —b?), (8.35)
L5,
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9 FETE
IRENZ K> TEDHADEEEDFEI NI EHERT S, TDDIT, w3 IZET 3 HEAZ
Bikd 5,

~
7. The accurate equation of wg is
Cwsz — (A— B)wiwa = zY —yX, (9.1)
so that ws is constant to the first approximation.
If squares of small quantities be included, we find that
Cws = (B—A)p+ (v'p— Ba)(hi— qg9) — (/g — Bp)(hi — pg), (9-2)
= (B—A)(¢p— —pg) + Bpg— Ajp...... (8) (9.3)
and the value of w3 depends on the initial conditions.
%

TTIZER U7z ws BT 2588 51X BER) 2t oR @I ThHh3, TNSIE2RDIHK
D525 TWZDT, mEUIDELLT, w3 ~0&FZ Tz, EBZEHITT2IRDEEIEGHKRL TV,
EHIZEENTWAIET, wwy D 2ROIEIZN ([@26) @27 L.

wiwe ~ —pgd+n(qq — pp) + n’qp (9.4)
Thd, HAZELTEN G33) @30 @32 &b

Y —yX

12

(v'p — Bq) (—qg + h§ — n(i — 2hp) — n*(hq — y))

—(o/q = Bp) (—pg + hip + n(y — 2hqG) — n*(hp — x))

= (v'p = Ba)(—ag + hg) — (o’q — Bp)(—pg + hp)

—n ((v* = h* + 8%)pp + (o = h* + 5%)qg — By + @)(gp + dp))
—n*hB(p* — ¢*)

b, FLOLLRAERFD,

Cws = (B—A)jp+ (v'p — Ba)(—qg + hg) — (a’q — Bp)(—pg + hp)
—n{(v* = h* + BHpp + (a® — h* + *)qq — B(y + @) (gp + dp) — (A — B)(qd — pp)}
—n*(hB(p* — ¢*) + B — A) (9-5)

Cuwsz = (B—A)ip+ (v'p— Be)(—qg + hg) — ('q — Bp)(—pg + hp), (9.6)
L5,
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RIZBBA>TWBIHZHEL TWL, EFHAHEX @I ®ID £V

(ag—Bp)g = ((&/ =h)qg—Pp)g = —A'q, (9.7)
(vp—Bq)g = (' —h)p—Bq)g=—-B'p, (9.8)
B
(d'¢g—PBp) = hg-— Ag,q, (9.9)
(vp—Bq) = hp— Bg/ﬁ, (9.10)

eb, ZhoDRA 2R @0 TRATEERA%21E5,
Cuws = (B—A)(qp— EPQ) + Bpg — Agp. (9.11)

#SCCIALOH 1 B, ~Lpg LA D2, X @ @ID HEschoX @2 @3 THh
50

KSuppose that B
p = p1 coslit + po coslot + vy sinlyt + vosinlat, . .. ... (9) (9.12)
then by (6)
L gBq = —B'[I3 (111 cos Iyt + vy sinlyt) + 13 (g coslat + vasinlat)] + gyp, .. .. .. (10) (9.13)j

I, IZHGE LT 2DODIREITE— RBHEDT, p,qldlns OfEiEETEIT S, Lo TIRA
GaxHoX @I2) OEERETE S,

p = pycoslit + pacoslat + vy sinlyt + vosin ot
XN BID T EAZRAL g icBT 20X GasxthoX @I3)) 255,

9Bq = —B/[l%(,u,l coslit + vy sinlyt) + l%(ug cos lat + vo sinlat)] + gyp

\
Let us suppose further that initially p,q, ¢ are zero and the top is oscillating about an
axis parallel to OY; we shall have
pr+p2 = 0 (9.14)
B+l = 0 (9.15)
B' (1113 + 1l3) — yg(vily + wly) = 0. (9.16)
Hence pp = 0, uo = 0; and, unless A is small,
A'B’
l21/2 = T&llljl (9.17)
\_ J
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MAZAE LT, p(0) =q(0) =¢(0) =0&TF 5, p#0,¢g=0DHMAIXD plliD kD &
ZA%DDRBIZHIBT B, T5& OY §iliH b DIREIDAEL B, 4 DDEE py, po, v1, 10 3B 5
T, AN 3 O2HZDT, BEIEF—DDOMAIRS, vy TCOws 2RTZEDHETH 5,

p(0) = pm+p2=0 (9.18)
Bgq(0) = —B'(lfp +pz) =0 (9-19)
TH O, p(0) =11l + 1uly DT
B894(0) = —B' (1115 + val3) + vg(vili + v2ly) =0 (9.20)
L, X @I8) @I £

p1 = p2 =0
f%éo ZQVQ %f 141 VC(TD ‘5?3‘9-;—0
B2 — \
vy = —= 39V, (R @2 &7
B'l5 — gv

1(,.2
_ B9 moy G ko)
B'(k5 —€) — g7

/
- _B’(n;—?;ﬂ-@%)llyl’ (X BZD &HioT gy i)
€ €

S TR mo Mt TEo g
L g ABe L (R G G EMor)

I e

IR Q2
= ABB l11/1 (9.21)

A
0, XX @I »EHINE, 72720, B — BE A% 5 AITBET 2HENDH D,

\
On substitution, we find
p = ——(lbA%sinlit — A'B'li B sinlot), (9.22)
A2y
B/
¢ = U8B syt + 1 sinbat), (9.23)
Al
leading to the chief term of Cws in the form
521 B (B — A)lylg coslyt(coslat — coslyt)
Vzli (B — Ahi2/g — Alysinlyt(ly sinlyt — lysinlat) | (9.24)
? Bl sin Lt (lp sinyt — 1 sin lt)
N J
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X @2D %2 p=p=0&UL72X @I2) IZRATZERAZERE5,
! D/
Al
(IaAsinlit + A'B'ly 32 sin lyt)

p(t) = wvisinlit+ L 32 sin Iyt
121

Als

s OX @22) T b, 72720, H2HHD — & 1T, A? 2 ABIET2HENRH L,
g(t) CBILTix, £9

vg—BE vg — B'3
q(t) = —visinlhit4+ —~——=
Q By By

%, BLEHDBRBUIITO LS IZEEINS,

%] sin th

_ n2 !
9Bl Bl ok @) wflior)
Bg Bg
_ BBy BB .
= "G A - A (X B29) %#fHio>7-)
F2WHDBEBUILLTDO XS 2B E N5,
19—B13 _ y9— B'(k3 — e+ k] —K})
Bg - Bg
(.2 _ .2
- _B(";g’ﬁ), (X B2 %Mo)

A B

B (goc 97): A
By A'B

B 1IHDE 2IHS SIS 2 TH B, A @2 2MioTw 2MMET S E q(t) REAFE 2D,

o [@23) 2155,

VlBlﬁ
Al

q(t) =

FeHdEUTNERD,

(—lg sinlyt + {1 sin th) .

p(t) = pisinlyt + pysiniat
q(t) = qsinlit + gosinlst
ZZT
Pt =
o VlA/B,ll 2
P2 = A2lz 6
- VlB/
Q= A B
VlB/ll ll
_ __h 9.25
q@ Al B L0 (9.25)
T%%o
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TIN5 &Y Cus 2BIRT B, g1, 0 1 BITHBIT 24— X =TT, po & 2 DA—X—7D
THETZLITUT, p(t) IE®mHID 6 p(t) = prsinlit &35, X @28 %o TiRA%ERE5,

p(t) = pisiniyt (9.26)
W)zqme—mem (9.27)
p(t) = pilicosiit, (9.28)
p(t) = —pil?siniyt, (9.29)
q(t) = qli(coslit — coslat), (9.30)
G(t) = —qli(lisinlyt — lysinlat). (9.31)

X @I OF 1 HIFkALRE, ZOHIK (B — Awiws 25K7ZIHTH 5,
(B-—A)qgp = (B- A)plqll%(cos2 l1t — coslyt cos lat)

2 TEIT L EEBRIZ L B ML M S RTHD—ETH 5,

h h
—Ew—Aqu —?B—mmm@hmmﬁ—hmmmmm)

H3, 4HLFIEEBIZLD PV IS RKZIHT, MNER 5,

l
Bpg = —Bqlpll%(sin2 l1t — l—lsinllt sin lot)
2

l
—Apg = Aplqll%(sin2 It — Z—QSinllt sin lot)
1

FeHsd e,

Cws = prquli(Cr+ Cy)
h
C1 = (B— A)(cos® it — =13 sin’ Iyt — sin® I1t)
g

Cs

h
—(B — A)(coslyt coslat — ElllQ sin [yt sin lot)

l l
+(BL — AZ2)sinlyt sin lot
l2 I

BT BN C IIEEEE 2 & 5 L ERATE, Cy IXRREE 2 L 2RO WHETH S, ZORAZ
_ By
Pg = -1 B
WHEERLTERT L, faxthoX @24 245,
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the mean value of which is
BUiEB'[(B — A)(—1+ hi?/g) + B — A]/2A, (9.32)
or
Br2hB'(B — A)l}/2gA. (9.33)

Now the initial angular velocity may be denoted by Qa(= —1111), and gA = A’'B'(k}—k3):

hence the mean value w3 is

9 BYhQ3(B — A)/2AC or BhQ3K3(B — A)/2A'C(K3 — K3). (9.34)
/

ESRTSE Y2 B U CIEBR A 2B L CO T T 5. *E@beb\éiA(t) WZB L. B 5K
[l TS L T2 RS2, TLTT 2KRE Lo T O(7) DD EE L U AR % K
W (A) LEHRT D, THROD

17
(A) = jlgr;o T, A(t)dt, (9.35)
Thd, HlzX
r 1
(sinlytcoslyty = Th_r)réo ; sinlyt coslitdt = _iTh—Ig;o T(cos 20T —1)=0, (9.36)
. . 1. 1"
(sinlytsinloty = = lim — [ (cos(ly — l2)t — cos(ly + l2)t)dt, (9.37)
.. 1, .
= 5 :Ill_r)réo T(sm(ll —19)T —sin(l; + 12)T) =0, (9.38)

LB D, HLLIBREREZT D ERANLTIDVED, RO OIFFEEEIZ0 L 725Z k
nohb,

1
(cos? I1t) = (sin?I1t) = (cos? Iot) = (sin® Iot) = 5

BB L7278, (Co) =0 TH Y.,
_ Lohp L g kg

(C1) = (B - A)(5 29l1 5) = (B A)lelv (9.39)
ERBIENRDLNBEDT,

.\ _ BviB' lin

(ws) = A 2g9C

i, dwxhoX @33 %155, B2 =DB'(k2+e) EZW. e OA—X—DTHHELT

B'? ~B'Kk?=ng 725, ZORL Qy = -1l B> &
() = BV%’B’@( - Brh Q3
3 A 29C 2AC

(B — A), (9.40)

(B — A) (9.41)
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iy, fwxhoX @30 OBRYIOEEES, £72 A2 =ag,B'kI=v9 &
gA = gA'y — gB'a = A'B'(k? — K3) (9.42)
LRBDT, Brr2 B L

(@ >_.5V%B/lﬂl ) B wih
A 240 A'(k2 — Kk2) 2C

&b, w0 @34 O2H/EHDOHEED,

(B-A (B - A), (9.43)

10 Z8=

FIEYRCE: fikA ARNGAT-N

8. Thus a longtitudinal oscillation will give rise to rotation in the steady or the unsteady
direction according as k% — k3 is positive or negative, i.e. according as longitudinal oscil-
lations have a shorter or longer period than the transverse. When ws becomes finite our

equations cease to hold, and we must go back to the former discussion.

MBIDESIZBEDDESTWT (0>0TL<0DGE) pllidkiHDE ZA%E2DDL &
WO ARPL, OY il £ o b OHRE) (longtitudinal oscillation) % 52 2K E2HE X T\, B> A%
DT, kT — K3 >07R51E (Wg) <0 &b, KIEHE D DEHEAY (steady direction) AR E 41
5, —H. ki — kK3 <07%51F (Wg) >0 &b, IFHE D DOEHEAY (unsteady direction) A3FEAE
END, PEEPFLRINTws WERDIEZE DL, BAFIOH 4 5, 5 EOFEMIZ DR > TS,

In exactly the same way a transverse oscillation, given by p, p, ¢ initially zero and ¢ equal

to Q1, will set up rotation and the mean value of ws will be

—BahQ3(B — A)/2AC or Bh2K3(B — A)/2B'C(k3 — K?), (10.1)
and the direction will be opposite to that corresponding to the longitudinal oscillations.
J
RIZ, qEHDEED & ZAZDDL L ED XD RENEZFET 20w 5. VISR MAIE

Thd, ARGEIHREEB 20T, MwXTOREG5, ZOFEIZERT 2, X [0 &Y k3—kF
EWVIETIEVSTWADT, ¢liDEIHDE ZA%2 DD, T4bs OXEliEb ) DIREITIX
(w3) >0 &7 b, KEHE D DEEEAY (unsteady direction) DWFHEE I N2,
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All these cases are included in the rule that whether purely longitudinal or purely trans-
verse oscillations are initially communicated to the body, these will set up rotation in that
direction which is stable for oscillations of corresponding frequency (corresponding oscilla-

tions about rest and about steady rotation being each of greater or each of less frequency)

Z MUy ZEIEL T WABREIZ, MEAM (OX A, OY#liEFd D) DIE#EZ2 5258, X
REGHE D IZ AT 5, 25 FCiam U7z & D12, KIKEHE 0 72 & S5 M O IRENEHRIE A3 4 L T
LETH o7z, —H. WM (OY HIn, OX#lixbH ) OfkEz 5225 &, KEHEIDIZEELL,
Z DOEHLIEHE LM OIRENI N ULETH o7z, fifm. 52 o NTHRENITI UL 7275 AN Az %
LI, VWS LSRRI LERRTVS,

FNTIX, plliE qiliOhf]Z DD L ESRBTHA DM, IRETIZZIZEL TiEimL T
W5,

11 ZH9=E

We shall now consider the more general case in which 5, A may be each numerically small
and 21, 29 initially exist together.

The equations (6) will still hold and such an expression as (9) for p,q will be suitable.
If p, ¢ be initially zero, it follows as before, that in the expressions for p, ¢ there will be no

terms in coslt, and we shall therefore assume

p(t) = pisinlyt + pgsinlat
q(t) = wisinlit + vysinlat

where 12,12 are roots of the equation

(A'x —ag)(B'z —~vg) — B*¢*=0...... (11). (11.1)
\_ /

—WRN G EE B2 S, AIASMAX
&35, p(0)=0,q(0)=0&bY, coslt DIREIZ0 2D T, MADLSIZEHNTE S,

p(t) = pasinlit + pgsinlat

q(t) = wvisinlit + vosinlat

22T, MatA @I2) CRERICMDINTZ p, po, v, 0 EITED ZEIZEELTE I I,
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XT, Cuz iz @I THZH6N

Cws = (B—A)(¢p - ;pq) + Bpq — Aip, (11.2)
Tholz, FHORMPEHEIMUTO LS ITRDEND,
p(t) = lypgcoslit + laug coslat, (11.3)
g(t) = lwicoslit + lave coslat, (11.4)
p(t) = — PBuysinlyt — 3posinlst, (11.5)
§(t) =— Buysinlit — vy sinlot, (11.6)
X0
. 1 2 2
(pa) = (i + paraly)
1
(pg) = 5(#11/15111 + piavaly)
. .o 1 2 2
(ba) = (pq) = —§(M1V111 + pavaly)
LB, UkPloT, BIHEHS, 4HNAFY 2L LT
: B— A)h
(Cws) = —7( 29 ) (M1V1lf‘ + M2V2l§), (11.7)
LB,
RS DXL palf,  pewnly 2RDB7-HD1fib s,
~
Then
l [ = -0
1M1 + lap2 2 } ______ (12), (11.8)
v+l =
and by (6),
B9q = B'p + vgp. (11.9)
Differentiating and substituting initial values, we find
—B' (I} + 3p2) = By + 79Q2. (11.10)
N J

p(0) = —Q9,4(0) = Q1 &0, fwxxhoX (I %155,

p 2T 2 AHEX ((I9) TiE B'p— Bp LEENRE, Zhzkd SRR L 72X

Bgg = B'D +~ygp =

p(t) = lypicoslit + lops coslat,
g(t) = ljvicoslit + lavs coslat,
p(t) =-— l%ul sinlit — l%,ug sin lot,
P(t) =— BBugcoslyt — I3ugcoslat,
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PRALt=0&9 5L
Byl +lovy) = =B+ 13p2) + vg(lup + lap) (11.15)
EIRBDT, iy + lops = —Qo, livy +lovg = Q1 ZRAL TiXhOX (ILIN) %=&5,

Combined with the first equation of (12), this gives

—B'li(B-13) = Bg + (vg— B'13)Q, }

...... (13). (11.16)
Blops(3 —13) = Bgi+ (vg— B'E)Q

A @TIW OABIZ0 = —B' (—lh3u + L) ZMATE L3 eimxhoX (TI6) O
ERX%BD, AR, 0= —B'(—Blops + Blops) A TE O i b0 (TI6) © FX
%f%"éo

~
The equations obtained by treating the other equations of (6) and (13) in precisely the

same manner can be written down,

A3 -13) = By + (ag— AN }
— Al (3 —13) = B9+ (ag— A3
\_ J

g BT S EE SRR U TAMAZ 2952, X (IID 255, FflAetEIZARS
0, HEHBRADE» SIRODESWMATEHROND Z LDDrD,

B, — A/, H1,2 — V1,2, Ql — _QQ, QQ — —Ql, Y=« (1118)

~

On substituting the values of p, ¢ in (8) the mean value of 2Cw3 comes out as
(B — A){Bpavr + Bpavy — (Ipavy + lapave)h/g} — (B — A)(IF v + lpars)  (11.19)
or
—(B = A)(l{pvr + lapara)h/g, (11.20)
or, on substituting from (13) and (14),

(B A)5h_[ {ag(B +B) — 2A'B3)03 | wa
AB B2 L +{1g(3 + 13) - 2BBE)03 + 269(2 +3)2 ) | |
\ J

A ((TI9) OF1HEELEIELAF Yy 2L LTR @I20) 2550, Zhixk OCT7D) TF
TIZTROT W3S,
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(13) DFE1RL (14) D1 RENT 2 kX285, Z2C X T £ (yg—B'3)(ag—
A'2) = B%g? R ffio 7z,

—A'BEmn (i —13)° = (B9 + (vg — B'15)) (8902 + (ag — A'I5)M),
= Bglag — AT+ By(vg — B'13)05 + 287"y (11.22)

FRRIZ (13) D 2 A& (14) DF 2 Xz 5 kX255,

—A'B'luan(If —15)° = (B9 + (vg — B'1)Q)(B99 + (ag — A'l})),
= Bglag — AR)OT + By(vg — BN +28°6° 00y (11.23)

£oT, RA2R™5,

. h
2C(w3) = —(B- A);(lil/iwl + lypiav)
(B—4)

= mhﬁ[l%{(ag — A'B)OT + (vg — B'13)Q5 + 289010}
1 2
+i5{(ag — AT + (vg — B'})95 + 28900}
(B—A)
= ap@e_pge"” 0% (ag(iF +15) — 2A1715) + Q3 (g (1} +15) — 2B'1313)
1 2
+2B8g(13 + 13)0219)] (11.24)
= &hﬁ[(ﬂ +15)g9(Qie + Q37 + 2801 Q)
- A’B’(l%—l%)Q 1 2)934y 27 1349
2213 A +03B)) (11.25)

X (T2 o (T2 CRIGT 5. 1, pg,vi,ve BDHETEZOTIRIZIZ, 13 #iHE
LWL,

Now by (11),
A'B'(l{ +15) = (vA' + aB')g, A'B'RI3 = (ay - 5)g°, (11.26)
whence the mean value of 2Cw3(I3 — 13)?/(B — A)h becomes

B (v A" + aB') (a0} + 103 + 2801Q2) — 2(ay — B2)(A'QF + B'Q3)}, (11.27)

or
BGPH{A(YQS — aQF) + 2B(vA’ + aB' )0 Q + 28%(A'Q3 + B'Q3)}. (11.28)
Also
APBR(E - 13 = (VA +aB)? — 4A'B (ay — 5°)
= A?4+45%A'B'. (11.29)
N J
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2,31 X (TI) Off7E o7z, Lizhio T, fREBREDBRE D IRADE D LD, D
A [II268) 2xed 5,
2 _ 12
A%AM?+VNL mgzg“ggﬁ). (11.30)
oAz (T2 ZRATBHE, w0k OI210 %2455,
X I3 & A=Ay —Ba kXX GaxdoX (I29) &0 LD,

4105 =

(I -13)?° = (B +13)* - 413
::ﬁiﬁﬂ+mﬁﬁ}
If then 8, A be small, the chief terms in the mean value of w3 give )
(B — A)h{BA(yQ3 — aF) + 282 (y A" + ozB’)Qlﬁg}‘ (11.31)

2C(A? + 4A'B/32)

If 8 be small compared with A, this agrees with the two expressions already found: the

direction of the spin set up changes sign with 5 and with A, but not with £, or €.

y
A [I29 X @28 1RAT 5 efERRA GexxpoX (I31)) 2455,
(wg) = mxi§;22%w%{ﬁAhﬂ%—aQ@+@ﬁ%w¥+aBﬂQﬁb} (11.32)
BARNENELT OB DREEET L,
@ ~ LM ann03 - a0}, (11.39

Lo T, TETHEER @31) ¢ 8ETHALRN (L) 2MAbLORESNS,

12 HE10=E

REROETH LM, HEXTHERDL->TND,

10.  IfQ2/92—a/v be small, the first therm within the numerator becomes unimportant
and the second term B2(yA’ +aB’)Q1€s determines the motion. Thus the direction of the
rotation changes sign with 21 or s, but not with 8 or A.

X [@T3D &0, 43— a3 NS WEZ LD LS HYiE DD &, 2 DHEPHMNTL B,
T5L N0 DEALTD (W) OFFILEEDT, BORETROLELINREZIZE STV
O LS TREDOMIEENE 2 LBRT VWD, RRRRNAHE Z L 2EHLTW5,

PAECHX DI EM&R 5,
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