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0 AHEEBIBIRZOAT7IERRE

EE 0.1. ZOWTELS T DBROEM 2 AT LE, TIZZDAFFILTH? E
W

a,bel = a+bel,
reZ,acel = racl.

WEO02. [ZZDATTNETSEE, ImeZ m>0,1=mZ.



GEH] I ZZDATT7NVETE, I={0} %61, m=0,BFIE, T=mZT
HbH, I12{0} 95, ZOLE, aclholE, —acIho, [IFHTIEDE
Beat, mzZ I ICHEENLRINDIEDEHETE, DL E EEDacl
NLT, aZzm  THELT,

a=mq+r, g€, 0<r<m

EP. r=a-mqgel &V, mDENMEPS, r=0THITNEESR\», L
BT, a=mqgemZ tizsdb, Tihbb, ICmZTHA, I DmZLIFHNTH
205, I =mZHInNINT, O

EEO03. IZZDATTNETS, BacZIZWNLT, ZDOEHIEE
a+I={a+z|zel}

Z, allEX > TRERINBIZIEETARIREE V), a+=b+] <+ a-bel
Ths, [ 2BEETHRRELUD» SR 2EG%Z/I TRT. Thbb,

Z)T={a+1|acl}

BRE0.4. IZBRZDATT7ILETS, ZDLE, Z/TFARICERICKRS, Ihk
ZDOIIZE2RRERE T,

GEWH] Z/10CEE, REERO LI ICERT S, at I =[d Eb<.
[a] + [b] = [a + 0],
[a][b] = [ab].

CNRBREILDE NI LSTFHELRSERINS, 01132/ DFL, [1]13
Z)I DHAILTH Y, —la] = [—dl,
[c] = [a+0b] + [c] = [(a+b) + ],
) =la]+[b+c]=[a+ (b+ )]

O
I=mZ(meZ m>0)LT, FRRZ/mZ 25T 5. acZIZX>TN

RINDFREa+mZ % [a] ELK T EITT S, Z/mZ ={[0],[1],,[m —1]} T
H5. [a]=[bZa=b (mod m) &<,

HRE 0.5. P LB —HIZ0THRVER e, bITHL T,
I'={ar+by|lx,yecZ}

EBIE, TEZZDATTNATHY, mZ[=mZ L 5IEORE LT3 L (f#
0.2), mlda,b DERRANFETH 5.



REH] I3 T7NVTHBH I EIEMHR, a,b € T XD, a = may, b = mby,
a,bi €Z EDT 5, XoT, miEZa, bR TH 5, dZ2Baa b DRFIE L
T3¢, a=dd,b=dV,d V¥V € Z WS, —T5, m=ar+by EVLTENG,
m=d(dz+Vy). TbL, didmORNETHS. DZIT, mida,bDRARRK

HTh o, O
%06 D EL—HIZOTHRVER ,bIZHLT, m%Za,bDRANEET
iz,

axr +by =m

272§ x,y € LT 5.

FROT.p2HRBEL, acZZpTHIDYNZL W ETIUL,
ar +py =1

272§ v,y € LOHFIET 5.

FEH] pDIEDORIEII 1 L p 72T TH S, aldp THOUINZGZ VDS, at pdD
RARAREIE1THS, 06 &0, ar+py=1%1i7F 2,y € ZOHAET S, O

% 0.8. Z/pZ 2B VT, [a] #[0] & FHUL, [x] € Z/pZ T la)[z] = [1] ZWi7=T b
DISHET 5.

ED%R08&D, F,=Z/pZ 13k TH 5. KF, % plHDILr S % 28REL .
RIS T 572002, fliE0.5 ZIEL TEL,

HE 0.9. P EHL 12130 THEVER ay,. .., a, ITRLT,
I:{a1x1—|—~~—|—anxn\x1,...,xnEZ}

EBTE [BZDOATT7LVTHYD, mZI=mZ L3 FE0EKLETEHE, m
i ay,...,a, DERREKIETH 5.

REBH] I 234 T7ATHB I EEHD. a; € TED, aj = mb;, b € Z &
D5, £oT, miday,...,a, DRNBETHS. d%Zay,...,a0, DOKIEET S
&, ap =dc, ¢ €L EPITE, —FH, m = ax1 + -+ apz, EDTBD5,
m=d(cix1+ - +cpry). bbb, diEZmONETH S, DI, mita,...,a,
DERREKIETH 5. O
3 0.10. 2% LB 1230 THRVER a,...,a, XKL T, mZay,...,a, DI
RO E TS,

a1ry+ -+ apx, =m

Zli 729z, ..., xy €ELDMFHET B,



RIZ, KZEBEOKRETZ HZIX, K=Q) 7%, KIX|[ICkoTI1EHX
DK OLzfRE e T 24EHAO2AZERT, KX ZLHEAOME, FTEICK-
TERZLZT, ZOBRICOVWTYH, Z ERRD 2 LWEREI N, FAROWEZFF>Z
LD 5,

EE 0.11. K[ X]| DEHTEE [ BROFEM 2 AT E, [1FK[X]DALTFFILT
HbHEV):

a,bel = a+bel,

re K[ X|,ael=raecl.
W 0.12. [ Z K[X|DATT7NVETHE, Ime K[X],m>0, ] =mK[X].

GEHH] %2 KIX]DAT7NETSE, I ={0} %61, m=0&,8BIE I=
mK[X]THs, I12{0}£F2%. COLE, mZIIZEENIRNDDRBDLIA
HETE, ZDEE, FEDacl ITWHLT, azm THIELT,

a=mq+r, g€ K[X], r=0 F£7IF degr < degm

EP. r=a—-mqel &, mODREDENENPS, r =0 ThRIINIEEZS
7, Lo T, a=mqg € mK[X] &%, §4b5, [ C mK[X] Tbh5,
I DOmK[X|IZHPTH 296, I=mK[X]|WRInlk, O
EE0.13. [Z K[ X|DATT7NVET S, Faec K[X]IIXWHLT, KX]DEITHEE
a+I={a+h|hel}

Z, allk o TREINSG I ZLELETHRIRELE V). a+=b+]<—=a-be]
Thd., [ 2EETHRRERUED» SR 2EE6% K[X]|/I TET. Thbb,

K[X)/T={a+TI|acT}.

R 0.14. [ ZBRK[X]DATT7NVET S, ZDEE, KIX]/TIZHRIERICKR S,
INEKX|DTIZXZRRBEE .

[REFH]  K[X)/Ti2hik, JEEZROLHICERT S, a+1=[d 0.

CHNERBILDO E DI XS THERSERI NS, [0] 1 K[X]/I DFEIT, [1]
X K[X]/I DHEAILTH D, —[a] = [—al,

(la] + [b]) + [c] = [a + 0] + [c] = [(a + b) + ],
+[c])=lal+[b+¢c =[a+ (b+c).
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O
I =mK[X] (m € K[X], degm >0) & LT, BFRE K[X]|/mK[X]|2EEET 5.
a€ KX 1Tk > TRESINDFIRE o + mK[X] Z [a] £ 2 EITT 3,

K[X]/mK[X] ={lg]|g € K[X], degg < degm}
Th5. (o= %a=b (mod m) &<,
R 0.15. 7 LH—HIF0ThVabe KX ITHLT,
I'={af+bg|f g€ K[X]}

EBTIE, TRKX]|DATT7ALTHY, mZI=mK[X] £%2%HALT5L
(8 0.2), m % a,b DIRRRFIZIHATSH 5.

FEH] I3 T7NVTHB I EIFWHD, ab € T XD, a = may, b = mby,
a;,by € K[X] &35, £o5T, mi3a,b DA TH 5. dZ2¥8 a, b DR
BET2LE, a=dd, b=dVb,d, 0V € K[X] &0} 5. —Ji, m=af +bg LT
506, m=ddf+Vg). TbE, diZmONETHS., WZIT, miZa,bdD
RRNDRIZHATSH 5, O

% 0.16. B —FFIF0THRVLERK o, b ITH LT, m Z a,b DIRAKARKIZ
HA & T,

af +bg=m
iz 9 fg € K[X|DMAET 3,

% 0.17. pe K[X]| 2B HEAE L, ac K[X] % p THID YN WEEA & T
g,
af +pg=1

Zilii7=d f,9 € K[X]| DT 5.
[GEH] pZ# D2 ZIHAIZ 0 THWERE pD 0 TRWEBEZ T TH S, ol

pTHIDUINAL VD5, a & pDERRANZHERIZ1ITHS, £06LD, af+pg=1
Ziire T f,g € K[X|DHFET 5. O

% 0.18. K[X]/pK[X]IZBWT, [a] # (0] &£ THUL, [f] € K[X]/pK[X] Tla][f] =
(1] 27T S DDFET 5.



1 EYTSRBEAVADEHIR

it
vt 4yt =22 (1.1)
e T HRE vy, ZEY AT AEE LT,

Bl 1.1. 32+42=52524+122=13%, ... FNER 7O 56N Tk,

— W fE e 2 RIEDEEGREH W TROTA L), 2 = dr, &y = dy; %513,
=@ +y}) &V, 2=dxy DTS, XoT, BLORS &yl ZBKEE
File w95, BEOAAL 2 VT, (1.1) O/d% B RT 5.

(z +yi)(z —yi) = 22 (1.2)
%:‘(\\’
O={a+bi|labeZ} (CcC)
EBL.

fRE 1.2. O FHAIC 1 Z2RONBRTH 5.
FEH] a=a+bi,f=c+dic O LT 5L,

axpf = (a+bi)x(c+di)=(atc)+ (bEd)ieO,
af = (a+bi)(c+di) = (ac — bd) + (ad + be)i € O.

1€0,aB=BaTdbsb. £oT, OFHNILL ZFRHON#IRTH S, 2€ O TH
20, 20=1¢,%5ac QOFFELEZVDL, (KTIERWD, ]
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EE13. acOIZOVT, BeOTaf=142bDBEHETEEE, alZO
DAL TH S L\ 9, O DHHILRERDESE O TET, O ZFEHEICEHL T
HIc2 5,

RE 1.4. 0% ={1,-1,i,—i} TH Y, ZtUFilZX>TERIND ML 4 DK
HTh 2.

FEH] a=a+bi,f=c+diecO,af=1,T5L,
1= af|* = (aB)(af) = afaf = aapf = |a]*|* = (a® + b*)(* + d°).

A+ E+d? e ZIZIFEATHD, ZOMEP1THED56, >+ =c2+d*=1.
a,byc,d€Z &V, a=+1,b=0F7%lZa=0,b=+1Th%. o7, a=+1%
lda=+iThsb. ZDOLE, =F1FE=FiTHs. WAII,

O* ={1,-1,i,—i} = {i" | m =0,1,2,3}.

RDEI) 2 COMWMITHRAEK 25EZ 5.
OcK={a+bi|labeQ}cC.

Ofa=a+bie K7&blE,

11 —a=bi  a +(_b)i€K
a a+bi a?+b2 a2+ a2+ 12
THE06, KIZMETH 3.

EE 1.5. O DETES a»

Va,3 € alZN LT, a+B€a,
Va€a,VycOIZNLT, yvaca
27z EE, alfODATFFILTH S L),
BODAF7IMIZOWTHRNE ),
EE 1.6. O DIEEDA TT7INVIZHEA T7 LV TH 5.

FE] {0} Cac OZATTINET S, 04 a=a+tbi€a?l|af> =aa=a*+?
AN - N e N S B e aGaJI‘O EEDy e OITXLT, fyozea'f“%%
£o7TC (0)=a0 CaThsb. HMAZOUGERZRZ)., 20D, EED

Bearltd, geKiD,

§=x+m,xw6Q
[0



EDPTE. pyll—HEVEREZZNZENc,d LT 5.,

ERDEHNICTN, c,d 3—BHUICEES. u=0—c v=y—dcEITI
r=c+u,y=d+v,
1
< Z
ol < 2

Thd, £oT, y=c+di€c OLBEVT, §=F+(—)a tBFIX, §€aT

Hh,
5:a(é—7) = a(u + vi)
o

] < 2
U=y

Y

THHD6,
16 = Ja(u+vi)|* = a(u +vi)a(u — iv) = |af*(u? + v?)
1 1 1
< o3 R W BT 2
< o (3+1) = 3laf <o

a2 DEAMED S, §=0ThAFIUEES AV, WAL, f=1ac (o). JHHE
BDLealld2nTEYIDDE, acC (@) THS. (o) CaldTTIRINT
506, a=(a) 2f87%. Thbb, aldHEATT7ILTH 5. O

OB A58, 8, FEH (WD) OMENZ DL Z LRRICERTE .

EE1.7.0,8€O0IZO0VT, y€OT, a=3ytB2bDBHFETHLEE, o
X BDEETH S, BldaDETHZ v, Blatdl. adEELT, ¢
Lea,e € O DIEDL DL FilawE E, a ZBHITTTH S &9,

Rl 1.8. a € O 2L E TS, BIEA 77V () = a0 3FEA TTNVTH 5.,

FEHH] B,y €O, By e(a) T 5. f¢ () LT 5. a=a0+ B0 EEL L,
EH16EDa=00) 2T 5. £57TC, acalda=0a;,a, € O LPIT5.
IERITTH 206, 6 c O Flda, €c OXTHS, L2L, a; €0 ET 3
&, fea=(0)=(a) tB>THETE. WAL, §€e O ThH5D. LEd>T,
a=00)=0THY, al+pn=1%2%E6n€ ODEIET 5. v = ayé+ By € ()
Th5. O

Z B 2R RBD RO —BMEOIH EFRIZLT, OlKBWT, XD
AEHE L 5.

TE1.9. TEDacO,a#01Z

(078

a=en{t--om,



DIFIZFERESL, 2T, ecO*THY, m,...,m 3BEITT, i £AjDE T
¥ OAFTLAE T2, I 518, ZORLFIFEOMT & ihifnfE 2 ko —
BNTHD. Thbb, bL,

b1 .__(ﬂ_/)bs7

a=¢(m) »

DEROELEL T THLETNE, s=rThHYH, HEzfMigFErL UL, ... 7
Ci%ﬂ%hm,,m@ﬁj:@f[}%‘f%b, blzdl,...,bT:GTf‘jé5.

Ty, 2% x? +y? =22 Rl THRET, B o,y l3AVICETHELLET S,
ZOEE, zyBEBIEETHE Z LT,

I, 2, yMBEBITHBMTHS I bk,

FEBH] b L, =201+ 1L, y=2y+1, 21,10 €Z LT 5 &,

22 = (2x1 + 1)2 + (2y1 + 1)? = 4(:5% +x1 + y% +y1) + 2.

£oT, 2% 4TEHSLRDIZ2THS., LoL, 2 =25 BHIE, 22 = 422
2=22+1%61F, 22=40]+2)+ 1705, 2224 THI>7RDIF0N11T,
2104523, TNEBFETH 5. O

DIF, 2 &8 y 3B chs L35,

ZDOLE, v4+yi b x—yi IZFHWICETH D,

FEH] z+vyi=aB, o —yi=ay &£ T 5E,

2e=a(f+7), 2y=—-ia(B—7), gedz,y)=1
X0, wv€ZT, sut+yv=1tR23bD0BHFETS. o7,
2=2zu+2yv=ad, d=u(f+~vy)—iv(f—"7)

ET 5,
4 = |ad]? = adad = aadd = |af?|6|?

THY, |af?, |0PI3FABBTHL200, a=a+bitT5E, o) =a®>+ 013
1L,2,4DBFNDTHD, 40P =4%51E, a=42,b=0%7lka=0,b=+2
THD, a—+2F7IE 42 THD, TDEE, r4yi—+28 F12 428, L
BoT, v,y EHIEEELRS>THFETH S, >+ =2%01F, a=+1,b==+1
ThHD, a=1+i E LTk, B=s+ti BT,

c+yi=1+i)8=(1%i)(s+ti)=sTFt+(t+s)i

FoTC 2=5sFt,y=t+sThh,z—y=(s—1t)—(t+s) = -2t £/
r—y=(6+t)—(t—5)=2s,t%>T, VINbr—ylIEKTHS. N, «
DA, y DB TH B EICHIET S, AT, a2+ =1THD, a=+1%
lia=4+iThH 5. O



3 (1.2) DAz BERToREIc o 1L, EH1.9ED, a=a+bic O tee OF
<,
r +iy = ea® = e((a® — b*) + i(2ab)),

ERDODVBHFET S, e=+1, 2 THY, s BEFRE LN S, e=£1THD,
xr = a®— b, r = b®—a?
Yy = 2ab7 Yy = _anb

&%, 22T, 2,y>0,a,b>0&FIL,

r=a’>—-b, y=2ab, z=da’>+V

ERD, a>bTHY, 2=a? -V >0DPEGHTHEIEDS, a,bldEDL L
TRETIDBEETH 5.

(afb]z]y]e=]
2| 1 3] 4| 5
31 2 5| 12| 13
A0 1| 15 8| 17
41 3 7| 24| 25
5/ 2| 21| 20| 29
5/ 4| 9| 40| 41

2 AERIELL

EE 2.1. HEN o PREETH 2 L1E, H2LERX f(X) € QX], degf >1
BH-TC, fla)=0&%222LTHS, REWNEDLEEEZ Q LK.

EE 2.2. HEH o PRBBECH 2 L1, brE=v 7%HEA (REXDFREK
231 DEIHRA)

fX)=X"4+a X" ' 4+ ta, €Z[X], n>1
DH->TC, fla)=0L,%BIETHS, RENERDOEELZ L <.
hRE 2.3. QNZ=17.

FEH] Z c QNZIEWHD». v e QNZ E T 5. v =c/d, ¢,d € Z, d > 1,
ged(e,d)=1E95, veZ &h, ZHK

fX)=X"+a X" '+ 4a, €Z[X], n>1

10



BH-T, f(1)=0E%D. Thbb,

(@ o o

IR Z A>T,
= —d(a "M+ adh.

Do, dict. bLd>1%613, pldebFE8p 2 LU, plct, Li->7T,
pletb, (,d)=1FIET2, willd=1, Thbb, yecZ ThiJtulsk
578\, O

R 2.4. ccQIINLT, DI2HAK aDENT, aa €ZIk 3,
[REHH] ol
"+ a4+ ta, =0 (4 €Qn>1)
AT ET D, R a; DA RFDORANAEEE DT,
boa" + b1 M+ b, =0 (b €Z, by > 0).
Tl W LTI,
(boa)™ + by (boa)" ' + -+« + by, = 0.
Ui by € ZZRL T3, O

HRE 2.5. v,..., 9 20 EDL DT 0 TRWERILE L,

M = {zm:CZ’j/z C; EZ}

=1
EBL., ZorE, BEKaPaM c M Ziil-¥E, acZTh 3.
[REHH] RED 5

m

oy =Y aiy, aij € L.

J=1

Y Y
T, aEERIR DD m RITH ADEEHETHE Z xR LTS, Likdo
T, alF ADEELEADRTH D, EELHENEm R, BERE, REXDFR
¥lz1Ths. O
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g 2.6. ZIZCOFRRTH %, Z2RENBEEIRLE ).
FEH] o,B€Z LT3,
a"+a " P+ 4a,=0, q; €7Z,

Cij < Z}

LB, aM C M, M C M WBESIZbr5, s,

£95%.

M = { Z CijOéiﬁj

0<i<n—1,0<j<m—1

(axB)M CaM+BMCM+MCM,

afM =a(fM) C aM C M

s, WiE251CkoT, atB,aBcZ%H5, O
g 2.7. QZ c Q.

GEW] a€Z, reQ r#£0 &T3.
" +a 4 +a, =0
YE3. B=ratBlE, a=8/rEPs,
(B/r)" +ar(B/r)" "+ -+ a, =0,
(B)" + arr(B)" ™+ -+ + apr™ = 0.
Lo T, B=racQTH5%.
Wl 2.8. QU CoOWAhRTHZ. Q 2REMEEL V.

[ 0,8 € Q% L5, @mE2410kY, ARB a b Tan,bB € Z L7 3
bOEREND, Z C LD, ZIFREDS aba = blaa) € Z TH 5. HERIC,
abB = a(bB) € Z. L7z3->T,

ab(a £ B) = aba £ abB € Z.
HifE2.712 kD
atf = %ab(aiﬁ) c Q.

F72, ab(aB) = (aq)(bB) € Z D5,

aff = %ab(aﬁ) € Q.

12



BRI, acQ, a#0%51E, oDk T HEERED X
apd” + a1+ 4 a, =0, (ap#0,a,#0)
DM o™ Z 92T T
ap+ai(a) +---+a,(a)" =0, (ag#0,a, #0)
#3206, a7l cQThH 3. O
HREME 2.1. o 23X TR B -2 -1=0D—2DIRET S, ZDEE, 4 =

1,y =a,y3 =a?,

M = {cim1 + cava + c373 | ¢ € Z}
EBIHE, sMCcMTHDIERIHT L, 51T, v = a® D7z TERIRE
DA ZRD K.

3 &L
3.1 2K

EE 3.1 QChkCcQzumATHET, QoY FILVEMEL THRXIGTSH
259%60%, ARRREE L V). DN, AEXMAEED 2 & 2 BIsREE
EWVW) T EILT S, dimgk=[k:Q] £0E&, TnzfREUELDQ LOREE WV
). [k:Q=nDEE, ELiZnXETHD L),

g 3.2. m £ 0,1 2 AR Z Rl wERET S, ZoL &,
k=Q(vVm) = {a+bym|a,beQ}
EBITIE, kIZ2RMETHS, HL, TRTO2XEIFIDLH L THRLNS,
FEH] QCkidMod. a=a+by/m, a,beQ BT,
(@ —a)? =b*m, o —2aa+a®>—b"m=0.

L7235 TC, a€Q kCQThHs. kDBRTHLILEEHEZOD. a+by/m =
0<=a=b=0%E056, a=a+by/m#0DLE, «/ =a—by/m#0. LTh3>
T, r=ad =a>-—mb*#0TH 5., PRI,

1 o a b
Bl _a2_mb2\/ﬁek.

« r a? — mb?

Thbb, LIIETHL, dimgh=2bHSLTH 06, kIZ2RXMETH S,
W, EZ2RERET D, ack ad¢Q%rED. ZDLEE, 1,aldQ k1T

13



Thb., Fl, dimghk=2TH25»5, 1,0, 1FQ L1XEEBTHS. koT,
rs€QVHIELT, a?+ra+s=0TH5%. a¢dQ&b, D=r2—4s L BT,
D IZEMBDOFEHTIER, LEB>T, D=t*m,tc QX, me€Z, m+#0,11%
VHRBZ R\, E0T5, ZOLE, a=(—attym)/2€ Q(/m)THDY,
kCQ(ym) THh3. 2=dimg k < dimg Q(vm) =2 &b, k=Q(/m). O

B 3.3. k=Q(ym) Z2XRIEET 2, a=at+by/mekIZHLT, o =a—bym
ZaDRBLEVI, o, BektTBE,

(a+p8)=da +p5, (aB) =dp (3.1)
IR Y SED, iR T,
Trijga) = o+ o' = 2a,
Nijo(@) = ad’ = a® — b*m

& B ( . Tl"k/Q(Oz), Nk/Q(Oz) @iﬁfﬂé&f% Z> 'El"f% Tl"k/(@ k— Q, Nk/Q k— @
ZENZNEDRNL—R, JILLE I, HLIZ, FPL—RIF kD256 QD Q-
BIBESRTH Y, 7 IVLD X ~DOHIRIZ, FTERE L D 6 FeiERE Q* ~ o HE[H 7l
Th 5.

ZDWIETH D, O % k DBEBIRLE .

WRE 3.5. k=Q(Vm) Z2XELET S, 22T, m#£0, 1IEPHREE L
BHET D, acklzonT,

a € O <= Tryg(a) € Z, Nyjgla) € Z
DIK D AL,
[BEFH]  Tryo(e) € Z, Nyjgla) €Z 32 E, ol
X? — Trgyg(a)X + Nyg(a) =0
DIRTH D06, ackNZ=0,Ths. #i, acO, &L,
Q" +a 4 ta, =0 a;€Z
95, 2ok, HX(3.1) &0,

=(a"+ a4+ +ay,)

= (a") + (") + -+ (an)

= ()" + ( Tt an
L7zD3oTC, o €ZThH%, t2.6, 23&D, atd €eZNQ=7Z, a0 € ZNQ =7
ThH 5. O
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R 3.6. k=Q(v/m) Z2RIEETZ, 2L, m#£0, LI FAREZ R 720
BRETE, 20LE, O,={a+wl|a,beZ} THDH., TIT,

{1+\/ﬁ

5 m=1 (mod 4),
vm, m=2,3 (mod 4).

GEH] vm i X2 —m=0DRTHIH6, /mekNZ=0,ThH5. £,
m=1(mod4) %61F, w=(1+yvm)/21F, X>?-X+(1-m)/4=0DRTH
D, TNIZREBETHID0, wekNZ=0,ThH%. Lhr>T, »Ino
G, we O, THY, O, BETHINS, atbwe O abeZThH5,

a=zc+yym, 2,y e QLB ac Oy 2L, MB35 XD, Trgla) =
20 € Z, Nyjg(a) =2 —my? € ZTH 5. 2o =u € Z B, 42> —dmy® € 4Z
0, 22—mQy)?€Z, LIz3>T, 2y=9y EBTIE, myl e ZThH5. miFF

ﬁﬁﬁ%%k&m#%,meZ%%é.iof,a:ﬂi%lﬁﬂmmezk#

af — my?
3. %o)k%, Trk/Q(oz):xleZ’C“Eff)%ﬁ>%, Nk/@(a):TeZ,'ﬁ‘f;
bHbH,
x%—my%EO (mod 4) (3.2)

%6lE, a€e O, THA. m=1(mod4) DEE, GFX(3.2) 1% 22— =0
(mod 4) 17D, TN, 2, =y (mod 2) LFfETH 5. yy = b, 21 = b+ 2a,

a,b € Z EDTIT, a:w:a—f—bw“@%%. m=2 (mod 4) DL EZE, &5

Az (3.2) 1%, 23 —2y7 =0 (mod 4) IZ%& D, TIN5, x 3MEE, L7d>T, y

LB DD, m=3 (mod 4) D& ZE, AR (3.2) 1%, 27 —3y? =0 (mod 4),

22+ yl =0 (mod 4) 12D, TN 6, x, y1 L DHIEBEDDNP S, 21 = 2a,

y=20,a,beZ DT, a=a+by/m=a+bwTdH5. O
O, DL FOHR L,wi k DBEBIEL V),

3.2 [RIRTODFE

FE37. 0 cQLT2LE, a 280RNOREAEE Q) TET. a 2L
T2 QREDE=y V7 ZHEATREDVERNDOD%E a D Q LORINZIER L \»
V. a0, €EQETBEE, ay,..., 0, ZETRNDOREUEZ Qlay, ..., o)
TERT,

Ml 3.8. acQ f[(X)Z2aDQ LORNEHAL T2 L, f(X)IZQ LN TH
D, EREZE0W,

[FEBH] n=degf(X) T 5. f(X)=g(X)h(X), g(X),h(X) € QX]IFE=Y
7 &9,



£D, gla)=0F7Idh(a) =0TH 2. f(X)IF flo) =0 742 QX] DILTXK
BN DLDTH 06, g(X) = f(X) LI hX)=f(X)ThHs. WZIT,
X)) IFERNTH D, f(X)1dn - 1XEHEAZDP S Q EENZ n XL A f(X)
THEID Yz, koT, K017 kD,

a(X)f(X) +b(X) [ (X) =1
E7 5 a(X),b(X) € QX DFET 5. L3>, f(X) & f(X)ddb@EDR%z
Rifz/pwve, WIS, f(X) 3HERZR %0, O

Ml 3.9. € Q, f(X)Z a?DQ LORNELHEHA, n=degf(X) ET1E, f(X)
I Q EHEITH D, Qo) = QX]/f(X)QX]22[Q(a): Q =nThs. Fi,
La,...,a" EQ(a) DQ LEDORY PV E L TORETH 5.

FEH] o & QZ&L Q DEVNDIEIER%E Qo] £ T5%. G ¢: Q[X] — Q[a]
%
p(9(X)) =g(a),  g(X) € Q[X]
X > TERT UL, ¢ ZEROEFERTETH S, kerp 13 QX] DA TTNLTH
2, G012 &0, fo(X) € QX] BEFHEL T, kerp = fo(X)Q[X] TH B2, Z
Df(X)IFEZy Z7ELTEL, Z20LE, fi(X)iZadDQ LORNEER f(X)
IZE L\, HEFRALERIC X - T,

Q[X]/f(X)Q[X] = Q[a]

Ths. feQ], p#£0ETHLE, f=g(a), g(X) € QX], g(X) ¢ kerp =
f(X)Q[X] &5, %017 & D,

a(X)f(X) + b(X)g(X) = 1
L7 % a(X),b(X) € QX] BHET 5. ZHUS, z=a 2AATIIZ,
b(a)g(a) = 1.

W21, Be(Q))* THY, Q] dkTHs. k5T, Qo] =Qa) TH3, %
72, fEED B =g(a) € Qla] i, g(X) = f(X)q(X) +7r(X), ¢(X),r(X) € Q[X],

T(X):co—i_ClX—i_"'_'_Cnlenil: C0,C1y--+,Cn—1 EQ
EDTIE, B=r(a)=c+ca+-+c, 0" THBH. F£,
coFfcra+-Fep =0

E5DIE, r(X) €kerp = f(X)QX]DEZETHSN5, degr(X) <n &b,
r(X)=0,co=c1==c, 1 =0DEETHS. WAIZ, 1,a,...,a" X Q(a)
DQ EDOEKTHY, [Q(): Q] =dimgQ(a)=nTH 3. O
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ME3.10.0.6cQLTHL, 7 €Qa,f) TQH) = Qo f) £ 55 LDV
T5.

FEH] f(X) Z a D Q Lom/h N, ¢(X) % D Q Lo/ HAE T 5,
A 3.8 X0, f(X), g(X) IFEBEZRZZ\V, f(X)DR%E (= a),a,...,aq,
g(X) DR%E Bi(=B),Bay ..., Bs T D, KAt D (r —1)s D 1 KI5

ta;, + B =ta+ B (I<i<r, 1<j<s)
DRIFELZ (r—D)sflTH 255, ceQz
ca; + B # ca+ (1<i<r 1<j<s)

Zii7zTEIICEND, ZDLEE, v =ca+ B EETIE, Q1) C Q,B) T
b2, HWHMEOUEHBRERT, MX)=g(y—cX) EBL. c£A0THIH5,
degh(X) =degg(X)=sTdHs. h(X)eQ()[X]|ThHD,

ha) = g(y — ca) = g(B) =0

Thsb. £oT, f(X)&MX)IFHEDRa ZFD. bL, a;,i>1DW(X)D
WThHsrE95L,

h(a;) = g(y —ca;) =0
X0, %51Sj§30C0blfy—cai:ﬁj7b§5zk)ﬁ’3. L2L, THUdca+ 8=
coi+B; £ T, cDENTICFHIET S, WAL, f(X) LX) D@EDORIZ o
P ThHs, f(X)&hX)DQH[X] B BZRAANKT-Z m(X), m(X) 1ZE
=y 7 ETuE, %016 £,

a(X)f(X) + b(X)h(X) = m(X)

7% % a(X),b(X) € Q(Y)X] PHAHET 5. m(X) € Q()[X] ¥ f(X), h(X) ZH
DEIZ05, m(X)DMIZ f(X) & h(X) IFBEDIR o 213 TH 2. WZIZ, m(X)
F1RTHY, m(X) = X —aTH%. m(X) € Q[X]THs05, I
a€Q(y)ZARL TS, f=7—caeQy)TdHbs156, Qa,B) CQ(y) TH3.
Wi E OWUEBERIIBECR L7226, Qa,B) = Q(y) 214 5. O

EE 3.11. k2 fREARLE TR, 0ckDHIELT, k=QH) TH 5.
FEH] n=[k:Q BX. a1,..., 0, ZkDQ LOHEJEL T2 L,
k=Q(ay,. .. ap)
Ths. #3100 XD, Qlay, ) =Q(y) £%5 ek ER,
k=Q(ye,as,...,04)
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L%, FHERIS, Qe a3) =Q(w) &2 pekdied,
k:(@(/y&aila'--van)

s, INEBEDVIBEIE, 4, ckDEN, k=Q(1,) £k D. v, =0 T1UL
F o, O
EM311D0% kDRBITE V).

3.3 HEBEHK

EE&3.12. k=Q0) ZnXIEET S, 00 Q LOFNELENXE f(X) &L, f(X)
a)ﬁ% 01(:9),62,...,9n &j—é OéEk;E

a:co—i—clg—i----—i—cn_ﬁ”_l, chQ
EPCEE, 1<i<nicyLT, o, k— Q%
0'7;<Ck) = Cy + c19i + o+ Cnfle?il

LK TEET S, 0, ZHBEHRE VY, o) =0i(a) EBLLEE, oD, . o
ZaDQ oL v),

@ 3.13. k= Q(0) E n KL T 5. WG o, k — QIFHINERETH 5,
Thbb, a,feklIRHLT,

oila+ p) = oi(a) + 0:(B), oi(aB) = oi(a)oi(B)
DR VLD,

FEMH] 0 © Q Eoi/SER%E f(X) £ L, f(X) DRZE 0.(= 0),0,,...,0,
E95, 3.8 &0, f(X)FEBRZE LV, 0,0,,...,0, 3L 3,
{ug, ..., u,} Z2kDQ LOREKE TS, HackiTHLT, au; Zuy, ..., u, DQ
REIRFEEELTETILICLST,

ERDQERTETHEnXITIHADEE S, ZDEE, a,f €k, cc QITHLT,

Aa+ﬁ = Aa + A[g, Aca = CAa, Aag = AaAﬁ = A,BA& (33)
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DK NIDOZ EWBRG IO D, —7,

L0, 013 QRED n RITH Ay DEIFIETH 5. £oT, 013 4y DEHLIHK
fa,(X) DIRTH 2. fa,(X) € QX]1F60DQ EDOEMNLTHATHD VI 273,
fa,(X), ) EEDICnRE=ZY 7 THDIDD, f4,(X) = f(X)THB. L7
D30T, Apld f(X)DIRO,,....0, ZHEZZMEAMWE LTRSS, NALARETSH
%, Ay DEGE 0, DEIHE R FVEE i FIOFIR7 L ET L nRXITH% P LT

g,
01

9
P AP = 2
0.,
a€ek%x

Oé:g(0>, g(X):C0+01X+"'+Cn71Xn71, Cje@

EDCEE, (33) &0,

Aa = CJAJQ
j=0
Thsb, £o7T,
n—1 ' n—1
P AP =) ¢ PTAJP =) " ¢;(PT'APY .
=0 =0
0
: o’
(Pl AgP) = i )
0
THDIH6,
g9(61) o1(a)
Py p_ 9(62) _ oa(a)
9(6n) on(@)

19



fek &L, FERIZLT,

a1(B)
PlAP = 72(P) ) ,

0'1(06 ‘|—5)

PilAaJrgP: oy + )

on(a+ )

01 (Oéﬁ)

PflAa/BP _ UQ(O[ﬂ)

o)
(3.3) &b,

P 'Ay 3P =P (A, + Ag)P = P'AP + P71 AgP

o1(@) + 01(B)
a3(@) + 02(6)

on(@) + o, ()

P AusP = P A AgP = (P A P) (P  AsP)

or(a)oi(B)
oa(a)oa(B)

 on(@)on(d)
S OIS % i U,
st B) = oa) + o), oilaf) = oula)ou(s).
0(l)=1TH2056, a#0%5I3,
oi(@)os(at) = oi(aa~) = 3(1) = 1.

£o5T, 0i(a) A0 TH B, LEd3>T, kero; ={0} THY, o ITHHFNTHS. O
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34 JILLEML—R

E& 314 k2 n XREME LTS, 0,0k — Q% (i=1,...,n) I
%, ackIiZLT,

Tryjg(ar) = Zai(oé%

Nijo(a) = Hgi(a)

HRET

EBLL Trygla)2a Dk QANDRL—=RE WV, Nygla)ZaD k56 Q

NDJ/IVLE T,
EE 3.15. n KA1 A = (ay) ISR LT, Z DX DRI

n

g Qi;

=1
ZIHIADRL—=R E W0, Tr(A) TET.
fliRE 3.16. n XATHI A, BIZR LT, Tr(AB) = Tr(BA) TH 5.

[%EHH] AB D (Z, Z)-E‘Zﬁ&i Z?:l aijbﬁ THH06 ,

TI'(AB) = i zn: aijbjz-.

i=1 j=1

Iﬁ‘lﬁﬂi, BA D (], ])-E‘Zéj\ci Z:’L:l bjia,-j THH06 ’

TI'(BA) = i i bjiaij = i i aijbji = TI'(AB)

=1 i=1 i=1 j=1

Rl 3.17. k2 n RREUALE L, {uy,...,u,} Z kD Q LOKEEE T3,
X LT,

ERDQERITET B nKITINADEE S, ZDLE,
TI‘k/Q(Oé) = Tl"(Aa), Nk/Q(Oé) = det Aa
fﬁﬁﬁ b EZ/) %0:, Trk/Q(oz) € @, Nk/Q(Oz) € @ Tb 5.

21
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GEH] 00k — Q(i=1,...,n) ZHEEHE T2, WEH3.13 DFHTH
£91g,

Ul(a)
PUAD = 72(e)
Un(a)
L7235 7C, #idE3.16 X0,
Try /(0 Zaz = Tr((P~'A,)P) = Tr(P(P~'Ay)) = Tr(Ay),
Nyi/o(a Haz = det(P~' A, P) = (det P~Y)(det Ay)(det P) = det A,.

iRl 3.18. FL—RIF kD5 QD Q-IEE/RTH D, /LD ~DHlRIZ,
TEVERE X ) 6 B QX ~NDHERTITH 5,

FEH] o,fck,ccQET 2L, G313 LD,

n n

Tryjgla+ ) = Zo—xa +8) = Z(m(a) +0,(8))

= Z Uz + Z Uz Trk/Q ) + Trk/@(ﬁ)a
=1

n

Tryjg(ca) = ZUZ c) anl = CZJZ = cTryg(a),
Nyjolap) = ng af) = Hdi(a)g (8)
= (H oi(a ) (H oi( ) Ni/o(a) Niyg(5)-

O
RBIEEITNLT, k=Q0) £%20% 5T, fi(X)%60DQ LoR/INEIHL,
01(=0),....0, % [o(X) DMOLHhET 2, B FHo  k—Q(i=1,...n)
%
a=g0), gX)=cotaX+ - +cp X"

WX LT,

22



ICEoTER L, T ODEDTIKFET B E)ICHZS, 22T, k=Qp)
E%5pkEDT, [,(X)%ZpDQ LDORNLHEN, pi(=p),....p0 % f,(X) D
Boetke L, R F—Q(i=1,...,n) %

a=h(p), MX)=c+aX+ -+ X"

IR LT,
Ti(a) = h(Pz)

Lk TEETS. COLE, WYCEEEOTIDPANE, =0, THBI L%
RZH, 20D, {u,... ut B EkDOQ LOMEL LT, FackltHLT,

Uy Uy

ERDQREBDOnXKITI A, LD, U0, p EMEARICEE 5. KT, a=p
93U, @313 DEFHTAL LI I,

P'AP =
on(p)

—75, A, DEGALIENL p D Q Lom/NLIHA f,(X) & T 205, A, DI
BIEE pr(=p)ipos e pn TH D, LTDDT, ji,das. e 2 1,2,...,n DY 70
WAREEZ LTI, oi(p)=p; (i=1,...,n) TH5B. ZDLE,

a=nh(p), h(X)=c+aX+ - +c, 1 X"

IR LT,

7. (a) = h(p;,) = co+crpj, + - + Cnflp}lfl
=co+ c104(p) + - + cuor03(p)"
=0i(co+c1p+ -+ com1p" ") = 05(h(p))
= o0;(a).
WZIZ, o;=1;, THD., UhiTk>T, BEFEHRDOYAE {01,...,0,} 13 k=Q(0)
ERBODEDHFIZIZ LSRRI EDIRI N,

R 3.19. k 2 fUBIE, O, 2 k DBEIR, o € O, ETHUE, Tryge) € Z,
Nk/Q(Oé) €ZThH5.
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FEH] acOp & T4, E=v 7% h(X)€Z[X]T, h(a) =0 £%2HDY
Hb. n=k:Q &L, 0i:k—Q(i=1,...,n) ZHEEHL T2,

h(X)=X"+a X"+ +ap, a; € Z
&9,
h(a) =a™+aa™ '+ +a, =0.

0=0;(0) = 0i(@™ + a1a™ '+ + a,) = 0i(@)" + aroi (@) + -+ .

Thbb, hioi(a) =0THY, oi(a) €ZTH%. ZN05, 2.6 EaE2.3
£0,

n n

Trig(a) = Zai(a) €EZNQ=2Z, Ngpgla)= Hai(a) €ZNQ==27.

i=1 i=1

]
% 3.20.0€Z 00Q LORISEAE f(X) LTHUL, f(X)eZ[X]TH3B,

[GEHH]  01(=0),0,,...,0, % f(X) DR ETIUZ, 0, D Q LOm/NLHAL f(X)
2HDY) 205, E38 XD f(X)ZBPENTH 2026, 6, DQ LoR/NEIHAD
fX)TH2, 0cZ &Y, W(X)EZX]|ZE=ZY 7T, h() =0E%2bDHL
Nz, ZOLE, WX)=f(X)9(X), 9(X)cQX] £ 5,

c}:’)f, 617,971621:‘37’)%.

n

FX) =1](x -6

=1

0, f(X)DEFREIX0,,...,0, 725D ZARBDOLTATH D, 2.6 &
23&D, ZNHEEZNQ=ZDILTH %, O

3.5 HBR&ERKBHZ-NEt
EE 3.21. LEMBEET D, wy,...,uy, € LOSFAEL T, L DIEEDIGDS,

a1uy + - -+ Gy, ai,...,ay € 7

DFIC—BINCRE 2 L E, LEERoBBHZ-MBEL ). T, {u,...,u)}
X LOBETHS LW,
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fiRE 3.22. LEZWHn OHMZ-MBELE T 5. M %2 LOFSMEEL T0UL, MIE
P8 r <n OHMZ-MEETH 5.

FEMH] nicBAT20MEIcL 2. n=1DL ZIL, L= {au|la € Z)} TH52.
MCLZWMIMEEETZLE, [={a€Zlaue M} EBFE, TIZZDATT
VTHD, E02LD, I=dZ, d>0E D5, d=0%61F, M={0}Tdh
% (BEE0 OHH Z-MEE). d>0%61F, o =du £ BL &,

M ={aula €dZ} ={bu'|beZ}
Thb, koT, MIIWE1OHBZ-MEETHS. n>1EL T, n—1FTIEFE

DIELWET S, LE2REn OHMZ-MEE, M %2 LOWANEE TS, {u, ..., u,}
Z LOHIKE L,

L' ={auy + -+ + ayuy, | as, ..., a, € Z}
EBES. M =MnL EBLE, M IS —1DBEM ZINEE L OEITIEET
HHDO, MEDREICE>T, BBr—-1<n—-1DHHMZNETH 2.
I={a€Zlauy+u eM (3 €L}
EEBTE, TRZDATT7NVNTHS, [ =dZ, d> 0TS, d=07%56I13,
McL M=MNL =M7Tb?h6, MIZEEr—1DOHHZMETH 2.
d>07%61F, v=duy+u €M E%5uy€ L' DEET S, TEDve MIZ
v=bdu, +u,beZ, W el E0TD, ZDLE, w=v—bv EBITFIE, weM

THD,
w = bduy + v’ — b(duy + ug) = u' — bug € L'

THaHDP6, weMNL =M ThHs. {vy,...,v.} Z M DEJK L TIZ,
w:bgvg—i—---—l—brvh bg,...,bTGZ

EDNTBD 5,
v =>bvy +w = bvy + byvy + -+ + byv,

Thasb., £oT, M {v,...,v.} DZRBD 1 XFEERKE BT 5. £/, %
DI 7% 1REEITONT,

blvl%—---—l—bwr:()

EBDIE, BvjZuy,... u, DIKFEEHEL TP EE, u 2ELHDIER 0 72
JThHr06, b =0DLETHD,

b202+"'+br1)r:0

ERBD, THUEby=--=b,=0DEZICRE., WZAIZ, MIZEEr<noDH
HZ-IM#ETH 5. O
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f#HRE 3.23. LZBEnOHWBZ-MEEEL, M%Z L OBEEr < n ODMEEE T
h&i, L@%E{ul,,un} &. E%%&dl,,dr ‘(“, di‘di+1 (Z: 1,...,7’—1) VIR
{dyuy, ..., dou } XM DEIR E 72 5 b DDIHAET 5.

[REFH] D FIRD X 9 BILKOAEE n ICBT 2 b TatHd 5. n=1
DEEIX, HopTHS. n>1ELT, n—1ETEFREPIELVETS, L%
FE8in O EH Z-ME, M %2 LOTSIMEEE T 5, {u,...,u,} Z LOKEIKE T 5,
vEM,vA0ZR Vv =aiui+-Fapn, a; €Z EDPL EE, ai,...,a, DERKRKEKIE
Zg(v) TET. glv) >1TdH%. dy =min{gv)|[ve M,v#£0} LB, vy eM
Zglv)=d 5B EIITL B,

V] = a1 + -+ G1ply, ay; € Z
EnC L, ged(ay,...,a1,) =d THDH., TDEE, R010KD by,...,0, €ZT,
biay1 + -+ + bpar, = dy
ERDLDBFET D, MRl L — Z %
o1(aug + -+ - 4 apuy) = arby + -+ - + ayby,

k> TEET S, oi(v) =dy THD, 61T, pi(M) = lZThH5, EE,
veMEL, pi(v)=dig+r,qr€Z,0<r<d & &, V=v—queM&
BITE, po1(v)=p1(v) —qpi(v) =rTHB. L, r>0THbLTHE, v #£0
THY, vV =au + -+ au, 0TI,

r=p (V) =aby + -+ a,b,

THb, gv) =ged(ar,...,a,) EELE, gv) >0, g(v)r THHHH, gv) <
r<d; Ths TiId =min{gl)|ve M v#£0}ITFETS., DRI, r=0,
(p1<M) =diZ T%% ai; = dla’lj, a’lj cZ kﬁ)%,

ro_ /
Uy = AUy + -+ ay, Uy

EBE, e lvy=du, p1(u) =1TH5B, L' =kerp; ={ue L|p(u) =0}
f

B,
901(U/) = p1(u— G1U/1) = @1(“) - (11901(U/1) =a; —a; =0,

£oT, vekerp =L THD, u=au)+u E0F5. ZORLITV—EBNT
HHIEE, aqui+u =0, €Z, W el ETHEE, 0, =0,/ =0TH5Z
ExAUI IV, T, RDOLKIHITHIr B,

0 = p1(aruy +u') = a1 (uy) + p1(v') = a,
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ale,u'zo’C“JFD%.

M =MNL tELE, M=ZvudM Ths, 3, ve M ETUL, ve LTH
5206, v=auj+u,a €Z, v €L EPTFBH, TDEE, v1(v) =a1p1(u]) = ay
T%% Sol(M):dlZT%%i))%, alzcldl &.753”’% J:’)T,

v=cidiuy +u = +u
W=v—cuv EMNL =M Tb?, cov; +u =0 & T,
0= (,01(011)1 + U,) = Cldl,

a=0,u=0ThHs, WA, M=Zv,®M TH5,

i 3.22 X0, L3R n—1OHBZIBETH 5. fidE3.22 X0, M I3
s—1 <n—1DHMHZ-IMEETH 5. JFEDIEIZ L >T, L OHIE {u),... ,u} &
HAE o, ..., d, Ty dildiyr (1=2,...,8—1)2>D {doshy, ..., dsul} 1& M DIEJE &
BOLODVFET S, ZDLE, L=Tu\0oL TH 06, {u,u, ... u,} & LOK
JETH 5. 7, M:Zvl@M’iP“)vl:dlu’l“f“a‘f)%#%, {dlu’l,dgug,...,dsu;}
I M OIEETH 2., REIC, s >2DEE, di|d, ZRT I EDVEINTVES,
dy=dig+r,qreZ,0<r<d &£9%, ¥EFMy . L —7Z%

Ylayuy + -+ -+ apuy,) = —qa) + d
WKLo TEET S, v=du,+duy EEFIX, ve M,v#£0THDH, ) =
¢(d1u/1 —|—d2U,2) = —qd1 +dy = T’VC%% —‘75‘,
v = diu| + dotty = ayuy + -+ + Aplly, a; €7

EPCEE, v£0&D, ay,...,0, DIBEDAHRCEDH 1D1F0T%RL,

() = arp(wa) + - - + ant(un)

TH2056, gv) = ged(ay,...,a,) > 0lkr =) ZHOT2. r > 07%5I15,
g) <r<d E%>7T, dy DERMEICFIET S, WZAIL, r=0THDY, dy=dyq
Th 5. O

R 3.24. LERHn 0FRZ-MBLLE L, M % LOHSMEECHBnTH2 LT
6. L@%}E{ul,,un} & ﬁ%ﬁdl,,dn %f {dlul,...,dnun} 73)§M®%Ektﬁ
B &9 EduR, FIRMEEL/M EHERIEECHY, ZoMBidd, - d, TH 3.

[REPH] ¥EFM f . L — (Z/d\Z) % --- x (Z)d,Z) %
flawuy + -+ + apun) = ([aday, - -, [an)a,)

ko THEET S, TCT, [du=atdZ € Z/dZ EB\vi, Hohic, [t
ThHb. ker f=MTHsrhr5, WEAMEHIZL>T, fIZFEH

L/M = (Z)d\Z) x -+ x (Z/d,TZ.)
ZRERIT. (LM =dy---d, TH . O
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3.6 RNEUKDEHIR

—RDORBUADELIROMEZ NS, k2B IE, n=[k:Q & T2, &M
311 &0, k=Q0) LB 2 0ckensd, mdE24 kD, 0 Z2@Y 5 HABAET
EEAT, 0cZ ELTE\», ZDOLE, 0ckNZ=0,TdH5%. f(X)%20D
Q Lo/ HALET 2L, £32040, f(X)eZX]TH5D. BRZI IF

Z[e] = {CO + 619 + -+ cn,len_l ‘ Coy---,Cp—1 & Z}
THHHD6, BBnOHHZIEETH S, WO, Z)C O, THSH, TIT,

EEL. AN O RBIE, EEDL cZBITRNLT, \de O, THEN5, find
319 kD, Tryo(A\B) €ZTH3. k>T, NeL, O, CLTHS, LD
HiH Z-M#ECTH 2 2 L2, fid3.22 L0, LOWIMEETH 2 O, bR
r<nDHMBZ-MEETHS. LHL, Z] C Op 22 Z0] \ZFE%n @ Al Z-InEE
THH D6, r=ntitd,

LDBEBn OHBZ-MEETH D 2 LE2RZ I, THUIROHEDI DD 5,

8 3.25. L= f'(0)"'Z[0) TH 5. T, LIZFEEn OHM Z-MEETH 3.

FEHH] f(X)=X"4+a X"+ +a, T 5. f(X)IT,

Fx) =[x ~6)

7=1
EQLIafEIng., £1<i<nlcxwLT,
(X)

~

EBEZE, 1<I<nltonT,

noop-1
GX) = Y- e ()

L1, )
F(X) =" H(X)

Gi0) =07 i=1,....n, TH5. f(X)En-1REEXEDL S, G(X) IZHE%
n—1ROEZEXTH 5. Gi(X) - X"1EEAn - 1 RDLEAXTHH> T, nflD
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Woy,....0, 28>, LEhi>T, G(X)— X1 =0, G(X) = X" ehiFtug
AR AN
f(X)

m - )\an—l + )\QXTL_2 + s + An

&N,

£(X)
= MX"TH X" X O X XX )
= MX"+ (N — 9)\1)Xn_1 + (Ag = OX) X2 -
F(An = A=) X — 0N,

J:’DT, )\1 = 1, )\i+1—9>\i:ai,i: 1,...,77,—1 %ff%l‘% L%Ciﬁ’)f,

A= 17 )
)\2 = 0 + as,
)\3 = 92 + &19 -+ as, (34)

A = O 14 a0" 2+ +a, .

N DO% O TEEMAILbDE A LTI,

filX) = Z AEi)Xj‘l
j=1

ThHhsb. Eo7T,
~ 0 ~ 0 Oyl N (N 0y
Gi(X) = (X)) =) ) AXIT = L\ ) X
l( ) Zzlf/(gz)f( ) Z1f/(el)]21 J ;(ZZI f/(@i) ])
EoT, G(X)D XL DFEIE, FPL—RADERLE G(X)=X"1h5,
A "Lt 1 =1
Tryq (612 ): G 3.5
r’“/@< 1) ;f'ww 0, j#L (35
(34) X0, f(O)N,j=1,....nlFkDQ LORKETHS., k>T, \ek%
N An |
A=agg Tt ey 9=

ErCLE,

N DY
TI‘k/Q(/\Hl 1) = ch Tl"k/(@ (9l lf’(]Q)) =
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ThHodHo,
ANelL<<=c¢geZ, |=1,...,n

TH2, WAL, LIE{f (O N|ji=1,...,n} 2K L T 288 n DEHZ-INE
THD, (M, ) FZODEETH 05, L= f(0)"'Z[H TH5. O
PLEIZ X o TREABDEEIR O, 129 WT, ROEMHEEHI N,

EE 3.26. k 2K, n=[k:Q] &THUL, k DEEEIR O, IZWEE n O HH Z-f
BHThs. Thbb, w,...,w, €Oy BEFIEL T,

O ={cw + -+ cpwn|c1,...,cn € Z}.
{wi, ... w2k DEEIEL W),

4 REUEDLT7IL
k2fRBUE, n=[k:Q|, O, 2k DEEIRET S, {w,...,w,} 2 k DELIK L
T2, O, DAFTTIMCOVTHRNEL I, BB, 4 F7LE {0} ThVLHDEITE
5.
ME41. aCOZATTNETEE, aldBnOHBZNHETH S, Thb
L, ap,...,an €Oy BIFEL T,
a={cia1+ -+ cpan e, ..., cn €L}

[REFH] EBE3.26 AHE3.22 XD, a3 r <n OHHBHZ-MHETH 5. o€ q,
a#0%2EBE, a0, CaTHY, {w,...,w,} 2 k DELIKE THL, a0, IF
{awy, ... aw,} ZHEEETEEE L DHH Z-MBETH 206, r=nThHs. O

DE 4.2. FRE O /a RERBETH 5.

GE] 4.1 kD, a BB OHHZ-IEETH S, %324 K0, O DER
{wi, .., wa} EARE Ay, ..., d, T, dildiyr (i =1,...,n—1) DD {dyw,, ..., dw,}
DaDHEELERZ2DDVBEET D, Z2DLE, £3.24 %D, Op/alZBERMFETD
0, MElxd,---d, TH5. O

E&E 4.3. AR O /a| ZA T TN aD /WL E VW, N(a) TET. {a1,...,0,}
BAFTIN aDIEETHELEE, a=|o,... 0 EDX.

Ml 44. aCOLZATTINVETS, Op=|wi,...,wn)s a=]ag,...,q,] T 5.
(a1, ) = (Wi, ... wn)A, Ae M, (Z)

Ll ZOEE,
N(a) = |Oy/a] = | det A]

N AIRVASS
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[REPH] %324 &0, OpDHEIE {n,..., 0.} EHREK A, ... ,d, T, di|ldiy1 (i =
L...,n—=1)22{dmn,....dm,} BWaDIERELRDSDVBEET S, ZDL &,

(N5 n) = (Wi, ... wn)T,
T3 Z Dmzog T 50500 £1 O n X751 CThH 5. FEkIC,
(o1,...,an) = (dim, ..., dm)S,
SHZDOEEITET BTN L1 Dn XITIITH S, Lo,

dy
do
(v, ) = (dimry ooy dyn)S = (M1, oo 1) y S
d,
dy
ds
— (wla 7wn)T Sa
d,
dy
ds
A=T S
dy,
AR E £,
det A = (det T)d; - - dy(det S) = (£1)(d; - - - dy) (£1),
|det A| = d; - -d,, = N(a) ThH %. O
EE 4.5. n KIEk OBBEDA T 7V a=[ay,...,a,] IR LT,
Trpg(af)  Tryglonas) --- Tryglaros)
TI‘k Q<a20[1) TI'k Q(oﬂ) cee Tl'k Q(Oégan)
D(a) = det((Tryglasay) = | 0. [ e
Trpjgancn) Trgglanes) -+ Trgglal)

ZaDHIRIR E ). RIS, a=0,DEE, D,=D(O,) % kDHIRIRK & 25,

M 4.6. O, DA T 7N all2WT, aDHHIA D(a) 130 THRVWEHTHD, a
DIEIED LD FIzk Sk, Fi,

D(a) = D N(a)?
IR 3L,
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GEWT] {an,... 00 Z aDBEETS, ok —Q (i=1,...,n) % EH
ET 5L,

0'1(@1) 0'1(@2) cee O'l(Oén)
B_ os(a1) oa(ag) -+ oa(ay)
on(a1) on(az) - on(an)

BT,

BB = (Z Ur(Oéi)Ur(Oéj)> = (Z UT(%%)) = (Trwjo(eiay))

ThHch56, THIA%2 LT,
D(a) = det('BB) = (det'B)(det B) = (det B).

=77, (aq,...,an) = (wi,...,wn)A L7825 ZRED n RITHI A %2 LT, firiE 4.4
£D, N(a)=|detA| TH 5. £7, (0i(1),...,0i(a)) = (ci(wr),...,0i(w,))A
TH5HH6,

o1(a1) oi1(ag) - or(ay) o1(w1) o1(wy) -+ o1(wn)
B 02(041) O'Q(CYQ) Ug(&n) _ Ug(wl) 0'2(0.)2) Ug(wn) A
Un(al) Un(a2) T Un(O‘n) Un(wl) Un(w2) T 0n<wn)

£ 5T, (det B)? = (det(o;(w;)))2(det A)2 = D(O,)N(A)2TH 5. D(a) I3HHK
THD I Trygloey) € Z505, B0 TRAI EIEIXRD L) IZH
5. k=Q0) t%20c O, z2ts. f(X)Z20DRNEFHALETSE, f(X)
FEMREE G, 0RBEE 0;(0) =6, (i=1,...,n) T2, Z[f] C O, kb,
(1,0,...,0" ) = (wy,...,w,)C L7525 ZARED n K15 C 2 L 1S,

1 6, --- 0?*1 or(wy) or(w) -+ or(wy)
1 6y - 9;‘_1 B oa(wr) oa(wa) -+ o2(wn) C
1 Qn ce 9271 an(wl) O'n<u)2) ce Un(wn)

ZOMADITHAD 2 % &,

16 - 6! 2

1 6y - o5t

7| = D(a)(det O
16, - ot



Z DI
IT 6,—6:)*#0

1<i<j<n
TH5. £oT, DO #0,D(a) 0 TH 3. 0
Bl 4.7. Q(v/3) DHMR I
2

IRVER -

|1_¢§ = (—2V3)? = 12.
Q(v5) DA

2
1 (1++/5)/2 _ 2 _
L - vy | VR

—HIZ, k=Q(vm), m # 0, L IFVPIHRBZ R 0B, ¢45LE,

m, m=1 (mod 4),
Dy =
4m, m=23 .

B 4.8. a € O, a £ 0 ETHUE, HIHA 77 (o) = a0 IOV,
N((a)) = [ Nijg(a)].

FEH] O = [wi,...,wi] ETHUL, (@) = [awy, ..., aw,]| THED 5,

2

o1(awy) op(aws) -+ o1(awy,)
D((a) = oo(awr) oa(aws) -+ oolawy,)
on(awr) op(aws) -+ oplawy,)

= (0'1(0[) s an(a))QD(Ok) = Nk/Q(a)sz.

i 4.6 £ D, D((a)) = Dy N(())? TH 5755, N((a)) =|Nygle)| 252, C

5 HEBOARIMYE
EafREELET S, O, DA TT N plcOnT

p BWRATTIV = Op/p D
— afcpiol¥acp FIF By
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R 5.1. O, DA T 7 ILDF
G CayCag:---

BhHUL, HEHTHPORIFETHS. Thbb, 5% NBHFELT, £
BOm>NIZOWT, a, =ay DT 5 (O 1ZRXR—F—RTH 5 ).

GEW] @EE421C k5T, Op/a BHRETH S, LihioT, Sk
(Ok ta1) = (O 2 am) (A1 Gpp2) -+ (a2 2 ay)
IL&>T, HEBEFHOHIFETHITNUIARS RV, O
BDES52. pZ O, DEATTILETEE, Ofp 3ETH B,

GEHA] v € Op DIET % mod p DEIREZ 7] L2, [a] € Op/p, [a] #0%
5. BIRf:OL/p — On/p %

ICEoTERT S &, fIRIMECOWTHOUERIEITH 2, p3FEA T T7ILTH
52 D6, fIZHRTHS Z L35, fIFHARES OL/p 226 AT HE~D
HEZ0 5, SHETHS, LEN>TRIZ, Ff([Y]) =[] L% 2 ] BEET 3.
YoT, (Op)" = (O4)p)— {0} TH 2, Thbb, Ofp l3ETH2, O

EE5.3. 0. D22ODAF7)Na, bITHLT,

a~b<=3Ja,0€ Ok a,B#0, (Bla=(a)b

-

EEFRT S, T O, D0 THRWA TSRO ESICHEER-RZ EERT S, 2
DFEHEZ A TP IVE L 9,

WRE 5.4 (7 V7 4y Y OfIE). REWERE DAL > TEE 2 AR M TROME
BHEFOLDOBHEET S TBED o, €O, BAOICNLT, 1<t<M%3
teZ & 0eO,T,

| Nyjo(ta —08)| < [Nio(B)]

LD DDVHFET 5.

FEH] Op = (w1, ,wa] £F 2. BRo: k — R"ZEDILE v =1, ajw;,
a; €EQ EMCLE, o(v)=(a1,...,a,) ER"ICK>TEET S, F7,

7]l = max(fas ], |an)

34



EBL. 0 k—QGi=1,....n) 2EERETZ. ZDLE,

| Niso()] = H o < T lalloi(w;)]

i=1 j=1
< TID2 loitwil = Cl™ (5.1)
i=1 j=1
2IT, C=Il Yo loilwy) BV meZ&Em > CYmiz&>T, M =m"
EBL. y=aqwi +-Faw, €k, ay,...,a, € QITXL T,
aj:bj+cj, bjEZ,OSCj<1 (1§]§7’L)

EEEEG Gy & ANEGE AT IS AT T T KL & BT,
[ = Z bjwj, {7} = chwj
j=1 j=1

EEL L,
y=0l+{vt, €O, {r}ek
Th 5.
U={(z1,....,2,) eR"|0<2z; <1 (j=1,...,n)}
LEWT, {1l ek ® o THIOEI,

e({7}) el
THB DL, %:j%, =1, M+1lcowTEATIUE, M+ 118

DU DK p({v}), j=1,... M+1%215%, UZ—=UOREIVB1/m DM =m"
DT HRIZaEITIUE, CNo6DO M+ 1HOU DEDHI L, Ed 22034
THUINZAERICET 2. 20% o({v}), e({n}), i<lET3E,

(1 —j)% =y — 5 = [ul — bl + {d — (-

EoT, t=1—j, O0=[ul—[y] LBV, teZ, 1<t<M, 60, THY,

t5=6={u} -~ {uh
(5.1) & o({1;}), e{u}) BELCNEATICEST 2 2 L5,
1\" 1
Noo (15 -0)| < Clln - G <0 (5) <l =1
| Nijglta—08)] < | Nijg(8)]
2135, O
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EIE 5.5. O, DA T 7 NVEOBIIERTH 3.

GEH] a2 Oy DEEDA T7INVET S, Bea, B#0% | Nyl d3r/IC
HLkIHICEE, ZOLE, FEDacallNLT, 72074y OfiEE Wi
X, 1<t<M%dteZtecO,BH>T

| Nijo(ta — 08)] < [ Nyo(B)]

DD D, ZIZT, ta—08€aled o D/ NVADRNMEZEST, ta—08=0
TRITNER SRV, XoT, tae (B). 1<t MEDS, tIMITHS, L7d3>
T, Mlae (). ZNPMERED a € allDWTHRD IO 6, MlacC (B) = B0, %

875, ko7,
1

(MYa= (b6 a~bTHD. F7,
M8 € Mla = (8)b

oo, (M)CbThs, mi4212X>T, Of/(M)IFERELL»S, 2Dk
A IFEREL R, FEOA TNV a3 3EBHEOA FTT7L b LT
HIC D00, AT T7NVHOEIIHRTH 5, O

EE 5.6. O, DA TTNVEHOEZ k O E v\, by TET,
FES5.7.a~0, =)D t%a~1 EWERT S,
a~1<=Ja,a= ()
Thsb. Lo,
hy =1<= T XTDA T 7IVBHRIEA 7T 7).

Bl 5.8. EH1.6 LD, Q1) DEHIZ1THS. EH?7XD, Q(V/-3) DEE
H1TH5,

Bl 5.9. k = Q(v/—5) DL 1 TlE7 o,

FEH] w= VBB, Oy =[Lw] THA. a=uw+1] EXTE ald
ATFT7NVTHY, Na)=2Ths. E,

wa = w[2,w + 1] = 2w, w? + w] = [2w, —5 + W],
2w=(-124+2w+1) e 2,w+1]=a,
—S4+w=(-324+w+1le€2,w+1]=aqa,

UM)<§1)? 2 1

01
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bL, a=(a) & 95E, B8, |[Nygla)]=N(a)=2TdH3%, z,yec’Z
£E95%¢E,
Nijo(r +yw) = 2* + 5y°.

2?2+ 5y? =2 (FEBBE 2R 7270\, R, al3HIHA 77V TlE R, O
BRI 5.1 k= Q(V23) LT3 L, Op=[Lu], w= VP sz -

DEE, a=[3w—1]134 F7ILTH%D, aldHIEA FPAC A LT
e X

6 AT7IEDERERE
kMR, k:Q=ntT 3,

610 bEO,DATTI, a=abtT2L, b=0,Th52.
FEHA] a=[ay,...,an) ET 3. a=abD 5,

n
a; = E ﬂijOéj, 2:1,...,n
J=1

L5 By € bDFET B, T, 1230 XITH B = (B;;) PEAETH S Z &
ZHEKRT S, LEdd>T,

1 _511 _512 _ﬁln
_/821 1-— /822 e _/BQR
. . . =0.
_Bnl _6n2 e 11— Bnn
INzRERTE, B,eb»5, 1€b, LEH>T, b=0, 2155, O

WE6.2.0, bZO,DATTN, BEO, a(f)=ab T BE, b=(p).

[fEH] yebZ i b, yaCab=(B)alihb, BaCa 2.5 12k D, BG(’);c
Th5.

7:5% € B0, = (B).

WZIZ, bC (8), B0 C Ok a=p"ab=a(87'b) 75, FliEG6.1I1CL>T,
B = O, b= (p). O

fHREG6.3. a2 O, DATTNETBE, HAIHARELI<v < hy BMEFEELT, o ~ 1
Ek 5,
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FEH] hp + 1D A F7val, i=0,1,..., DI EDEND2DEFELA T
TVHICET 2056, 0<i<j<h, T, d~a £EH22DDBHZ, XoT,

(B)a’ = (a)a?, «,B € Oy, a,B#0.
v=j—i BT, 1<v<h,
a'(8) = a'(a)a”.
6.2 XD, (B)=()a, Thbb, a’~ 1. O

EE 6.4. O, DA T T NVHEEROEEL, VB L OT7—UVEEZRT, ZO%E
EDATRPIVEERE L 2\, Cl, £ K<,

FEH] A T 7V aDA TTVEZ [a] £22K. a~a, b~b 51T,
(a)a=(a)a, (B1)b=(B)b

LRB a0 €O — {0} D3B3, ZDEE, (af)ab = (af)ab, ThbD
‘E, abwalbl’éf)%. Lfii)s")f,

[a][b] = [ab]

EERTIUE, TUIRERD LY 7tk 6 TITEE 5. KA ([a][6])[c] = [a]([b][c])
FH S IR D 2D, (1] = (O] BHRAILTH D, a” ~ 1 ETHUL, [a][av 7] =
[a’] =[1]. ®w&IZ, [av" X [a] DHICTH 5. O

2 6.5. O, DILEDA T 7N allR LT, ad*~1TH53,
#E6.6.a, b, cZOLDATTI, ab=ac&T2E, b=cTh5.

FEHH] a” = (o) £T5 &, ab=aclTa’ ' Z0IFT, a’b = a’c (a)b = (a)c.
£o7T, b=c2f55%. O

fHRE6.7.0, bZ O, DATTIN, aCcbedTBrl, O,DAFT7Ne¢Ta=bck
BAHALDONEET 5.

G bv=(8) &2, ablc b= (8). ko7,
¢c=B"tab""! Cc O,
EBFIX, be=ptab” = 71 Ba=a. O
#HiRE 6.8. MICBERIZBWT, a, bZATTIN, pZ2REATTILETDE,

abCp=aCp £7lT by
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FEH] agp&T%. ZOLE, aca, agpdeEnsd, plEFEATTNLED
5, R/IpIFEETHZ, LEDLcbITHLT, abcabCpTHY, BRR/pIC
BT, [d[) =[ab] =0, [a] #0725, [b]=0, Thbb, bep%fHs. ko
T, bCy. O

EE 6.9 (1 77N DERTEH). Op DERDA T70VIE, MHF 2R T—ER
KA T 7 NVDOREICTRINS,

BEH] ag £ Op ZA TT7NET S, 421K 2T, Ofa IFHRER7ZZD 5,
ap Cp1 C O
RHMKA T TV p DFIET S, p FEAT 7L THS, #6712k -7,
a=pia;, a; C O ay IFA T 7V

&f])b)‘% :@k%, %ﬁ%ﬁﬁlb:i“)f, aogal"@%%. algOkiﬁ%Ci, IEM%
IZfelF 5, 2IH9LT, £ 77D

G Cay C---
2505, G 51IC k5T, AREIOKIC, a, =0 £%4,
Qo= PiPa- - Py Pi IEEA FTN
LB,

Gp = iz ---qu, q; FFEA T TN
ELDITET B,

pr(p2- - Pm) =0 =0q1d2---q; C q1

o, fiE6.8ICXk>T, prCaqr X7, po--ppm C 1. BELRSITINER
DREE, #RHLIEST i BH-T, p, Cq THD, fEL21CK 5T, p; ITHK
ATTNTHDLIDPG, p=q. HaeMIEILT i=18LT&Lw, ZDLE,
i 6.6 12 X o T,

P2 Pm =02 qr

Loz D IREIL, | =m, EMICEFS2HIEIUL, p; =95 J=1,2,.
2135,

0 :
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7T AT7ZILD/IVA

kEfRBUE, n=[k:Q &¥ 5. ZOHITE, 0,04 F7MHLT, /A
DIFIEEDH D LD Z E 2T,

PR ODEAFTNET S, G212k 2T, Op/p BETH2. ZNplEZ
DA TT7INTHD, HRLAER

EZNE, ZOMIZZNpTHY, ERAIEHLD,
Z/(ZNp) — O/

3R O /p ~NOHBHERIBICTH 5, L7d3> T, ZNpIEZDHEATTILTHD,

ZNp=pZ, pldFBEPITS. UL ST, F,=2Z/pZ 3k O /p DEHIIRL

BAiED, Offp lEF, EORZ M VEMICKZ2H6, 2ORTTE fFET5E,
N(p) = [Ok/p| = p’

Th5.

WETLpZO,DEATTN, ZNp=pZ .32, ncO,%Znep, ngp’ll
5. T CO %O p DRETLOESG LTS, ZDLE, Oypm DRETLOES
£ LT,

{vo+nm+ -+ Ym0, Yme1 €T}

BEND, K, N@p™) =Np)" TbH 2.

[FEH] a € OLITN LT, a=v (modp) byl ZED, p> C (nm)+p2Cp
o, (m)+p2lE, pDEBA T TADLD P2 DEONEA T TNV THSL., Lk
BoTC, (m)+p2=pTH5b. a—ypepkh,

a—y =+ b, @1€Ok,516132

EDNTB. bbb,
a =" +am  (mod p?).

ar =7 (modp) by el Zztbl,
a—%—%ﬂepz.

PP C () +pd Cp? s, () +pdiE, p? DA T 7 V0 pd DEDORIEA
TTNVNTHD., LIcBo>T, () +pP=p>ThHb. a—yp—mrep? &b,

04—70—717T=0427T2+527042 € Ok, B2 €P3
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EPTS, Thhbb,
o=+ T+ ayr®  (mod p?).
=7 (mod p) b el ZtbL,
a =9 +mm+9r? (mod p?).
INEBEVERFIR, 1, €l,i=0,...,m—1T,
A=Y +NT+Rr + o+ Yo (mod p)

EBRBHDBEND, v, el LT,
et = vt (mod p™) (7.1)

£ 5L, TZ mod p THIUL, v =1 (mod p), 70,7 €T &D, 7= T
b5, (7.1) Z mod p? THIUL, yym =77 (mod p?). b L, 71 £, (mod p) %
51E, Op/p BEZEDPS, ae O, T,

a(yn—7)=1 (modp)

ERDBHDVBENSL, LkoT, (m—)a+B=1e€p T3, ZHilxzd
<,
™= (7 —ym)a+mf € p’

ERDFETHL, £oT, =+ (mod p), 1 =9, Thb. INZHEDIETI,
Yi=7,1=0,....m—1%#5, O

M 7.2.0,b% O, DA TTINETEHE, N(ab) = N(a)N(b) B D 37D,
GEH] a=T]_,p &9 2 &, FEFREHICEL>T,
Or/a = (Or/p1') x - x (Op/py).

L7=D35 7T,

b, ab ICDWT b [AREZ DS, N(ab) = N(a)N(b) 2133, O

41



8 HH

EERBUE, n=[k: Q &332, ZOHiITIE, kDEEER O, DGO
By = O OREEIZOWTHRRS, B, 2k OBBEL V). c c B, T2,
£ €0, Ted =1L RD2LDVBFHET S, L7dioT, 2D/ VLhz LN,

Nijo(e) Nijo(e') = Nijg(ee’) = Nijg(l) =1
%fﬁa‘% Nk/Q(€), Nk/Q(€I) 02]:Z@7|3“C%Z>7b>6, Nk/Q(é) = +1 T%% ﬁb:,
e € Oy B3Ny gle) = £1 Ziii7z ¥ 13, e S D e DHE L D2 & L THIT, 2
NSIFTRTZDOILEDPS, € €ZTHY, e/ =Nyjgle) =£1 &0, &= i% €
ENZ =0, TH5., e(xe)=1&D, ccE, TH%. DEick>T, XMz
27,
finzg 8.1. E, = {8 € O | Nk/(@(g) = :|:1}
E=QO) &L, 09 i=1,...nk 00K LET2 HHELoIE, EROFS%E

DI ZTC,

00 cR, i=1,...,r,

Ot c C—R, j=1,...,79,

glritrati) — Oritd) 5 =1,...,19

ELTEW, 7,r >0, 1 4+2r=nTh3, UT, HBEIEFIZIDIIHIITELZ LI
T2, ackDiBZHOIERZ oD LML ZEIZTE, r=r+m—18L. &
BRe. bk — R %

E(Oé) = (1Og |Oé(1)|, o 710g |a(r+1)|)
X5 THEZT S, CIIRERE L DO NERR T AQHERBITH 2
W 8.2. (E,) X R DB ATETSH 2,

[BEFH] (B &R oI LT, Z2ORDERE U T, (E)NU = {v} &%
2H5DNEET S L ERI TR RSB, HTBHICE>T, v=0&LT
v, >0 LT,

U ={(z1,...,2041) ER™ |zl <t, i=1,...,r +1}

EBIE, U Z0DBEHETH S, c€ By, l(e) e (E)NUL ET D, ZDLE,
| <e i=1,....nTHE»6, O bt DIEANHADMHEIZIERTH 5.
e € O EDPS, Ot DIANKRDOMEIZZ DILTH L, Lho>T, TDX
9 7% e AR MEOBEBBRBORTH 2005, AIBRMEL 22, ((B,)NU ZHERE
BEDPS, 0<t<1Ztao/ha U, (E)NU, ={0}ICTE 3, O
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fHRER.3. VAZR LD sRILAYZ FL2EE L, LZZOME#LE T2, 20
LE, LIZWEm <sOHMZ-MEETH 5.

GEH] LiICk->THERINS V OETZERZ V' £95, m =dmV’' &EIF
X, m<sThH5b, LOIHroHR5V OFRENEND, FHEEE, V' OEEDOHEK
Ve, 2 ERUE, Fu 1 Z LOITLDOARMED 1 XEEGEZ2 6, Z0oiciing L
DILDIETHREEZ {ur,...,uy} ET 5. V' id{u,...,un} ITE>TERI N
5V O ERZED»S, Zohrs V ORER2ELZENTES, H64DT,
Vi, U Z LOIED SR BV DIEEET S, v,..., 0, ICE>TZ BERIN
5 L0 L L5, L/ ORFERLELTLNFEBRENS, ZIT,

Fh:'{ji:ﬁﬂh

=1

0§m<Li:L”wm}

Upgls - Vs EV B UL, .o Uy Ug1s -, Vs DYV DIERE 2D L H 12 E D,

C = {:Ei:aqvi

i=1

0 S xifgl,i:: 1w"78}'

EBTIX, Cl3Voaryy NEgEAETHD, FCCTHb, LIV DRk
WBOMETH206, LNCIFARESGTH 5. EBE, LIFHEEROEHELZ>S, &%
a€ LNCDOBBEFU, T, LNU,={a} tRddborens. i, LiZV DOH
HBoHETH 5.

LNC C U U,

aeLNC

Thh, (V-L)NnCc(V-L)EH»DL,
C=(V-L)nC)Uu(LNC)C (V= L)UUserncU,.
Clzavyu b, GBRED ay,...,a, € LNCENT,
Cc(V-LyUuuU_U,,.
£,
LNCcU_LNU, ={ay,...,a:}.

L7dioT, LNF bAMEGTHS. DI, L/LIZARTHS. d=|L/L|
EBE, dLc L' THS, L'IZBEm oHB Z-MEETH 505, FHifE3.221
£oT, ZOWAHEIL SEE < m OHHZ-MHETH 2., L7z >7T, L b
ThHsd. L'CLX), LOBEKIEIM TH . O
acE, tT5L,

r+1

T1
1=[Nyg(@)|=]]1a? T 1o
i=1

i=r1+1
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Thorh6, Nzt ->T,

r1 r+1
0= Zlog la®] + Z 2log ||
i=1 i=r1+1

L7235 C, R0 r Kol v, %

" r+1
VO:{(%,---,%H)ERTH Zxﬁ— Z 2:v,~:0}
=1

i=ri1+1

Lk > TEETIUE, UE,) CVyThs, fliEg2 LMES3 XD, ((E) IZFEE
<rDHWHZ-MEETH 2. (B, IR r OHHZMBETHL I LEZRZI. ZD
72D O OMEE TS, r=0%51F, Ho»THE., £oT, r>0
ET5, HEDIZ, r<nTdH 5.

HE 84 mnim<nZhlTHRKE TS, nZ8ay,..., v, D mEADEL
RED 1 KA

fi(:vl,...,xn):ai1x1+---+amxn, izl,...,m

0:5@[[,‘(, a = MaX1<i<m Z?:l |CLij‘ (1.'. ES) < . ?ﬂéﬁt > 1 ﬁ§{£%0:5‘2 ‘5?}17': k é?,
AN
|filzy, . x| < 2att ™, i=1,....,m

DEEBIR (21,...,2,) £ (0,...,0) T, |oy| <t,5=1,...,n Zili%TdDIEE
¥ 5,

GEH] 0 DEEDS, (v1,...,2,) ERMISHLT, |zl <t j=1,...n%5
X, | fi(zr, .| <at,i=1,....mTHA. t>1,n/m>17E05,

(t+1)™/™ > ¢m 1,
FEE, g(t) = (¢ +1)M/m —tvm -1 EBITFIE,
g'(t) = (n/m){(t + 1)"/"=t — /=) > 0.

g(0)=0&D, gt)>0,t>0 LZEP>T, ARELT, "™ <h< (t+1)Ym
ZiicTOODHEHET S, ZOLE, t("<h" < (t+1)"THD., R™ DSk

M={(y1, - ym) ER™||ys| <at, i=1,....,m}

2EZ, Mz —ADEID 2at/h O W AHD/NLTRIZTET D, v, .. 2, B
0,1,...,t ZHLICE L&, (t+1)" > HD M DR (fi(z), ..., fu(z)) 2S5
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N5, LihBoT, ZN6DIHIBD 2 TH—D/INIHERIZET 2D DBHFET
5., FNk
(fi@), ..., fm(@), (fr(@"),..., fin(2"))

T3, 2= (2, 1), 2" = (2, . 7)) ETHUL, 0<2 2l <t j=1,...,n

»Mn 7]

THEPO, oy =a,—2!, j=1,....nEBVT, = (v1,...,1,) EBITI,

J J’
O£z eZ |z <t,j=1,....,n THY, i=1,... mITD2VT,

(@) = | fi(2') — fila")] < % < 2%
]

fHRE 8.5. NEMRLICX->oTEEBRE R 1, >0WHFHELT, H1<i<r+1&fr
BEOBEt>1IINLT, ac O, T, A%K

ey rLlnm < O] < ¢ pton/m (1<I<r+1,1#1),
e < ol < et

7T HDBHIET S, T I T,

. 7“14—27“2—1:71—1, 1 <1
] 420 —1)=n-2, 1> 7.

FEH] w0, Z kDEBRIRE TS, £1<I<r+1,1#1ICXNLT,

alj:W](‘l)a [ <,
ay,; = %wj(.l), Il >r,
blj = %w](l), [ >nr

EBL. mEDOFEELRED 1 KIE
fillay, .. xn) = Zaljxja 1<I<r+1,1#1,
j=1
gl(zy,...,x,) = Zbljxj, r+1<Ii<r+1,1#1i
=1

ZH25. fESAZBEHTIUL, = (2vq,...,1,) €EZ", v #0 T,

lz;] <t, j=1,...,n,
fi2)] < 2at™ ™ 1< I<r+1, L,
(@) < 2at"™™ 4 1<I<r41, L
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272 TS DVFET S, 2T, a—rllau)((z:;1 1|alj‘az?:1‘blj|) THs, 2D

EE, a=3" 7w EBIIE 0£ac O, THD,
o] = | fi(z)| < 2at*—™™, 1<y, | #1,

Q| < (@) + |gi(@)] < dat™™™ r+1 <1< 7, 144

22T,
— O]
cl—max< lglg>i12|w |>
EBITIE,
]a(”)] <ct, 1<v<n
(D)
oV <t m 1<I<r+1,1#1.
L7eh3> T,

L < [Nyjgl(a)| < Ja@[(ext ™)™ (et "t = |al |1,
" < o).
¥, 1<I<r+1,1#4i LT,
L < [Nijg(a)] < [aO|(ert' =)=t (egt)" ™ = [aOlepH (¢ ™) 7,
cf"Htl*"/m < |a(l)\.
0

HRERG. 1<i<r+1&T 2. m,cg ZHIESS DY T2, ZOLE, O, D
DI, 0, v=1,2,... CROWEZFO b DBHFLET 5.

@@ > |l 1<I<r+1, 144,

!04“\<!%+1

| Nejglaw)| < et

REW]] HEBM 2 M > ¢ pD MY™ > o z2liifed ks e b, B > 1
EEBICED, t = Mt, v=12,... 8L, &t ICRHLT, #WESS XD,
a, € O T

et < D) < gl (1< i<r 41, 14 4),
", < |al(f)| < cit,
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272 T O DDBHET S, M DL D75,

1-n/m 1-n/myl—n/m —n+1y1—n/m
city, = o MIT/mlon/m oot lylen/m
cl_”+1t,,+1 = cl_"HMt,, > cit,.

s, 1<I<r+1,1#iIIHNLT,

l 1— — 1,1— l
o] < ety M < e < o),

ol | > ;" M yin > enty > [of))]

2155, ¥,
| Nijglaw)| < (erty, ™™™ (eat,)" ™ = ¢}

]

WERT. 1<i<r+1:7%, ZOLE, ¥¥incE. < " >1, " <1,
1<I<r+1,1#iZ2li7TbDBFEET 5.

[REWH] #E 8.6 &1, O, DILDI v, #0, v =1,2,... T
@] > oyl l, 1<I<r+1, 144,

| < |al),],

| Nejolaw)| < e

ZHiTOOBEAET S, YHA T 7V a, = () 2EADE, ZD/IVLIE
INpo(aw)] < ¢ THSD., VLB UTD O, DA FT7IVIZHRMEL 2220,
£oT, $25FZ5v<pT, a,=0a, EBD2LDDBHET S, UL, o, =,
mEE,EDITHILEERERKT S, ZOLE,

Y

el o1, 1<i<r+1, 144

W 8.8, FIHURID 1 KATH A = () 1B VT,

a; >0, ay <0 (j#4), Y ay>0 (1<i<r)

=1

ZoiE, detA£0THS,
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FEBH] detA=0&92E, 0£2=Y2y,...,2,) ER"T, Az =0,%5bD

nENs, ko7,

T

Zaijxj:(), ].SZST’

i=1

max{|z],. .., v |} = |z, >0 £F D, 37 apm; =0 &0,

x.
- _ 'y - _ il
AppTp = E , ApjLj,  App = E , apja: )
1<j<r 1<j<r P

J#p J#p

x.
app = |app| = Z apja:_J < Z |ap;| = — Z pj -

1<j<r P 1<j<r 1<j<r

J#p J#p J#p
L7235 7T, Z;Zlam <0&%%, L, Z;T:l ay; >0 & Lo THnEFE
Th 5. O
FER 8.9, MESS DI AIZ DOV, detA>0ThH3. ZHi, ZoOREAX%
it 72 AT DDA T 2 & Il RGERG T T H D, det 2NEHEIETH 5
EDHbh B,

WEST XD, F1<i<r+11cxLT, ¥ T,
| > 1,
Pl <1, jAL1<j<r+1

27T O DIFHET 5, ZDEE, rldDHEE oy, ... 0 OEROIZE 28 (n),.... () €
Vold R E1XHNTH S Z EZFEHL L9, 24U, rx (r+1) 1141

log "] -+ logn{”| logn{"tY
log [t -+ log|n”| log Y]
DB r ThdrZEtThHsb. ko7,
log [t -+ log|n!”|
Ry = : : #0
log || - log|nt”|
PRIk,
log [ -+ logn{™| 2log|n™ V| - 2log|n\”]
R= SR :
log [n"] -+ logln™| 2log|p V] - 2log|n”)|
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LBE, R=2""1R, Th305, R£0%&REITL0V,

o gl 1<i<n,
“ 210g|77§])], m+1<j<r

E:io’bﬂf, %ﬁ Q45 =
aii>0> @z]<0(1§]§7'+17j7£2)

EWrT. |Nyom)| =1% 0,

r+1
Zaij:O, 1§Z§7“
j=1

£ -7,

Zaij =—a;,41 >0, 1<

7=1
8.8 & D, R=det(ay) A0 Tdb. L7h>T, UE) dr o 1 X770
ZET, T, ((E) 1 r LT OBBOAMB Z-NHTHE I L2RLTHEING,
CNTUE) T TEREr OHHZ-IMBECTH 2 2 EDHEHI N, 4, ( € ker/
EFAUL, |V =1,1<i<nThs. koT, INSRBREIERTH L%
BRED n XKE=y 7L HAORTH 5. 2D L) LHAIHRMEL %05,
W =ker (M ZERIFTH 5. ROFEHOBREIEHIKRHTH 206, WIFH
BRKEIEFECH B, WIFEICEEND 1 OXRSIWEROLTEHTH S, Blle, ... ¢
ZAl(e1), ... Le) DUEy) DEEKERD LHICLD, ZDLE, fEEDne B IS
LT,

l(n) = Z&ié(si), a;, € Z
i=1

EDLTEDG, (=n]]_, &% £BITIX, (ekerd =W ThH5s. Lo,

i=1%i
,
a
n= CHEiZ
i=1

EPT A PLEICKk->T, ROEHDBF SN,

EIE 8.10 (Dirichlet DHFECEM). n KKK k DEILE DB Z r, BILE DM
ﬁ%27‘2&tf, 7’:7’1+7”2—1 k%( %O)kg{, k@ﬁﬁﬁﬁ?kﬂikbiaiﬂ
% 1 DRSO THERKEREW LR r OB 7 —XVHOERTH 2, T4
b%, 81,...,5TGE,€7J§@7£L“C, EE%?@UEE}C Li,

n=_erexm, CeW, ay,...,a €Z

DI —BENIZ T 5.
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EFEXS81L. r>0DEE, EHRI0D LI H ey, ... e, 2 k DEREH L ),
Zo Lt %, 71K

7‘1+1) |

log eV -+ log|el™| 2log el 21og [

R:

log e -+ loglel™| 2log el oo 21og el

BEARBEDO L DIk oh\w, CORZEOBEBIREL VY, r=00D ¢ %,
bbb, k=QFXkiFk=QW-m),meZ m>0DEEIX R=175%,

9 FRBDHDHE

k2fREUR, n=k:Q &7%. pFEHLT2. EH69XD, HEATTIL
(p) = pOy, 1FFA T T NVOMIEF Z RO T—RENICTREI NS,

(p) =pi* g (9.1)

WHAD 7 v b% iU, 48 EmET2 XD,

p" = N(p1) - N(py)~
ThHhsb. £o7C Npy)=pli,i=1,...,9DFTHD,
n=efi+--+eyfy (9.2)

DR D, HARBHERRIZ — O /p; DMlZ p,NZ = pZ TH Y, Tk, Ho
HHHERTIF, = Z/pZ — Oy /p; 251 ER T,

EE 9.1 O)IBIT D¢, fizZZN, FATTIVp; DE/QICEIT 2 2UKIE
B, BRRBLE). e, >1DLE, FATT7Ip 13 k/QTRIETDE VI, X
7oy e > 1 L2 iDET S LE, Fpldk/Q TRIKT DLV, ¢ = 1,
i=1,....gDLE, pERDIETHZE ), g=n,ei=f=1,i=1,....nD
LE, plik/Q CREENBID L.

LUN, pD3k THIKT 270 D&M 2R 2,

@k = {Oé S k?l Trk/@(oz(’)k) C Z}

LB E=Q0), 00, T2, ZH) C O kD, WS, Op CZIH] TH .
£72, O, C OO O E OG-MBECH S Z LSS TH S, Hii#3.25 XD,

—_

O C Z[0) = 671Z[0) C 6O
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Thot., 2IT, 6=f0), F(X)I1Z0DQ LoR/NFHEATHS. Lo T,
O, C O, C 670,
Thsb, LT,
D, = (0)) ' = {A € k| AO, C O}
LB, Oy O MBETHZ DS, D, bZIHITHDY,
() = 00, C D, C Oy,

ThHhb. W2, DplF O, DATTNTHD, D% k/QOEBERLE V). £
7o, 0=05p%2 0 DHBEERE V). D[(0) TH 5.

hRE 9.2. N(D;) = Dy.
FEHH] AL A Z2 B4 K- TEDS, ZDLE, (35) &b,
D VI R

B L= 2B 2 1,0,...,07 OBHIEIETH B, wi,... w, &k OBBUK E

95,
91 = Z a;;W;,
i1

A: (aij), Ail - (bl]) &_j‘%, %O)& %,

Wj:Zb5j6871, jzl,...,n
s=1

n

* -1 .

wi:E a0 "N, i=1,...,n
t=1

BT,

Trk/Q(wiw;-‘) = Z Z aitbsj Tl"k/@(es_lé_l)\t)

t=1 s=1

= Z Z aitbsjést

t=1 s=1

n
= E itbij = 0ij.
t=1

o1



Wil O, DT TH 3.

? n

£oT, wi,...
Dy = D(Oy) = D(O)(Oy, : Oy)?
L, Dy = det(w”)?, D(O) = det((w]) )2,
(@ (@)®) = (Trisg(wiwy)) = T

X0, DDy =1, LEdso>T, (O: 0 = Dy %133, 60, C 60, C Oy &
D, (6)=(80)c, clF Oy DA FTNENT S, 2T, NekIZNLT, AeD,
% 51E, MOy C O A6O)c C (8)e, A(8) C (8)e, A€ cTH D, WilZ, Aeckd
I£, M6O,) C (60;)c = (6), AOp C O, A €Dy, £ 5T, ¢ =Dy, (8) = (60,)Ds
THb. IILLEEST,

| Nisg(8)] = N(3O) N(Dy).
_‘7.3‘, Ok C 6k C 571019 & (5710/§/Ok = Ok/éok £ b,
|Nk/Q((S)’ = (Ok . 50k) = ((5’1(% . Ok)
= ((5’1(9;{ . Ok)(Ok . Ok)
L#ds>T, N®@,) = (0 : Op) = Dy, 2135, O

EE OIS REZEDEIERET D, RICEEFND O, DA T 7L THEBRTRAD
bD% ROBEF L\,

MR 9.4. 0O, k=0QO)ICHLT, =200 % 0 DIBAERLE TS, =1 2%
BZO)DEFLTE, ZDLE, () =D fTH 3.

[BEW] @i 9.2 DEHD S, (0) = (00,)D, TH5B., £oT, f=060, 25t
FX\, 00, € Op 15 60, 1 Oy, DA FTAVEDS, 60, C fTHS. $7z,

—_

5 CoZo) =2Z]6] X b,
Try (57 50k) = Triyg(6'F) C Trig(ZI0)) C Z.
YXoT, §%C O §C 60, WAIZ, §f=00,. O

WREI5. pZ OLDEATTNET S, pZ=pNZ ET 5. (p)=pca aldp LFE
KOLDAFTLENL, E512, fca®k=0QF),0dp LT, R=2/ &
BL Z0EE, L, IXRTOm=1,2,... ITRLT, HAL G AR

R/(ROp™) — O /p™
DR 51, ptfy TH 5.
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[ﬁlﬁ'ﬁ] 5:(59 kﬁ( d:Nk/Q<5)k#§< d:p’”a,p)(a é’.75)< ﬂiiﬁip‘;,
EEDBecOLIZHLT, peRT, y=B—pep™ tB2LDNEET S, 20D
L&,

R = 5R D) 5Ok D) Nk/@(é)(’)k
= p"aQy = apa” D ayl" Oy.

XoT, a0 e R. L7Zd3->T,
af0" = av0" + apld” € R.

CNHHEED B € O, IZDWVTIRY VDD S, ab’O), C R, L1035T, af’ Oy C o,
fol a0, TH 2. pralOp XV, ptfy TH2. O

WRE96. p 2 O, DEATTILEL, aZ Oy DAFTILT, ptaThHsr b ¥
2. ZDLE Oca 0¢pT, ROWEEESLOWEET S 1 k= Q0), T
BEOm=12..  1cHNLT, 2010,/ DeBRtrat,

FEH] pZ =pNZ T3, Ofp & F, D fRIEKETH . OL/p = F,(0),
(=C( (modp),( €0, THS. ¢(X)€F[X]Z2(DF, LORNLHRXET 3.
O(X)€ZX]%Z @(X)=¢(X) (mod p) £H2bDETE. bL, ) ep’ibd
WX, mep—p2rtdL,

p(C+m) =)+ ¢ (Q)r (mod p?), () ¢p

£0, o((+m) ¢p*THB. XoT, BUIDPS, o) ¢p? & LTE, TERSR
EIZE>T, 6 € O, T, 6 =0 (mod a), § = ¢ (mod p?) 27z § b DHFELE
T3, 361, 0lFk=Q0) LhdkHICEND, Z2HThHEVWELT, 3O %
E=QB)IcED, 0Aucap’NZ%it s, ZDLE, WEI?OIHIS, veZ
T, 0 =0+uwwBBk=Q#) £%2bDVHIET S, 2D, ¢ =0 (mod a),
0 = ( (mod p?) 2Wi7z§. £->7T, FLOPLE=QU) THSHLELTIW, T
BDEeO, 285, 2D E, Y(X) € ZIX]T, £=¢(() (modp) £E%BHD
DIFET 5. L3> T, € =9(0) (mod p). L7d3>T, AIEDFERDO m =1
DHGEDEEHEI NI, m>1 835, o) ep—p* 22 ¢(0) = @) (mod p?) X
D, o(@) ep—p>THB. L73>7T, MEHTLIED, &, ....&n 1 % Op/p D5
2RERDL 5T,

E=&+60(0)+ -+ Enarp(0)™ " (mod p™)

L5 XHICEND,. m=1DBAICLST, Ofp DREERERRIZZO) 26 i
DT, Ofpm DERMNFRIZZO) 26 LN s, O

EE 9.7. HEEM D, 13T XTD O € O DI 0p 70 & DIRRRKIA T 7V
TH 5.
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FEA] @i 9.4 XD, D 3T NTD O € Op DI 6y 7o L DRKIA T 7V
THb, M9 9.6&D, FEDREATTAPICHLT, €O, T, pifo &%
5 DPHET D, @4 XD, (6) =Dife 05, D IETRTDOC O, D
WAL 0 7o L DRARAKIA T TN TH B, O

THE 9.8. p& OLOEAFTLEL, pL=pNZ LT, ekpDk/QITHIT2
SR E T2, p||D, T2, ZDEE,

v = e—1, prte,
v > e—1, ple.

FEH] (X)), 0 € Op ZHiE 9.6 DFEAD X912 2. 2DLE, k= Q(F),
pifo THY, plled) THS. MEIALD, p |0 =00 THL. pifo kD, 7€
T, 7 ¢pti2b00ENS. [(X)E2ODQLEOFNLEHAL L, f(X)=f(X)
(mod p) D F,[X] I2 &1} 5 5fif %

f(X) = g(X)p(X)™

T, g(X)eZX|IFE=v 7T, g(X)IFp(X) EHEWIZHETHS, %
)Z 0 (mod p) THS. FE, L, g(0) =0 (mod p) 51X, §(X)H3
DF, LORNGEHAZ D6, g(X) 13 @(X) THOYING, ZHUIFET
(6), pllo(0) X0, pmg(B)e(6)" TH 2. f(X)=g(X)p (X)’"+ph(X),
| DT 5. X =0%2RATIUL, £(6)=0,p(p) &

9(0)(0)™ = —ph(0) =0 (mod p°).

WZIZ, m>eTdH2. (p)=pa,ptacdl, acOrZa=0 (moda),a=1
(mod p) I & UL, plap(@) TH D, £oT, ap(d)® = pw, w € O EDT 5.
yw,ya € fo CZ[0] £ 9, Y(X),E(X) € ZIX] BHFEL T, yw =P(0), ya = £(9)
ERT B, yap(0) =pyw &0, £0)p(0)° =pp(h). Lo,

§(X)e(X)" = py(X) = f(X)n(X), n(X) € Z[X].
Iz (mod p) THILUZ,
E(X)@(X)" = f(X)n(X) = g(X)g(X)"n(X).

ZIT, ya=£0)13p EEEDS, £X)IFp(X)EFETHE, £oT, e>mT
bH5b., WZIZ, m=eTHD,

f(X) = g(X)e(X)"  (mod p).

£9%. C
DEZ, g0

6 (mod p)
b2 ply
WX) € ZIX

Izl <
F'(X) =g (X)p(X)* + eg(X)p(X) ¢/ (X)  (mod p),

o4



F1(0) = g (0)p(0)° +eg(0)p(0)¢'(6)  (mod p).
L7735 C,
3o = eg(0)p(0)'¢'(0)  (mod p°)
215, Tk, plle@), g0)P(0) g p o, ptezbld, v=c—1,ple x5,
v>ebhirs, O

EE 9.9 (Dedekind DHAIERR). FE p S n KRBk I2B VT,

(p):pil'”p;ga N(pl):pflvlszg

ERRELIET D, £, p|DL T 5. ZDLE, ple,i=1,...,9% 5613,

V= Z(ei —1)fi

=1
ThHhH, H251I22VT, ple; BHIT,

g

V> Z(ei —1)fi
i=1
Th5b. R, phk/Q THBS %7 DMEAI35MIX, p HHHI D, 21D
Uiz tTdhs,

EE 9.10. k2 n XRBUE, 02 k=Q0) £%20,DILETS. fF(X)Z0DQ
FEORMNSEAL L, p 2K (O : Z[0]) LERFEHETZ, 20L&, ZEHA
f(X) mod p D F,[X] B 2E=y 7 BENSHANDIfE%E

J(X) = oi(X) - py(X)%  (mod p)

ETHUL, pDEICBITEHEA T T NVIRIE

(p) =p1" by

ThHZos, 22T, pi=(p,ei(0) THY, p; DRIRXEIL fi = deg p;(X) I
FEL W,

[FEHA] g(X) € ZIX]W2RN LT, g(X) = g(X)modp e F,[X] 4. pt (O :
Z0) THBEDH, fEED a € Op IR LT, ZHK g(X) € Z[X] BHFEL T,
a=g(d) (mod pOy) &% 5. L->T, HAGHERBZ[] — O /pO;, 132HTH
5. ZO%IZ pOr NZ[O] = pZ[) TH 5. EEX, pa=g(d), a€ O g(X) € Z[X]
ETHUL, m=(0,:Z0]) EBL EE, ms+pt=1,s,t €Z ma=h(h) &»F
576, a=sma-+tpa=sh(f)+tg0) € Z[)) THB. Lo,

Z[6)/pZ|0] = O /pOk
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215, Fi=1,...,9I LT, @(X)|f(X) &b, HEFR
Ai  Z[0] — Fp[X]/(@:(X))

% X(g(0) = g(X)mod (g;( X)) ICX->TERTES, ZtuieHcdh, #Fo
[ 7
Z10]/ ker A = Fp[X]/(2:(X))

#13%. pZ9) Cker \; TH B0 6, HIRGEGHERT
Oy /pOy, = Z[0] [pZ]0] — Z[0]/ ker \; = F,[X]/(5:(X))
BHb, LidoT, BAT7)Vp; DpOy BDHEL T,
Ai 0 Ok /pi = F[X]/(2:(X))

BDa e p ITNLT, gX) € ZIX] 2, a = g(d) (mod pOy) IZ &L, 0 =
=9

4
Ai(e mod p;) = §(X) mod @;(X) X b,

9(X) = @i(X)h(X) +pl(X), h(X),l(X) € Z[X]

EWF B, ko g(0) € (ppil0)), a € (p,pi(0) THDH., DRI, pi= (p,pi(0))
Thd, I6lL, pEFLZFZEATTNpIE, EDXI%p LBV ENPRD L
b b, HEFR ) Fy[X] — Or/p % ¢¥(G(X)) = g(f) mod p I k> THEHET
i, ThiEesThHyH, HKolFHE

F,[X]/ ket = Oy /p

#19%. f(X) € keryp) TH D, keryp 13T =y 7 BEHILENTER S 1125 HIEA
FTPNTHEDS, H2ilcD20T, ke = (3(X)) TH2. Z2DLE, 0 =
V(@i(X)) = @i(0) mod p £ D, pi=(p,¢i(0)) CpBDBS. p;, p & HIT O DR
KATTNTHLIDE, p=p; TH5D. i #5061, ¢i(X) L ¢g;(X)IFAVICHE
THD05, a(X), b(X), «(X) € ZIX] BHEL T,

a(X)ei(X) +b(X)p;(X) =1+ pe(X)

EDT B, Tnro, 1€ (p,wi(0),p;(0) =pi+p; 2195, £oT, p;#p; TH
5. fi = degpi(X) ETAUL, A O /p; = Fy[X]/(@i(X)) £ D, N(p) =pli %
=55,

J(X) =@i(X) -0y (X) + pd(X), d(X)€Z
EDNTEDG, X =02 MRATHUE, f(0)=04%D,

©1(0) -+ g (0) € pOy

o6



THD, p=(p,pi(0) &0, pi---pe? C pO, 2135, —J, pDEITBIF 2HEA
T TV IR % ,
(p) = p5 - py’
ETIUE, e, >¢i=1,...,9%%. Tt
g9 g

Zez'fi:degf(X) = [k : Q] :Zegfi

i—1 i=1
0, es=€,i=1,...,9g 214 5. O

R 911 Fi=1,..., gL T, Ofpd = F,[X]/(0:( X)) DD D, Fiz,
pit = (p,pi(0)) THS.

FEH] e, =1 DHEEEBER L, e, >28T 5. pi=(p,wi(0) £D, dL,
P pi(0) o, p2p &, pi=(p,pi(0) Cp2 Lo THFETHS, Lo,
i) THS. Op/pi 2 F[X]/(@i(X) £D, 1,6,....05% 1 1 Op/pi DF, LD
HETHD., LEedioT, fi#ET1XD, 000,00, 0<a<f;—1,0<b<e—1
DO/ DF, FORRE L TENS., g(X)+— g(0) mod pf* IC K> TEEI N
LHERIRIF [X] — O /ps 1%, HOEDICEFTH S, EED g(X) € F,[X]1ZED
HIZk->T,

9(X) = 1o(X) + r1(X)0i(X) 4 -+ 4 7,21 (X)i(X) 1 + q(X)pi (X)),
ri(X) € F[X] & fi — 1 RULT DL, L2F 506, ZOKIE (0i(X)%) TH
52005, pi=(p,pild), pepy &0,

(P, i (0)) Cpi" = (0,01 0u(0), -, ppi(0)5, i(0)) C (p, i(0)).
Thbb, po = (p,e(0)7) ThH 3. 0

W 9.12. O, D p, BT 25 MLE O, E0K. ZDEE, O, 13 040i(0)",
0<pu<fi—-1,0<v<e - 1%KL T e, f, DAMZ,-MEETH 5.

REWA] @ ZEEL T, p=p, e = e fi = f, wi(0) = 7 £ <L (p) = pea,
(7¢) =p°b, a, bl p ERBEATTIL, ETE. £o7T, (pb=(1)aThH5.
b DA TTNVHDYWDENG p EELREEA T TN cZ LUR, b= (v), 7€ O 1
pEFRTHSE., ZDLE, (p)(v)=()ac &b, d=py/r¢ BT, (§)=ac T
HrHr6, §e Oy, (50ip EHRTH 5D, p’)/Zﬂ'e(SVC“%Z). EED o c Ozt 5,
EREDn > 1ITHLT,

n—1
a= Zpt By (mod p"°),
t=0

-1
B = cEfl),H“W”, c/(f,z e{0,1,...,p—1}

~
[

(33

=
I

o
N
Il

o
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BT D MENS L RTZ), €025 =1 (mod p)Ick B, ZDL
E, m=pyd (mod ptVe) TH D, N=a &BL. N\ = (mod p°),

Bo = cﬁ?@“w”, EICLO) e{0,1,...,p—1}

v

EhB. N—foep = (p,m) THES, A\ — By = pi 47, E1,m € O &
s, ko7, A =& +79m € O EBITIR,

Xo— fBo=pAh (mod pthe),

)\1 = 51 (mod pe),

e—1 f—1

b1 = ZZCE}J@MWU, EICSV) €{0,1,....,p—1}

v=0 pu=0

THDB., M =01 =psa+7m, &, € O T B, X2T, Ay=E&+70m € Oy
EBITIZ,
A — B =pAy  (mod P(nﬂ)e)-

INZEHEDIELT, t=0,1,2,....,n—LITNLT, B, \ € Oy T,

1f-1
B = c/(f,w“ﬁ”, Elcfflz e {0,1,...,p— 1},

1%

~

)
|

Il
o
I
o

I
At — Bt = pMg1 (mod p(nH)E)
ERBHbDEENS,

At —pAr1 =B (mod p(n+1)e)

DOWPAIZ pt T, t=0,1,...,n — LIZDOWTHZUZ,

n—1
a—p"An=> p'B (mod pthe),
t=0

n—1
a=Y 06 (mod ™)
t=0

2185, e =0 dpt € Z EBTIZ,

—
~
[

(43

Q
Il

et (mod p"©)

N
Il
o

=
Il
=)
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2185, RIS, FEDae Oyt b, n=1,2,...1Z20VTC, a =a, (mod p*“Oy,)
&&%O&neok%&% J:TTL%’_;.&ZP%, cW(n)EZ%
=

Z n)f'r”  (mod p"°)

v=0 p=0

|I|
PL

EkBLEHlcEns,

—
~

-1
Cu(n +1)0"7"  (mod pmthe)

(43

Apy1 =
v

Il

=)

=
Il
=)

& Qpy1 =, (mod p™é) X D,
/

S S (4 1) = )0

1
(mod p"°).
cw(n) =0 (mod p), Vu,v 2135,

cu(n +

1% mod p¢ THILR “, cw(n+ 1)
W dY ez Epiig

1) = ¢y (n) = pduv,
e—1 f—1
Z Zpdl(}y)ﬁ“ﬂ” =0 (mod p™),
v=0 pu=0

L7h3> T,
e—1 f—1
Z Zd Vorny =0 (mod pe).
v=0 p=0
(mod p), Yu,v 2158 %.
0 (mod p"), Vu,v 2155,

Z Dk 2 ik D R

0
= INns, ¢ =

uﬂ’i’ modp® THIUE, d) =

¥, #i, cun +1) — cu(n)
limn_>C>O cw(n) € L, BEE Y,
e—1 f—1

a= lim o, = Z Z et

n—00
v=0 p=0

245, (P |0 < p< f—-1,0<v<e—-1} 132, L1XRMITH D, FEFE,

cw €L, ELT, -
e—1 f—

Z Z e’ =0

v=0 pu=0
E¥3, 22T, L, BRI THRVLETIUL, WYL pODRETH B Z L
ICE>T, 2RI Z, DEETHZ ELTE, ZDLE, TO%EXZ mod p°
TH2ZLICE>T, ¢, =0 (mod p), Vu,v 213555, TUid 2HREH»Z, D
HBTHLIEIWIFIETS, LEDBo>T, {n]0<u<f-1,0<v<e—1}
O

2, b1 AT TH B
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