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1 hjilknm�!�
x
&�oa7�C�1

x
3�p9q?W�B!r!s9;�Q!�I3

[x]
5�6!tu-

0 ≤ x− [x] < 1.�!�
x
&�oa7�C�1!�?�9v9)�W!,��!w

{xn}
"+Q!�9v9)�W!,F�!w

{bn}
3

x0 = x, bn = [xn], xn+1 = 10(xn − bn), n = 0, 1, . . .&9Y�X!C�e?x!t9,!-!\!;9"F:�1!�!�
x
��$9y�4!�
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b

"FvI��-��?7�1�~�*I�F�
y04!��&!W�)�W0Ba"%t!*9c01?4���&���t!�!T�&���B9C01?������;�����"�7�C0�!*,?;?�

1 �?� b− 1 �I� ;FQ?�I5!<?,?vI)+1��?/I�I�+�����F�!*?1�\I~FvI)+�I;F����9���a�F�9�!~!"�;� ¡�£¢a7�&!W!X!C�1!{?|!4!�9&!W!,!-
¤!¥!¦ "?7�C�1 1

7

3�{?|!4!�a"!7�C�6�7�C�§9,!-
1

7
= 0.

︷ ︸︸ ︷

142857
︷ ︸︸ ︷

142857 · · · = 0.1̇42857̇"�W!,?-D~F;9YIZ+WF¨!�I;!©F`aª9«�¬!­?��JI;9YIZ+&F®!EI5!:?,!-¯�!�9;?8!g?&�1'!°9�
2, 5 �!± ;F²!� p

"!7+1
1 ≤ a ≤ p− 1

"+tI,!-��! !�
x =

a

p

�
a

p
= 0.b1b2b3 · · ·
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"+4!�!L9MIz+*989"+t9,!-
10an−1

p
= bn +

an

p
, 0 <

an

p
< 1 (1)

5!<!,!- ��� U
(1)
&9YFX�CF�!*9,��! !� an

p

��1
1

p
,

2

p
, · · · ,

p− 1

p
(2)

;
p − 1 � ;0�u ���;��%*�v�5�<�,�- a

p

30{�|�4�� &06#708�"0:�;0{�|���;	�#z
3

m
"+t!*9c�1 �
� U

(1)
&9Y�X!CF�!*9,��! !�I��1

m � 5!<!,!-Iz!)�&�1 m
�

p− 1
;F�?�I5H<�� 1

p− 1 � ;F�? ?� (2)
�

m � ;A�? ?�IvI)AW?, p−1

m
� ;��F`��
 &�'9vF*9,!-����F`
� 
 ��1��!@9;��? !�9v9)��
�����+7�C�1I\�*93�J��!&

10� 7�C�Q!���!'93
�9�!"+B�Z��
�9&9Y�X!C����+<aZ��
 �!�`I&!W!X!C�B9,!-
"

1.1. p = 7
;D"�:F1 1

7
= 0.1̇42857̇

5?<?,?v9)�1H{H|
�I;��azF�
6
5?<?,!-�~F;

#�$ 3
10
� 7�C�1!Q!���!'93
�!(!c�1

6 � ;��! !� (2)
��t!G9C��?*9,!-

1

7
= 0.1̇42857̇ ,

3

7
= 0.4̇28571̇ ,

2

7
= 0.2̇85714̇ ,

6

7
= 0.8̇57142̇ ,

4

7
= 0.5̇71428̇ ,

5

7
= 0.7̇14285̇ .

"
1.2. p = 13

;I"F:F1 1

13
= 0.0̇76923̇

5?<?,?vI)+1�{?|��I;��azF�
6
5H<!,?-

12

� ;��! !� (2)
�

2
@I;
��`
� 
 &�'9vF*9,!-

1

13
= 0.0̇76923̇ ,

10

13
= 0.7̇69230̇ ,

9

13
= 0.6̇92307̇ ,

12

13
= 0.9̇23076̇ ,

3

13
= 0.2̇30769̇ ,

4

13
= 0.3̇07692̇ ,

2

13
= 0.1̇53846̇ ,

7

13
= 0.5̇38461̇ ,

5

13
= 0.3̇84615̇ ,

11

13
= 0.8̇46153̇ ,

6

13
= 0.4̇61538̇ ,

8

13
= 0.6̇15384̇ .

2 %'&'( )+* ,.-0/21+3Q!�
a, b
;�r!s
4?�!�93

gcd(a, b)
5F6!t�-

5.6
2.1.

Q��
a
"�798u�

b
&�o 70C�1

a
3

b
5��9X!8 "0:u;0� �%3

r
" t�* c�1

gcd(a, b) = gcd(b, r)
-

2



���
2.2 (Euclid �����	� ).

Q!�
a
"
7 8!�

b
&�oa7�CF1

a = bk0 + r1, 0 ≤ r1 < b,

b = r1k1 + r2, 0 ≤ r2 < r1,

r1 = r2k2 + r3, 0 ≤ r3 < r2,

· · · · · · · · ·
rn−2 = rn−1kn−1 + rn, 0 ≤ rn < rn−1,

rn−1 = rnkn







(3)

5!<!,9"+tI,9"+1
gcd(a, b) = rn

-
[
�9O

] 
�� 2.1
&9Y�X!CF1

gcd(a, b) = gcd(b, r1)
5?<!,!-9~+*93� ¡�£¢!}9c�1

gcd(a, b) = gcd(b, r1) = gcd(r1, r2) = · · · = gcd(rn−1, rn) = rn"�W!,!-
"

2.3. 1995
"

1029
;�r!s
4!�!�I3�f9g!,!-

1995 = 1029× 1 + 966,

1029 = 966× 1 + 63,

966 = 63× 15 + 21,

63 = 21× 3.

7�8!�!X!CF1
gcd(1995, 1029) = 21

5!<!,!-

3
��
 ilknm

� ��!a«����£;	���	�93FJ9;9Y9Z+&	�9:���7�C�§9,!-
a

b
= k0 +

r1

b
, 0 ≤ r1

b
< 1,

b

r1

= k1 +
r2

r1

, 0 ≤ r2

r1

< 1,

r1

r2

= k2 +
r3

r2

, 0 ≤ r3

r2

< 1,

· · · · · · · · ·
rn−2

rn−1

= kn−1 +
rn

rn−1

, 0 ≤ rn

rn−1

< 1,

rn−1

rn

= kn.
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~+*9v9)+1
a

b
= k0 +

r1

b
= k0 +

1

b

r1

= k0 +
1

k1 +
r2

r1

= k0 +
1

k1 +
1

k2 +
r3

r2

· · · · · · · · ·

= k0 +
1

k1 +
1

k2 +
1

. . .
1

kn−1 +
1

kn3���,!-9~0;9Y�Z+W���;�'��93������#"+B�Z - � ;��!��&0�!B�C�1!�� !� x =
a

b&�oa7�C�1?Q!�
ki

"+�! !�
xi =

ri−1

ri

�

x0 = x, ki = [xi], xi+1 =
1

xi − ki

(4)

&DY%X�CAe�.H,�-27¯8H�0X�CA1
x
�F$� ��D;�"A:�5D�

(4)
&DY X�C¯1 QH�

ki

"P���
xi3¯e�gH,�~�"A��5�:H,�- \�;�"A:¯1

x
�A$� ��D5�<�,D~�"¯vD) 1
	�&

0 < xi−ki < 15!<a� 1a~�;��?�9��$9y!&��a� -
xi = ki +

1

xi+15!<!,!v9)�1
x = k0 +

1

k1 +
1

k2 +
1

. . .
1

kn−1 +
1

xn

(5)

5!<!,!-9~F;�
 $ 3�®��
[k0, k1, . . . , kn−1, xn]

5�6!t�-
xi = ki +

1

xi+1
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Y9� 1
x = x0 = k0 +

1

x1

=
k0x1 + 1

x1

=

k0

(

k1 +
1

x2

)

+ 1

k1 +
1

x2

=
(k0k1 + 1)x2 + k0

k1x2 + 1
.

� � &�1
x =

pnxn + pn−1

qnxn + qn−1

(6)

;��9&!v!(?,9"����az+*9,?-
(6)
;�
 $ &F1

xn = kn +
1

xn+1

3����!t!*9cF1

x =

pn

(

kn +
1

xn+1

)

+ pn−1

qn

(

kn +
1

xn+1

)

+ qn−1

=
(knpn + pn−1)xn+1 + pn

(knqn + qn−1)xn+1 + qn

.

7�8!�!X!CF1!���
	������I&9Y�X!C
(6)
��
a7+Ba~!"����IO9z+*98!-9z!)F&�1

{

pn+1 = knpn + pn−1, p1 = k0, p2 = k0k1 + 1,

qn+1 = knqn + qn−1, q1 = 1, q2 = k1

(7)

���¡���!@�~!"����!v!X!8?-��!U
(7)
Y9� 1

pnqn−1 − pn−1qn = (−1)(pn−1qn−2 − pn−2qn−1)���!v!,!-I~+*93� ¡��¢a7FC�^!B!*9c�1
pnqn−1 − pn−1qn = (−1)n−2(p2q1 − p1q2) = (−1)n (8)3��9,!-9z?)�&�1
(7), (8)

v9)
pnqn−2 − pn−2qn = kn(pn−1qn−2 − pn−2qn−1) = (−1)n−1kn (9)3��9,!-

(5), (6)
v9)+1

pnxn + pn−1

qnxn + qn−1

= k0 +
1

k1 +
1

k2 +
1

. . .
1

kn−1 +
1

xn

.
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~+*9��1 � �
xn

&�@?B9C!;����!U95?<!,!v9)+1
xn −→∞

"?7�C�1
pn

qn

= k0 +
1

k1 +
1

k2 +
1

.. .
1

kn−2 +
1

kn−13���,�- pn

qn

= [k0, k1, . . . , kn−1]
"%6�t�-

(8)
v�)+1 pn

qn

�0����'!��5�<�,9~�"0� �
v!,!-9z!)F&�1

lim
n−→∞

pn

qn

= x (10)5!<!,9~!"F���az+*9,!-9~�*93
x
; ���������9"+B?B!1

x = [k0, k1, k2, . . .]"�v9��-
"

3.1. x =
√

2
"+t?*9c�1

x0 =
√

2, k0 = [
√

2] = 1,

x1 =
1√

2− 1
=
√

2 + 1, k1 = [
√

2 + 1] = 2,

x2 =
1√

2 + 1− 2
=
√

2 + 1, k2 = [
√

2 + 1] = 2,

. . . . . .

xn =
√

2 + 1, kn = 2.7�8!�!X!CF1 √
2
��{!|!t9,FK!'!�

√
2 = [1, 2, 2, . . .] = [1, 2̇]"�70C�6�}9,�-F�� ��930K!'��!L�M0t!*�c�1 � ��!#«�� � ; ��� �9&�YFX!C01!�y�K!'!�9&!W!,!- √

2
��{!|?t9,�$9y�K!'!�9&�L9M9z+*98!v9)+1 √

2
���! !�95?�W9� 1!$! !�95?<!,!-

(7)
YI� 1

p1 = 1, p2 = 3, p3 = 7, p4 = 17, p5 = 41, p6 = 99, . . .

q1 = 1, q2 = 2, q3 = 5, q4 = 12, q5 = 29, q6 = 70, . . .5!<!,!-
1

1
= 1,

3

2
= 1.5,

7

5
= 1.4,

17

12
= 1.416 · · · , 41

29
= 1.413 · · · , 99

70
= 1.4142 · · · . . .5!<!,!-
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4 2
����� i

√
2
;IYIZ�&�Q?�?R!�I;

2
J?S?T?U9;��I&!WHX?CFBI,9YIZ�W�$? ?�93

2 �	� � �"+B¡Z -
2
J?$! !�9��{!|!K?'!�95�6!}9,9~?"�3�N9O97!Y9Z -

m
3

2 ��� ;�7 8!��5�1 7 8!��;�
�S95������
��*9W0Ba"%t9,�- m
3

4
50�IX89"�:!;����+�

1
;I"�:�1

D = m
"+�9:�1

m
3

4
5��9X!8I"�:!;��¡���

2
.!8!�

3
;I"F:F1

D = 4m
"�����-

X(D)
&IYAX?CF1����?U

D
;FQ?�?R!�

2
J?S?T!UI;Fs:FB?S9;��I5?<!,IYIZ+W

2
J?$! ?�?� ¥ ;����93F6?t -

α ∈ X(D)
"�t?*9cF1

α
�

2
J!S!T?U

ax2 + bx + c = 0, a, b, c
��Q!�

, a > 0, b2 − 4ac = D;�s9:�B!SI;��95!<!,!-9~F;
2
J!S!T!U9;I�9Z��!@9;��93

α′
"+t9,!-

R(D) = {α ∈ X(D) |α > 1,−1 < α′ < 0}"%�a��-
α ∈ R(D)

"�7%1
f(x) = ax2 + bx + c = 0

3
α
;��980t����!U

D, a > 0;FQ?�?RH�
2
JHS?T?U�"�tD,?-�\?;I"A:F1

2
J��F�

y = f(x)
;����	�?vI)�1

α > 1,

−1 < α′ < 0
5?<!,!8!g!;������!'����9��1

f(0) = c < 0, f(−1) = a− b + c > 0, f(1) = a + b + c < 0 (11)5!<!,!-9~�*9v9)+1
a > 0, b < 0, c < 0

���?v!,!-9z!)�&�1
D = b2 − 4ac = b2 + 4a|c| > b2, D = b2 − 4ac = b2 + 4a|c| > 4a|c|Y9� 1
−
√

D < b < 0, 0 < a|c| < D
4

���!v!,!-
a, b, c

��Q!�I5!<!,!v9)+1a~�;9Y9ZW
a, b, c

;� 9���Iy � 5!<!,!-97F8!�!X!C�1 R(D)
���9y����95!<?,!-

−1 1 αα′

y

x

y = ax2 + bx + c

7



�!1
α ∈ R(D)

"!7�CF1
k = [α], β =

1

α− k"+�a��-?\!;9"�:�1
β ∈ R(D)

5!<!,I~!"�3��9\�Z -
f(x) = ax2 + bx + c = 0

3
α;��98�t����!U

D, a > 0
;FQ!�!R!�

2
J!S?T!Ua"+t9,9"+1

α = k +
1

β

Y9� 1

a

(

k +
1

β

)2

+ b

(

k +
1

β

)

+ c = 0,

(ak2 + bk + c)β2 + (2ak + b)β + a = 0.7�8!�!X!CF1
g(x) = (ak2 + bk + c)x2 + (2ak + b)x + a"+�9(!c�1

g(x)
;����!UI�

(2ak + b)2 − 4(ak2 + bk + c)a = b2 − 4ac = D

5!<!,!-
g

(
1

α′ − k

)

=
a(α′)2 + bα′ + c

(α′ − k)2
= 0

5!<!,!v9)�1
g(x) = 0

;��9�
β =

1

α− k
, β ′ =

1

α′ − k

5H<H,�-
0 < α−k = α− [α] < 1

5H<H,�vD) 1
β =

1

α− k
> 1
5H<H,�-

−1 < α′ < 0,

k = [α] ≥ 1
5!<!,�v9)+1

α′ − k < −1
1a7�8��!X!C�1

−1 < β ′ =
1

α′ − k
< 0
5!<

,!-��!q!&F1
β ∈ R(D)

5!<!,!-
α ∈ R(D)

3�K!'!�!LIM�t9,!-
α0 = α, ki = [αi], αi+1 =

1

αi − ki5?<?,H-0\?;I"A:F1 � 5 � 7F8DYIZ�& � αi

�
R(D)

;��D5?<�� 1
R(D)

�F�Iy ���5!<!,!v9)�19<!,����
` > 0, n ≥ 1

�����a7�CF1
αn+` = αn�������?@I-�~�*IvI)+1
	��!:?&�
DX?CF1

αn+`−1 = αn−1, . . . , α` = α0 = α
"FW?,~!"����!v?,!-�����1

αn+`−1 = kn+`−1 +
1

αn+`

, αn−1 = kn−1 +
1

αn

8



5!<!,!v9)�1
αn+` = αn

Y9� 1
αn+`−1 − αn−1 = kn+`−1 − kn−1.~+*9v9)+1
α′n+`−1 − α′n−1 = kn+`−1 − kn−1.~u~05�1

αn+`−1, αn−1

"u�0&�1
R(D)

; � 5�<u,�v�) 1
−1 < α′n+`−1

< 0, −1 <

α′n−1 < 0
5!<!,!-9Y�X!CF1

|kn+`−1 − kn−1| = |α′n+`−1 − α′n−1| < 15H<H,�- ~A; � $ �AQH��5H<H,Hv�)P1
kn+`−1 = kn−1

5HWH(¯*DcHWD)¯WABD- 7¯8H��XC01
αn+`−1 = αn−1

3���,!-9~+*�3� ���¢�}9c�1
αn+`−1 = αn−1, . . . , α` = α0 = α3��9,!-�����1

αi+` = αi, ki+` = ki

��t!G9C�;
i
&F@�B9C��¡����@9-97�8!�!X!C�1

α
��{!|?t9,�K!'!�!L9M?3�[!@9-

α = [k̇0, . . . , k̇`−1].~F;DYIZP&F1
R(D)

&��HtI,
2
J?$? H�D���H{?|HK?'H�HLIMH3F[H@I-?� X " � � &F1J9;�e! 9���¡���!@9-

���
4.1 ( �
	�������
 � ��� ). 2

J?$? ?�I�F{?|?K?'?�I5F6?}I,?- 	I&F1 {H|?K'!�95�6!}I,��!�9�
2
J?$! !�95!<!,!-

"
4.2. m = 29, D = m = 29

"%t9,�-FQ��9;� 
(a, b, c)

�
b2 − 4ac = 29, a > 0,

b < 0, c < 0
3��98�ta"+t9,!-!\!;9"�:�1

b
���!�95!<!,!v�)+1

b2 + 4a|c| = 29
Y� 1

b = −1,−3,−5
5!<!,!-

b = −1
;9"�:�1

(a, b, c)
�

(1,−1,−7), (7,−1,−1),

b = −3
;9"�:�1

(1,−3,−5), (5,−3,−1),

b = −5
;�"�:01

(1,−5,−1)
5�<!,�-I~%*a)0;aZ���1

a − b + c > 0, a + b + c < 03��98�ta�F;!��1
(1,−5,−1) � (!5!<!,!-97�8?�!X�CF1

R(29) =

{

5 +
√

29

2

}

5!<!,!-
α = α0 =

5 +
√

29

2

3FK!'!�!L9M�t9,?-

k0 = [α0] = 5, α1 =
1

α0 − 5
=

5 +
√

29

2
= α0.

7�8!�!X!CF1 5 +
√

29

2
= [5̇]

5!<!,?-
9



"
4.3. m = 19, D = 4m = 76

"�tI,?-%Q?�D;� 
(a, b, c)

�F1
b2− 4ac = 76, a > 0,

b < 0, c < 0
3 ��8�t#" t�,�-!\u;�"0:�1

b
� � ��5u<�,�v )%1

b = 2b′
"�v � -

(b′)2 + a|c| = 19
Y9� 1

b′ = −1,−2,−3,−4
5?<!,!-

b′ = −1
;9"�:�1

(a, b, c)
�

(1,−2,−18), (2,−2,−9), (3,−2,−6), (6,−2,−3), (9,−2,−2), (18,−2,−1),

b′ = −2
;9"�:�1

(1,−4,−15), (3,−4,−5), (5,−4,−3), (15,−4,−1),

b′ = −3
;9"�:�1

(1,−6,−10), (2,−6,−5), (5,−6,−2), (10,−6,−1),

b′ = −4
;9"�:�1

(1,−8,−3), (3,−8,−1)5!<!,!-9~�*a)�;aZ ��1
a− b + c > 0, a + b + c < 0

3��98Fta��;!��1
(3,−4,−5), (5,−4,−3), (2,−6,−5), (5,−6,−2), (1,−8,−3), (3,−8,−1);

6
@95?<!,!-97�8!�!X!CF1
R(76) =

{

2 +
√

19

3
,

2 +
√

19

5
,

3 +
√

19

2
,

3 +
√

19

5
, 4 +

√
19,

4 +
√

19

3

}

.

~+*a)�;�K?'!�!L9M!3��!��7!Y9Z -
α = α0 = 4 +

√
19
"+t9,!-

k0 = [α0] = 8, α1 =
1

α0 − 8
=

4 +
√

19

3
,

k1 = [α1] = 2, α2 =
1

α1 − 2
=

2 +
√

19

5
,

k2 = [α2] = 1, α3 =
1

α2 − 1
=

3 +
√

19

2
,

k3 = [α3] = 3, α4 =
1

α3 − 3
=

3 +
√

19

5
,

k4 = [α4] = 1, α5 =
1

α4 − 1
=

2 +
√

19

3
,

k5 = [α5] = 2, α6 =
1

α5 − 2
= 4 +

√
19 = α0.7�8!�!X!CF1

4 +
√

19 = [8̇, 2, 1, 3, 1, 2̇],
4 +

√
19

3
= [2̇, 1, 3, 1, 2, 8̇],

2 +
√

19

5
= [1̇, 3, 1, 2, 8, 2̇],

3 +
√

19

2
= [3̇, 1, 2, 8, 2, 1̇],

3 +
√

19

5
= [1̇, 2, 8, 2, 1, 3̇],

2 +
√

19

3
= [2̇, 8, 2, 1, 3, 1̇]5!<!,!-

10



"
4.4. m = 10, D = 4m = 40

"�tI,?-%Q?�D;� 
(a, b, c)

�F1
b2− 4ac = 40, a > 0,

b < 0, c < 0
3 ��8�t#" t�,�-!\u;�"0:�1

b
� � ��5u<�,�v )%1

b = 2b′
"�v � -

(b′)2 + a|c| = 10
Y9� 1

b′ = −1,−2,−3
5?<!,!-

b′ = −1
;9"�:�1

(a, b, c)
�

(1,−2,−9), (3,−2,−3), (9,−2,−1),

b′ = −2
;9"�:�1

(1,−4,−6), (2,−4,−3), (3,−4,−2), (6,−4,−1),

b′ = −3
;9"�:�1

(1,−6,−1)
5!<!,!-9~+*a)�;aZ �01

a− b + c > 0, a + b + c < 03��98�ta�F;!��1
(3,−2,−3), (2,−4,−3), (3,−4,−2), (1,−6,−1);

4
@95?<!,!-97�8!�!X!CF1

R(40) =

{

1 +
√

10

3
,

2 +
√

10

2
,

2 +
√

10

3
, 3 +

√
10

}

.

~+*a)�;�K?'!�!L9M!3��!��7!Y9Z -
α = α0 =

1 +
√

10

3

"+t!*9c�1
k0 = [α0] = 1, α1 =

1

α0 − 1
=

2 +
√

10

2
,

k1 = [α1] = 2, α2 =
1

α1 − 2
=

2 +
√

10

3
,

k2 = [α2] = 1, α3 =
1

α2 − 1
=

1 +
√

10

3
= α0.~+*9v9)+1

1 +
√

10

3
= [1̇, 2, 1̇],

2 +
√

10

2
= [2̇, 1, 1̇],

2 +
√

10

3
= [1̇, 1, 2̇]3��9,!-

β = β0 = 3 +
√

10
"��9(!c�1

h0 = [β0] = 6,
1

β0 − 6
=

1

−3 +
√

10
= 3 +

√
10 = β.

~+*9v9)%1
3 +

√
10 = [6̇]

5!<!,!-9~�;9Y9Z+&01
R(40)

;
4
@9;�����1!K!'!�!L9M&9Y�X!C

2
@9;
��`
� 
 &F'9v�*9,!-

~F;IYIZ�&F1
R(D)

;F�I�FK?'?�HLIM?&IY¯XHCF12B��P@Iv?;��F`�� 
 &F'I(I)�*,�-�����`�� 
 �01
�!@�;
2
J�$� ��9v�)	�
�	� �+70C01I\0*�3�J��!&0Q!����'3
��B9C�	?�939"�,9"+B¡Z �
�9&9Y�X!C��¡��<aZ��
 �!�`9&?W!X!C�B9,!-~�;
�F`
� 
 ; � �I3 h(D)
"�v?:�1�����"�b��9- ¦ 5�§989Y9Z�&�1

h(29) = 1,

h(76) = 1, h(40) = 2
5!<?,!-������!�

h(D) = 1
"�W!,

D
��$!�9&����!t9,!5!<

� Z�"�����7�8!��1a~+*9�F���959�	�!V�
9;�� � 5!<!,!-
11



5
��������� -�� i�	


!S�
F�93�[98!WFB
2 �!� ;�7 8!� m

�
�9q9)+*9CFB9,9"+t9,?-!\!;9"F:�1!K'!�93�^!BIC�1!_!`!S!T!U�"�b!c�*9,�d!e!S?T!U
x2 −my2 = ±1 (12);0Q!��V9�0f9g�)+*�,9~�"�30N9O�7!Y�Z -�����;!8�g!&01

m
3

4
50�IX!8�"�:�;� �%��1

2
.�8u�

3
5�<u,�" t�,�-

D = 4m
" � � -

α ∈ R(D)
3 "0,

(
¦ q�c�1

α = [
√

m] +
√

m )
-F�9&��a7�89Y9Z�&�1

α
� �!{?|!K!'!�95�6!}I,!-

α = [k̇0, . . . , k̇n−1].

α = [k0, . . . , kn−1, α]
5!<!,!v9)�1

α =
pnα + pn−1

qnα + qn−1

(13)

5!<!,!-9~?~�5�1 pn

qn

= [k0, . . . , kn−1]
5!<!,!-

(13)
;�'!°93��9X!CFQ! !t!*9c�1

qnα2 + (qn−1 − pn)α− pn−1 = 0.t9W�� ��1
α
�

2
J!S?T!U

qnx2 + (qn−1 − pn)x− pn−1 = 0 (14);��95!<!,?-9~�;
2
J!S?T!U9;����!U9��1

(qn−1 − pn)2 − 4qn(−pn−1) = q2

n−1 + p2

n − 2pnqn−1 + 4pn−1qn

= (pn + qn−1)
2 − 4(pnqn−1 − pn−1qn)

= (pn + qn−1)
2 − 4(−1)n.�!S!1

α ∈ R(D)
5!<!,?v9)+1

α
�FQ!�!R!�9;����!U

D = 4m
;

2
J!S!T!U

ax2 + bx + c = 0, b2 − 4ac = 4m;��95!<!,?-9~+*93�Q!� � 7�89��;!�
(14)

5!<?,!v9)+1!Q!�
y
��� �a7�C�1

qn = ay, (qn−1 − pn) = by, −pn−1 = cy5!<!,!-!\?;9"�:�1
(14)

;����!U9��1
(pn + qn−1)

2 − 4(−1)n = y2(b2 − 4ac) = 4my2

5!<!,?-I~+*9v9)�1
pn + qn−1

� � �I5!<!,I~!"����?va� 1
pn + qn−1 = 2x, x

��Q�a"�v!(!cF1
4x2 − 4(−1)n = 4my2,

t9W�� ��1
x2 −my2 = (−1)n

3��9,!-
12



"
5.1. m = 19

"+t9,!-
α = 4 +

√
19
3FK!'!�!L9M�t!*9c�1

α = [8̇, 2, 1, 3, 1, 2̇]
5<!X!8!-

(7)
3�^!B9C�1

pi, qi, 1 ≤ i ≤ n = 6
3��!�!t9,9"+1

p1 = 8, p2 = 17, p3 = 25, p4 = 92, p5 = 117, p6 = 326,

q1 = 1, q2 = 2, q3 = 3, q4 = 11, q5 = 14, q6 = 39

5!<!,!-
α = 4 +

√
19
;��98�t

2
J!S!T!U9�
x2 − 8x− 3 = 0

5!<!,!v9)�1
a = 1

-I7�8!�!X!C�1
x =

p6 + q5

2
= 170, y =

q6

a
= 39

��_!`!S!T!U
x2 − 19y2 = 1

;0Q!��V95�<!,�-�� � &�1!_!`�S!T�U9�0$!��;�Q��!V930[!@�- � ;0_!`�S!T�U9;� � V9��1
xn+1 = 170xn + 741yn,

yn+1 = 39xn + 170yn, x0 = 1, y0 = 0

&9Y�X!C�1?�!w
{xn}, {yn}

3�e9g!,9"F:�1
(±xn,±yn)

5
�9q9)+*9,!-

A
���

2.1 -����Q!�
a
3�7 8?�

b
5��IX�8I"�:!;��93

q
1!�¡�+3

r
"+t!*9c�1

a = bq + r, 0 ≤ r < b

"�v!(�,!-
m = gcd(a, b), n = gcd(b, r)

"+�a��-
a = ma′, b = mb′, a′, b′

��Q!�a"v!(!,!v9)�1
r = a− bq = m(a′ − b′q)5!<!,!-9Y�X!CF1

m
�

b
"

r
;�4!�!�95!<!,!-

n = gcd(b, r)
Y9� 1

m ≤ n
5!<!,!-���9&�1

b = nb′′, r = nr′′, b′′, r′′
�FQ!�a"�v!(!,!vI)

,

a = n(b′′q + r′′)

5!<!,!-IY�X!CF1
n
�

a
"

b
;�4!�?�95!<!,!-

m = gcd(a, b)
Y9� 1

n ≤ m
5!<?,!-

�!q!&�1
m = n

5!<!,!-

13



B
��
 ilknm'- ��� -����

(10)
3F�9O97!Y9Z -

yn = [k0, k1, . . . , kn−1] =
pn

qn

"+�a��-
n ≥ 1

&�@!B9C�1
kn

�
7 8!�95!<?,!v9)+1

(7)
vI)+1

{qn}
��7 8!�Iv9)�W!,��!w95?<a� 1

1 = q1 < q2 · · · < qn−1 < qn < · · ·3��98�ta~?"����!v!,!-
(9)
Y9� 1

yn − yn−2 = (−1)n−1
kn

qnqn−2

.

7�8!�!X!CF1
y2n − y2n−2 < 0, y2n+1 − y2n−1 > 0

5!<!,!-!.!8F1
(8)
Y9� 1

yn − yn−1 =
(−1)n

qnqn−1

.

7�8!�!X!CF1
y2n > y2n−1

5!<!,!- �!� &9Y�X!C�1
y1 < y3 < · · · < y2n−3 < y2n−1 < y2n < y2n−2 < · · · < y4 < y2,

lim
n→∞

|y2n − y2n−1| = 05�<�, ~�"0� �#z%* 8
(
~+* v�)%1

limn→∞ yn

� � �ut�,�~u"�� ��vu,
)
-�r���&

limn→∞ yn = x
5?<?,9~?"F3 �9\�Z -

xn ≥ [xn] = kn, qnxn + qn−1 ≥ knqn + qn−1 =

qn+1

&����!t?*9c�1
|yn − x| =

∣
∣
∣
∣

pn

qn

− pnxn + pn−1

qnxn + qn−1

∣
∣
∣
∣
=

∣
∣
∣
∣

(−1)n

qn(qnxn + qn−1)

∣
∣
∣
∣
≤ 1

qnqn+1

<
1

q2
n

(15)

5!<!,!v9)�1
y2n < x < y2n+1

5!<a� 1
limn→∞ yn = x

5!<!,9~?"����az+*98!-

C 	�
�	�
����+-�� � - ���
�
���������!;�e! 

(4.1)
3��9O97!Y9Z -

α
3

2
J!$! !�#"+t9,!-

α
;��98�t!Q�!R!�9;

2
J!S!T!U93
ax2 + bx + c = 0, a, b, c

��Q!�
, a, b, c

;�r?s
4!�!�9�
1"+t9,!-

α
3�K!'!�!L9MFt9,!-

α0 = α, ki = [αi], αi+1 =
1

αi − ki"+t9,!-9z?)�&�1 pn

qn

= [k0, k1, . . . , kn−1]
"+tI,!-!\!;9"�:�1

α =
pnαn + pn−1

qnαn + qn−1

14



5!<!,!-97F8!�!X!C
a

(
pnαn + pn−1

qnαn + qn−1

)2

+ b

(
pnαn + pn−1

qnαn + qn−1

)

+ c = 0.

~+*93�'!°I3��9X!C�Q! !t?*9c�1
αn

��J9;
2
J!S!T!U93��98Fta~!"����!v!,

.

Anx2 + Bnx + Cn = 0. (16)~!~�5�1
An = ap2

n + bpnqn + cq2

n,

Bn = 2apnpn−1 + b(pnqn−1 + pn−1qn) + 2cqnqn−1,

Cn = ap2

n−1 + bpn−1qn−1 + cq2

n−1"+�!B98!-
(8)
3�^!B!*9cF1

2
J!S!T!U

(16)
;����?U9�

B2

n − 4AnCn = b2 − 4ac5!<!,9~!"F���!v!,!-
(15)

Y9� 1
pn = αqn +

δn

qn

, |δn| < 1

"+6!}9,!-I~+*9v9)+1
An = a

(

αqn +
δn

qn

)2

+ bqn

(

αqn +
δn

qn

)

+ cq2

n

= (aα2 + bα + c)q2

n + 2aαδn + a

(
δn

qn

)2

+ bδn

= 2aαδn + a

(
δn

qn

)2

+ bδn.

7�8!�!X!CF1
|An| ≤ 2|a||α|+ |a|+ |b|.���9&97�CF1
|Cn| ≤ 2|a||α|+ |a|+ |b|.z!)�&�1

B2

n = 4AnCn + b2 − 4ac ≤ 4(2|a||α|+ |a|+ |b|)2 + |b2 − 4ac|.~�*IvI)�1�QH�9;� 
(An, Bn, Cn)

�F�Iy � ; ��� = 7Fv?WFB�~?"�� �?v�� 1 2
J?ST?U

(16)
;��

αn

�F�Dy � ; ��� = 7Fv?WAB�~?"F� �?v?,?-�7F8?��X�CF1�<?,�� �
` > 0, n ≥ 1

�����a7�C�1
αn+` = αn

15



� ������@9-�t�W�� �01
α
��{�|�K!'��9506�}9,�-�	�&01?���

α
�0{�|!K�'!��56!}9,9"+tI,!-

α = [k0, . . . , kn−1, ḣ0, . . . , ḣm−1]
"+t9,!-

α = [k0, . . . , kn−1, αn], αn = [h0, . . . , hm−1, αn]

5!<!,!v9)�1
α =

pnαn + pn−1

qnαn + qn−1

, αn =
p′mαn + p′m−1

q′mαn + q′m−15!<!,�-9~+*9v�)+1
αn

�
2
J!$! !��5!<a� 1a7�8!�!X�CF1

α
�

2
J!$� !�95�<!,~!"����!v?,!-

�������

[1] ��� 4�	!1!Q!��
!1���
������������!1 1974.

[2] ������� 1!�9;���� :
Q!��
� 9;�!!1�"�#���$!1

1981.
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